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PREFACE. 


AxTHOUGH  in  recent  years  several  important  works  on 
Dynamios  have  been  published  in  England,  yet  none  have 
been  issued  which  seem  to  fill  the  rdk  contemplated  in  this 
book.  In  its  composition  we  have  started  from  the  most  ele- 
mentary conceptions,  so  that  any  Student  who  is  acquainted 
with  the  conditions  of  Equilibrium  and  with  the  notation  of 
the  Calculus  can  commence  the  Treatise  without  requiring 
the  previous  study  of  any  other  work  on  the  subject.  The 
first  half  contains  a  tolerably  full  treatment  of  what  is 
usually  styled  the  Dynamics  of  a  Particle.  The  latter  haK 
treats  of  the  Kinematics  and  Kinetics  of  Bigid  Bodies ;  and 
throughout  we  have  kept  the  practical  nature  of  the  subject 
in  view,  and  have,  in  general,  avoided  purely  fancy  problems. 
In  an  early  chapter  we  have  introduced  and  elucidated 
the  general  principle  of  Work  or  Energy,  and  have  given 
subsequently  a  more  complete .  treatment  of  this  great 
principle,  illustrating  it  by  a  brief  application  to  the 
theory  of  Thermodynamics.  In  the  latter  part  of  the  book 
we  have  borrowed  largely  fipom  Thomson  and  Tait's  Natural 
Philosophy/;   Routh's  Rigid  Dynamica;   Schell's  Theorie  der 
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vi  Preface. 

Bewegung  und  der  Krdfte ;  and  Clausius'  Mechanical  Theory  of 
Meat;  our  aim  having  been  simply  to  enable  the  Student  to 
acquire  as  easily  as  possible  a  knowledge  of  the  subject  of 
which  we  treat. 

In  this  Edition  we  have  carefully  revised  and  to  a  con- 
siderable extent  rearranged  the  entire  Work.  In  doing  so  we 
have  developed,  and  in  some  cases  rewritten,  many  por- 
tions of  the  subject,  more  especially  that  on  generalized 
coordinates  in  connexion  with  Lagrange's  and  Hamilton's 
methods.  We  have  also  exhibited  the  general  theory  of 
smaU  oscillations  in  a  new  form,  and  one  which  we  hope 
will  be  easily  comprehended  by  the  Student. 

To  those  who  desire  to  pursue  the  study  of  Dynamics  to 
its  highest  development,  the  perusal  of  the  great  treatise  of 
Thomson  and  Tait,  as  also  that  of  Eouth,  will,  we  hope,  be 
facilitated  by  using  the  present  Work  as  an  introduction. 

We  may  add  that  to  the  latter  writer  our  obligations, 
as  the  reader  will  find,  have  been  largely  increased  in  this 
Edition. 


Teinitt  College, 
i%,  1889. 


TABLE   OF   CONTENTS. 


CHAPTEE    I. 


VELOCITT. 


PAOB 

TJnifonn  Motion, 2 

Variable  Motion, 3 

Kinematics, 5 

Composition  of  Velocities, 7 

Relatiye  Velocity, 9 

Examples, 11 


CHAPTER    II. 

AOCELESA.TIOK. 

Uniform  Acceleration, 12 

Variable  Acceleration,      .        . 16 

Accelerations  Parallel  to  Fixed  Axes, 16 

Total  Acceleration, 17 

Tangential  and  Normal  Accelerations, 17 

Hodograph, 19 

Angular  Acceleration, 19 

Areal  Acceleration, 21 

Accelerations  Parallel  to  Moving  Axes,     .                 22 

Units  of  Time  and  Space, 23 


yiii  Tabh  of  Contents. 

CHAPTER   III. 

LAWS  OF  MOnOK. 
Section  I. — Rectilinear  Motion, 

FAOB 

First  Law  of  Motion, 26 

Second  Law  of  Motion, 26 

Mass, 32 

Motion  on  a  Smooth  Plane, 34 

Line  of  Quickest  Descent  to  a  Curve, 36 

Sectiom  II. — Parabolic  Motion. 

Construction  of  Path, 39 

Range  and  Time  of  Flight, 40 

Morin's  Apparatus, 46 

Section  III. — Friction. 

Elementary  Laws  of  Friction, 60 

Motion  on  a  Bough  Inclined  Plane, 61 

Section  IY. — Momentum. 

Force  measured  by  Momentum, 63 

Absolute  and  Gravitation  Units, 64 

Impulses, 66 

Equations  of  Motion, 66 

SEcnoN  y. — Action  and  Beaction. 

Third  Law  of  Motion, 68 

Forces  of  Inertia, 69 

Atwood's  Machine, 60 

Examples, 64 


CHAPTER  IV. 

IMPACT    AND    COLLISION. 

Direct  Collision  of  Homogeneous  Spheres, 66 

Height  of  Rebound, 69 

Oblique  Collision, 70 

Vis  Vwa  of  a  System, 73 


Tabk  of  Contents,  ix 

PAOS 

Momentum  of  a  System, 74 

Conservation  of  Momentum, 7& 

Examples, 78> 


CHAPTEK  V. 

CIBCULAB    MOTION. 
Section  I. — Sarmonic  Motion. 


Uniform  Circular  Motion, 84 

Elliptic  Harmonic  Motion, 86 

Section  II. — Cmtrifugdl  Force. 

Circular  Orbits, 90 

Centrifugal  Force  of  Earth, 91 

Verification  of  the  Law  of  Attraction, 92 

Centrifugal  Force  in  Rotation  of  a  Kigid  Body, 94 

Section  III. — Motion  in  a  Vertical  Circle. 

Motion  in  a  Vertical  Curve, 98 

Simple  Pendulum, 100 

Time  of  a  Small  Oscillation, 101 

Seconds'  Pendulum, 102 

Effect  of  Change  of  Place, 104 

Airy  on  Mean  Density  of  Earth, .  107 

Time  of  Oscillation  for  any  Amplitude, 108 

Cycloidal  Pendulum, Ill 

Conical  Pendulum, 115 

Revolution  in  a  Vertical  Circle, 117 

Examples, 122 


CHAPTER  VI. 


WOBK    AND    ENEBOY. 

Gravitation  Unit  of  Work, 12& 

Absolute  Unit  of  Work,  .       * 126 

Work  by  a  Variable  Force, 128 

Potential  of  a  Sphere, 130 


X  Table  of  Contents. 

Work  by  a  Stress, 131 

Energy, 138 

Kinetic  Energy, 133 

Equation  of  Energy, 136 

Energy  of  Rotation, 137 

Work  Done  by  an  Impulse, 140 

Compound  Pendulum,             141 

Motion  Bound  a  Fixed  Axis, 144 

Examples, 145 


CHAPTER    VII. 

CENTBAL   FOBGES. 

SBcmoN  I. — Seetilinear  Motion. 

Centre  of  Force, 147 

Force  yarying  as  the  Distance, 148 

Force  varying  as  Inverse  Square  of  Distance, 149 

Application  to  the  Earth, 151 

Application  to  Spheres, 152 

Application  to  Elastic  Strings, 155 

Sbcion  II. — Central  Orbits, 

Differential  Equations  of  Motion, 160 

Law  of  Direct  Distance, 161 

Equable  Description  of  Areas, 164 

tPu  F 

Equation  ^ +  »  = -j^ "1 

Law  of  Inverse  Square, 173 

Kepler's  Laws, 175 

Law  of  Gravitation, 176 

Velocity  at  any  Point  in  Orbit, 177 

Change  of  Absolute  Force, 179 

Application  of  Hodograph, 181 

Lambert's  Theorem, 183 

Mass  of  Sun, 186 


Table  of  Contents.  xi 

PAGE 

Mean  Density  of  Sun, 187 

Planetary  Perturbations, 188 

Tangential  Disturbing  Fofrce, 189 

NormfiJ  Disturbing  Force, 189 

Apsides, 190 

Approxiinately  Circular  Orbits, 194 

Movable  Orbits,  Newton, 196 

Examples, 197 


CHAPTER  VIII. 

CONSTBAINED   MOTION,    BESISTING   MEDIUM. 

Motion  on  a  Fixed  Curve, 206 

Theorem  of  Ossian  Bonnet, 208 

Motion  on  a  Fixed  Surface, 211 

Motion  on  a  Sphere, 212 

Rectilinear  Motion  in  a  Resisting  Medium, 219 

Examples, 223 


CHAPTEE  IX. 

THE   GENEBAL   DYNAMICAL   FBINCIPLES. 

D'Alembert's  Principle,  227 

Initial  Motion, 230 

Bertrand's  Theorem, 231 

Thomson's  Theorem, 231 

Equation  of  Vis  Viva, 232 

Effect  of  Impulses  on  Vis  Viva, 235 

Equations  of  Motion, 240 

Constraints  and  Partial  Freedom, 241 

Moments  of  Momentum, 243 

Conservation  of  Moment  of  Momentum,  248 

Examples, 248 


xii  Table  of  Contents, 


CHAPTER  X. 

HOTIOir   OF   A   -BIQID   BODY   PARALLEL  TO   A   FIXED   PLAKB. 

Section  I. — Kmematiet, 

PAOS 

Degrees  of  Freedom, 264 

Translation  and  Rotation, 255 

Composition  of  Finite  Displacements, 256 

Composition  of  Velocities, 267 

Space  Centrode  and  Body  Centrode, 261 

Pure  Rolling, 261 

Greometrical  Representation  of  Motion, 262 

Examples, 263 

Section  II. — Kinetiea — Constrained  Motion, 

Degrees  of  Freedom, 268 

Motion  Round  a  Fixed  Axis, 270 

Moments  of  Momentum, 27S 

Stresses  on  Axis  of  Rotation, 274 

Stress  Due  to  Impulses, 275 

Centre  of  Percussion, 276 

Examples, 279 

Section  III. — Kinetics  of  Free  Motion  Parallel  to  a  Fixed  Plane. 

Equations  of  Motion, 283 

Equation  of  Vis  Viva, 285 

Moment  of  Momentum,  relative  to  any  Point, 286 

Impact, 288 

Stress  in  Initial  Motion, 292 

Friction, 296 

Tendency  of  a  Rod  to  Break, 302 

Impulsive  Friction, 308 

Rolling  and  Twisting  Friction, 311 

Examples, 312 


Table  of  Contents.  xiii 


CHAPTEE  XI. 

MOTION   OF   A.  RIGID   BODY  IN   GENERAL. 

Sbction  I. — Kinematies. 

PiOE 

Composition  of  Rotations, 317 

Motion  of  a  Body  entirely  Free, 320 

Analytical  Treatment  of  Motion, 321 

Velocity  of  any  Point  of  a  Body, 326 

Acceleration  of  Rotation,       .        .     ' 327 

Complete  Determination  of  Motion  of  a  Body, 329 

Screws, 333 

Composition  of  Twists, 334 

Examples, 335 


Section  II. — Kinetiea, 

Moments  of  Momentum  round  a  Fixed  Point, 346 

Motion  of  a  Body  Bound  a  Fixed  Point  under  the  Action  of  Impulse,      .  346 

Couple  of  Principal  Moments, 347 

Motion  of  a  Free  Body  under  Impulse, 360 

Vis  Viva  of  a  Rigid  Body, 361 

Equations  of  Motion  of  a  Body  having  a  Fixed  Point,     ....  363 

Equations  of  Motion  of  a  Free  Body, 364 

Motion  of  a  Body  Round  a  Fixed  Point  under  no  External  Force,  .  367 

Conjugate  Ellipsoid  and  Conjugate  Line, 363 

Stress  exerted  by  a  Body  on  a  Fixed  Point, 367 

Centrifugal  Couple, 369 

Motion  relative  to  Centre  of  Inertia, 371 

Impact, 379 

Impulsive  Friction, 380 

Collision  of  Rough  Spheres,  381 

Equations  of  Motion  Referred  to  Body-axes, 386 

Motion  consisting  of  Successive  Rotations, 386 

Motion  of  a  Solid  of  Revolution, 389 

Examples, 390 


xiv  Table  of  Contents. 

CHAPTER  XIL 

ENESOY   AKD   THE   GENESAL   EQUATIOITS   OF   DTVAMIC8. 

Section  I. — Energy. 

PAOB 

Equation  of  Energy, 396 

Conservation  of  Energy, 397 

On  the  Ultimate  Permanent  Forces  of  Nature, 399 

Forces  which  appear  in  the  Equation  of  Energy, 400 

Greneral  Foim  of  Equation  of  Energy, 402 

Equivalent  Systems  of  Forces, 404 

Wrenches, 406 

Examples, 405 

Section  II. — The  General  EqtMiione  of  Dynamics. 

General  Equations  of  Motion, 412 

Equation  of  Energy  when  Conditions  Involve  the  Time,  .413 

Similar  Mechanical  Systems, 414 

Generalized  Coordinates, 415 

Kinetic  Energy  in  Generalized  Coordinates, 416 

Generalized  Equations  pf  Motion  under  Impulse, 416 

Generalized  Expression  for  Kinetic  Energy, 419 

Energy  of  Initial  Motion, 420 

Lagrange's  Generalized  Equations  of  Motion, 420 

Deduction  of  Equation  of  Energy, 423 

Ignoration  of  Coordinates, 426 

Components  of  Momentum  and  Velocity, 429 

Hamilton's  Form  of  Equations  of  Motion, 431 

Calculus  of  Variations, 433 

Examples, 433 

Principle  of  Least  Action, 436 

Hamilton's  Characteristic  Function, 439 

Examples, 442 


Table  of  Contents.  xv 


CHAPTER  XIII. 

SHALL    OSCILLlTIOlirS. 

PAGR 

Oscillation  on  a  Plane  Curve, 445 

Oscillation  on  a  Surface, .        .  44& 

Conditions  for  Stable  Equilibrium, 451 

Equations  of  Motion  for  an  Oscillating  System, 452 

General  Solution  of  these  Equations, 454 

Harmonic  Determinant, 454 

Lemma  in  Determinants, 455 

Transformation  of  Harmonic  Determinant, 457 

Reality  of  Boots  of  Harmonic  Determinant, 457 

Stability  of  the  Motion, 459 

Case  of  Equal  Boots, 462 

General  Solution  in  this  Case, 464 

Principal  Coordinates  and  Directions  of  Haimonic  Vibration,           .  465 

Effect  of  an  Increase  of  Inertia, 469 

Energy  of  an  Oscillating  System, 470 

Examples, 471 


;     CHAPTER   XIV. 

J  *  '  THEBMODYNAHICS. 

Mechanical  Equivalent  of  Heat, .        .  477 

Equation  of  Energy, 478 

Specific  Heat, 479 

Perfect  Gas, 481 

Beversibility  and  Cyclical  Processes, 483^ 

Isothermals  and  Adiabatics  for  a  Perfect  Gas, 484 

Fundamental  Principles  of  Thermodynamics, 485 

J  Camot's  Cycle, 48ft 


xvi  Table  of  Contents.  ■ 

PAOB 

Extension  of  Camot's  Cycle, 488 

Entropy, 489 

Energy  and  Entropy, 490 

Elasticity  and  Expansion, 491 

Examples, 492 

Non-reversible  Transformations, 495 

Examples, 496 

Absolute  Scale  of  Temperature, 497 

Absolute  Zero, 499                || 

€hange  of  State, 601 

Examples, 504 

Available  Energy, 507 

Dissipation  of  Energy, 508 

Increase  of  Entropy, 509 

Path  of  Least  Heat,                       511 

Examples, 512 

Miscellaneous  Examples, 514 


-^>'>..  jr>" 


DYNAMICS. 


CHAPTER   I. 

VELOCITY. 

1.  Matter. — We  give  the  name  of  matter  to  that  which 
exclusively  occupies  space,  and  which  we  regard  as  the 
permanent  cause  of  any  of  our  sensations.  Portions  of 
matter  which  are  bounded  in  every  direction  are  called  bodies. 
Every  body  has  necessarily  a  determinate  volume,  and  an 
external  form  or  surface ;  and  exists,  or  is  conceived  to  exist, 
in  space. 

A  portion  of  matter  indefinitely  small  in  all  its  dimen- 
sions is  called  a  material  particle.  Every  body  may  be  re- 
garded as  consisting  of  an  indefinitely  great  number  of 
particles.  The  name  oi  force  is  given  to  any  cause  which 
produces,  or  tends  to  produce,  motion  in  matter.  The  branch 
of  Mechanics  which  treats  of  motion  produced  in  a  body  by 
the  action  of  force  is  commonly  called  Dynamics. 

"We  commence  with  the  consideration  of  motion  in  itself, 
without  any  regard  to  its  cause. 

2.  motion,  ¥elo€dty. — When  a  body  continually 
changes  its  position  in  space,  it  is  said  to  be  in  motion; 
and  the  rate  and  the  direction  of  the  motion  of  any  of  its 
points  at  any  instant  is  called  the  velocity  of  the  point  at 
that  instant. 

The  motion  of  a  point  is  said  to  be  rectilinear  or  curvilinear 
according  as  its  path  is  a  right  line  or  curved. 

In  the  case  of  curvilinear  motion,  the  direction  of  motion 
of  a  particle  at  any  instant  is  that  of  the  tangent  to  its  path, 
drawn  at  the  point  occupied  by  the  moving  particle  at  the 
instant. 

^  B 


2  Velocity, 

3.  Motton  of  Translatloii. — If  all  the  points  of  a  rigid 
body  move,  at  each  instant,  in  parallel  directions,  the  body  is 
said  to  have  a  motion  of  translation  only ;  and  the  motion  of 
the  body  is  completely  determined  when  that  of  any  one  of  its 
points  is  known.  It  is  usual,  in  this  case,  to  take  its  centre 
of  mass  as  the  point  whose  motion  determines  that  of  the 

body. 

In  our  earlier  chapters,  whenever  we  speak  of  a  rigid 
body  moving,  we  suppose  it  to  have  a  motion  of  transla- 
tion solely,  and  we  consider  its  path  as  that  of  its  centre  of 
mass. 

4.  Vniform  Motion,  Telocity. — If  a  point  move  over 
equal  lengths  or  spaces,*  in  equal  intervals  of  time,  however 
short  the  intervals  be  taken,  its  motion  is  said  to  be  uniform ; 
and  its  velocity  is  measured  by  the  space  described  in  the  unit 
of  time :  this  is  the  same  at  every  instant  so  long  as  the 
motion  continues  uniform. 

A  second  is  usually  adopted  as  the  unit  of  time ;  and,  in 
this  country,  a  foot  as  the  unit  of  length.  Thus,  the  velocity 
of  a  point  which  moves  over  five  feet  in  each  second  is  said  to 
be  a  velocity  of  5  feet  per  second,  and  is  numerically  denoted 
by  5  ;  and  similarly  in  other  cases.  If  any  other  units  of 
time  and  space  be  adopted,  the  nimiber  which  represents  the 
velocity  of  the  moving  point  will  have  to  be  altered  pro- 
portionally. Thus,  we  speak  of  a  velocity  of  10  miles  an 
hour,  or  100  yards  a  minute,  &c. :  each  of  these  can  be  readily 
expressed  in  feet  per  second,  when  necessary. 

The  space,  or  length  of  the  path  described  during  any 
time,  is  usually  denoted  by  the  letter  s,  the  velocity  by  r,  and 
the  time  estimated  in  seconds  by  t,f  In  the  case  of  uniform 
motion^  the  relation  connecting  these  quantities  can  be  imme- 
diately obtained.  For,  if  the  space  described  in  one  second 
be  represented  by  f?,  that  described  in  two  seconds  is  repre- 
sented by  2t?,  that  in  three  seconds  by  3r,  and  that  in  any 
number  (t)  of  seconds  by  vt. 


*  The  -word  space  is  employed  in  abbreviation  for  lenffth  of  path  described. 

t  Unless  the  contrary  be  stated,  we  shall  in  all  cases  assume  a  foot  and  a 
second  as  our  units  of  space  and  time,  i.e,  we  shall  regard  t  as  representing 
a  number  of  seconds  or  parts  of  a  second,  and  s  as  a  number  of  feet. 
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Accordingly  we  have  in  the  case  of  uniform  motion  the 
relation 

«  =  vt  (1) 

This  formula  evidently  holds  good  whatever  be  the  units 
of  space  and  time,  and  introduces  the  unit  of  velocity  as  that 
of  a  unit  of  space  described  in  a  unit  of  time.  It  is  true  for 
uniform  curvilinear,  as  well  as  rectilinear  motion ;  and  also 
whether  t  represents  a  number  of  seconds,  or  any  part  of  a 
second,  however  small. 

Again,  if  s'  denote  the  space  described  in  the  time  t\  we 
have    «'  =  vi^f    and  hence 


V  = 


or  the  velocity,  when  uniform,  is  measured  by  the  space  de- 
scribed during  any  interval  of  time  divided  by  the  number  by 
which  that  time  is  represented. 

This  result  equally  holds  good  if  we  suppose  the  interval  of 
time,  denoted  hjif  -  tj  to  become  indefinitely  small ;  in  which 

g  —  g       dg 
case  the  limiting  value  of  -7 — -  or  -77  will  still  represent  the 

i,  —  t      at 

velocity  v. 

Examples. 

1.  If  a  body,  moving  uniformly,  pass  over  10  miles  in  an  hour,  find  its  ve- 
locity in  feet  per  second.  Am.  14|, 

2.  If  a  body,  moving  uniformly  with  a  velocity  of  16  feet  per  second,  pass 
over  100  miles,  find  the  time  of  its  motion.  Ana.  9  hrs.  10  min. 

3.  Assuming  that  light  travels  from  the  sun  to  the  earth  in  8°^  30",  and  that 
its  velocity  is  180,000  miles  per  second,  calculate  the  distance  of  the  sun. 

Ans,  91,800,000  miles. 

4.  If  a  velocity  of  20  miles  an  hour  be  the  unit  of  velocity,  and  a  mile  the 
unit  of  space,  find  the  number  which  represents  a  velocity  of  32  feet  per  second. 

Ana.  li\. 

6.  Find  in  metres  the  velocity  of  a  point  on  the  earth's  equator  arising  from 
the  rotation  of  the  earth  on  its  axis.  Ana.  463. 

5.  Variable  llotioii. — If  the  spaces  described  in  equal 
intervals  of  time  be  not  equal,  the  motion  is  said  to  be 
variable^  and  the  velocity  can  no  longer  be  measured  by  the 
space  actually  described  in  one  second.  The  movable  has, 
however,  at  each  instant  a  certain  definite  velocity  which  ia 

b2 
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measured  by  the  space  which  it  would  describe  during  a  second, 
if  it  were  conceived  to  move  uniformly  during  that  time  with  the 
velocity  which  it  has  at  the  instant  under  consideration. 

For  example,  when  we  say  that  a  railway  train  is  moving 
at  the  rate  of  40  miles  an  hour,  we  mean  that  it  would  pass 
over  40  miles  in  the  hour  if  it  continued  to  move  during  that 
time  vnth  the  speed  which  it  has  at  the  instant  referred  to. 

Again,  if  we  suppose  that  there  are  no  sudden  changes  of 
velocity,  the  change  in  the  velocity  of  a  movable  in  any  in- 
definitely small  portion  of  time  must  be  itself  indefinitely 
small ;  as  otherwise  the  velocity  would  not  vary  continuously. 
Accordingly,  in  such  cases,  we  may  suppose  the  motion  as 
uniform  during  the  indefinitely  small  time  dt ;  and  we  shall 
have  (as  in  the  last  Article)  for  the  velocity  v  at  any  instant 
the  equation 

V  -  hm.  ^^—^  =  -.  (2) 

That  is,  in  all  cases  the  velocity  of  a  point  at  any  instant  is 
measured  by  the  limiting  value  of  the  space  described  in  a 
small  interval  of  time,  (fivided  by  the  number  which  repre- 
sents that  interval  of  time.  This  method  of  expressing  velo- 
city is  sometimes  concisely  represented  in  the  notation  of 
Newton  by  the  symbol  i. 

6.  Mean  Telocity. — If  a  body  describe  the  space  s  in 
the  time  ^,  then  its  mean  or  average  velocity  during  that  time 

is  represented  by  -zy  being  the  velocity  with  which  a  body, 

V 

moviug  uniformly,  would  describe  the  same  space  in  the 

time  t.    The  formula  (2)  can  be  immediately  deduced  from 

the  coDsideration  of  mean  or  average  velocity — for  we  may 

consider  the  velocity  of  a  point  at  any  instant  as  being  its 

mean  velocity  during  an  infinitely  small  interval  of  time; 

ds 
whence  we  get,  as  before,  the  relation  v  =  -r, 

at 

7.  Geometrical  Representation  of  a  Telocity. — 

Uniform  rectilineal  motion  is  completely  determined  when 
the  direction  and  rate  of  motion  are  known.  Hence  the 
velocity  of  a  point  can  be  represented  both  in  magnitude  and 
direction  by  a  right  line. 
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Thus,  if  a  point  move  uniformly  in  the  Kne  OP^  so  ad  to 

describe  the  space  OA  in  the  unit     

of  time  (one  second  suppose),  the  ^ 

line  OA  may  be  taken  to  repre-     ^  a  p 

sent  the  velocity  of  the  point  both  in  magnitude  and  direc- 
tion. The  arrow  head  denotes  the  direction  in  which  the 
motion  takes  place,  namely  from  0  to  A. 

This  method  of  representation  holds  good  also  in  the  case 
of  variable  velocity,  provided  OA  be  the  space  which  the  body 
trouid  describe  in  one  second  if  its  velocity  remained  unaltered 
in  magnitude  and  direction  (Art.  5). 

In  accordance  with  the  principles  established  in  Geometry, 
if  the  velocity  of  a  particle  moving  from  0  to  P  be  regarded 
as  positive  J  velocity  in  the  opposite  direction,  i.  e.  from  P  to  0, 
must  be  regarded  as  negative. 

8.  Kinematics. — As  our  ideas  of  motion  and  velocity 
depend  solely  on  our  conceptions  of  space  and  time,  the  whole 
subject  of  motion  admits  of  being  treated  as  a  branch  of  pure 
Mathematics;  and,  as  such,  has  been  discussed  in  many 
important  treatises  during  recent  years. 

This  branch  of  Mathematics  is  called  Eanematics*  (from 
ic^vfjjLca,  motion),  and  in  it  the  motion  of  a  body  is  discussed 
without  any  reference  to  the  force  or  forces  by  which  the 
motion  is  produced.  Questions  of  the  latter  class,  i.  e.  of 
motion  with  reference  to  force,  belong  to  the  science  of  Dy- 
namics, or  what  is  now  usually  styled  Kinetics. 

The  foregoing  distinction  should  be  observed  by  the 
student,  as  much  indistinctness  of  conception  arises  from  its 
not  being  carefully  kept  in  mind  in  the  study  of  Dynamics. 

In  the  present  treatise  it  is  not  proposed  however  to  divide 
the  treatment  of  the  subject  in  the  manner  indicated,  as  to 
do  so  would  require  a  complete  discussion  of  motion  (in- 
cluding rotation  and  kindred  subjects)  before  entering  on  the 
most  elementary  problems  in  Dynamics.  At  the  same  time 
it  will  aid  the  student  towards  obtaining  clear  mechanical 
•conceptions  if  he  will  consider  what  part  of  each  problem 


*  The  name  '*  Cin^matique ''  was  first  giyen  to  this  branch  of  Mathematics 
hy  Ampere,  in  his  ^*  Essai  sur  la  philosophie  des  Sciences,"  1834 
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discussed  belongs  properly  to  the  science  of  Kinematics,  and 
what  to  that  of  l)ynamics  or  Kinetics. 

9.  Rest  and  Motion,  RelatlYe. — We  have  defined 
rest  and  motion  with  reference  to  space.  Now  of  space  in 
itself  or  absolute  space  our  senses  take  no  cognizance,  all  that 
we  perceive  being  matter  or  body  as  occupying  or  existing  in 
space ;  but  our  senses  give  us  no  information  as  to  whether 
any  body  occupies  the  same  absolute  position  in  space  during* 
successive  intervals  of  time  or  not.  Hence,  of  absolute  rest 
we  can  have  no  perception  or  knowledge ;  and  when  we  say 
that  a  body  is  at  rest  we  mean  that  it  does  not  alter  its  posi- 
tion with  relation  to  other  bodies  which  are  considered  fixed. 
For  instance,  bodies  on  the  earth's  surface  are  said  to  be  at 
rest  when  they  do  not  alter  their  position  relatively  to  the 
earth's  surface  ;  we  know  however  that  the  earth  has  at  least 
tw(»  distinct  motions,  one  of  rotation  relative  to  its  axis ;  the 
other  around  the  sun,  regarded  as  fixed.  As  our  idea  of  rest 
is  only  relative,  so  also  must  be  our  idea  of  motion  :  thus,  a 
body  is  said  to  be  in  motion  when  it  alters  its  position  with 
respect  to  other  bodies  regarded  as  being  at  rest. 

Hence  all  motions  must  be  considered  as  relative :  for  in* 
stance,  when  we  say  that  a  body  is  moving  at  the  rate  of 
thirty  miles  an  hour,  we  mean  that  such  is  its  velocity  relative 
to  a  place  on  the  earth :  its  absolute  velocity  is  immensely 
greater,  and  is  obtained  by  combining  this  velocity  with  the 
absolute  velocity  of  the  earth  itself. 

Again,  we  speak  of  the  same  body  as  at  rest,  or  as  in 
motion^  according  as  we  compare  its  position  with  that  of  one 
object  or  of  another.  For  example,  a  person  seated  in  a 
railway  carriage  is  said  to  be  at  rest  relatively  to  the  carriage,, 
and  to  be  in  motion  relatively  to  the  earth,  &c. 

That  a  body  may  be  regarded  as  having  at  the  same  in- 
stant two  or  more  velocities  is  a  matter  of  common  experience : 
for  instance,  if  a  ball  roll  along  the  deck  of  a  vessel,  which  is 
descending  a  river,  we  conceive  the  ball  as  having  simul- 
taneously one  velocity  along  the  deck ;  another,  that  of  the 
vessel  in  the  stream  ;  a  third,  that  of  the  river  relatively  to 
its  banks,  &c.  The  velocity  of  the  ball,  relatively  to  the 
earth,  is  got  by  compounding  these  separate  velocities.  We 
proceed  to  show  in  what  manner  this  can  be  done. 
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10.  Composltloii  of  Teloclties. — Suppose  a  point  to 
move  uniformly,  with  a  velocity  t?, 
along  the  line  -4-B,  v^hile  the  line 
moves  uniformly  parallel  to  itself; 
then  the  point  may  be  regarded  as 
having  the  two  velocities  simulta- 
neously. In  order  to  find  its  position 
at  the  end  of  any  time  ty  let  AB  be 
the  space  which  it  would  describe  in  that  time  along  AB 
considered  as  fixed;  and  let  CD  be  the  position  of  the 
moving  line  at  the  end  of  the  same  time;  complete  the 
parallelogram  ABDC;  then  D  will  plainly  be  the  position 
of  the  moving  point  at  the  end  of  the  time  t.  Also,  if  v'  be 
the  uniform  velocity  of  the  point  along  the  line  A  C,  we  shall 
have  AC^ffty  and  CD  =  vt.    Hence 

AC     v' 
CD      v' 

Again,  as  this  is  independent  of  t,  the  ratio  oi  AC  to  CD 
will  be  constant  during  the  entire  motion ;  and  consequently 
the  point  will  move  from  AtoD  along  the  diagonal  AD, 

To  find  the  velocity  of  the  moving  point,  we  make  t  =  l 
(or  the  unit  of  time)  in  the  last ;  then  AB  and  ^C  represent 
in  magnitude  and  direction  the  component  velocities  of  the 
moving  point,  and  AD  represents  the  resultant  velocity :  in 
other  words,  if  a  body  be  animated  by  two  velocities  repre- 
sented in  mamitude  and  direction  by  the  sides  of  a  parallel- 
o^am,  the  resultant  velocity  is  repreLted  in  magniSde  and 
direction  by  the  diagonal  of  the  parallelogram. 

Conversely,  any  velocity  may  be  regarded  as  equivalent 
to  two  velocities  in  any  two  directions,  and  the  magnitudes  of 
the  component  velocities  can  be  determined  by  the  preceding 
construction. 

In  like  manner,  if  a  body  be  animated  simultaneously 
with  three  velocities,  its  resultant  velocity  is  represented  in 
magnitude  and  direction  by  the  diagonal  of  the  parallelepiped 
whose  edges  represent  the  component  velocities.  For  we  can 
compound  two  of  these  velocities  by  the  method  given  above, 
and  then  compound  their  resultant  with  the  third  velocity. 
This  principle  can,  plainly,  be  extended  to  the  case  of  a  point 
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Bappofied  to  be  animated  by  any  number  of  Telodties  simul- 
taneously. 

11.  Polygon  of  ¥elocitles« — ^It  immediately  follows 
that  if  a  point  be  subjected  to  any  number  of  simultaneous 
velocities  its  resultant  velocity  can  be  obtained  by  the  fol- 
lowing geometrical  construction : — 

From  0,  the  original  position  of  the  point,  draw  OAy 
representing  one  of  the  given  velocities  in  magnitude  and 
direction ;  from  A  draw  AB^  parallel  and  equal  to  the 
line  which  represents  a  second  velocity ;  and  so  on  for  the 
remaining  velocities ;  then  the  line  which  connects  0  with 
the  extremity  of  the  line  drawn  parallel  and  equal  to  the 
line  representing  the  last  velocity  will  represent  the  resultant 
velocity,  both  in  magnitude  and  direction. 

This  construction  is  called  the  polygon  of  velocity,  and  is 
in  general  a  gauche  polygon. 

The  preceding  result  admits  of  being  stated  otherwise, 
thus :  If  a  body  be  subjected  to  two  or  more  uniform  veloci- 
ties it  will  arrive  at  the  same  position  at  the  end  of  any  time 
as  it  would  have  arrived  at  if  the  several  motions  had  taken 
place  successively  instead  of  simultaneously.  This  is  adopted 
as  an  axiom  by  some  writers  on  Mechanics,  for  it  appears  to 
be  an  immediate  consequence  of  our  ideas  of  motion.  The 
student  can  easily  see  that  the  whole  theory  of  the  composi- 
tion of  velocities  can  be  deduced  from  this  principle. 

12.  Component  and  Resultant  Yeloeities. — ^The 
velocities  represented  by  AB  and  -4C,  in  Art.  10,  are  called 
the  components  of  the  velocity  represented  by  AD. 

If  a  point  describe  a  plane  path,  the  usual  method  of 
representing  its  position  is  with  reference  to  two  fixed  rect- 
angular axes  lying  in  the  plane. 

Then,  if  ar,  y  be  the  coordinates  of  the  moving  point  at 
any  instant,  its  component  velocities  parallel,  respectively,  to 
the  coordinate  axes,  are  evidently,  by  Art.  5,  represented  by 

—  and  —  • 
dt        dt 

Also,  if  a  be  the  angle  which  the  direction  of  motion  at 
the  instant  makes  with  the  axis  of  a*,  the  component  veloci- 
ties are  represented  by  v  cos  a  and  v  sin  a,  respectively;  t.  e. 
the  velocity  with  which  a  point  is  moving  in  any  fixed  direo- 
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tion  is  equal  to  the  component  of  its  velocity  in  that  direc- 
tion. 

TT  i  dx         .  dy  ,^. 

Hence  we  get    f?  cos  a  =  —,    t?  sin  a  =  ~.  (o) 

ut  at 

If  we  square  and  add,  we  get 

^    \dt)  ^\dt)    \dt)'  "^   dv 

i,e.  the  velocity  in  a  curvilinear  path  is  represented  in  the 
same  matter  as  in  a  rectilinear ;  this  result  might  have  been 
directly  established  from  other  considerations. 

More  generally,  if  x,  y^  z  be  the  coordinates  of  a  moving 
point  at  any  instant,  with  reference  to  any  system  of 
coordinate  axes,    its   component  velocities   parallel  to  the 

coordinate  axes  are  plainly  represented  by  ^,  -^  and  ~,  re- 
spectively. If  the  axes  be  rectangular,  and  if  a,  /3,  y  be  the 
direction  angles,  and  v  the  magnitude  of  the  velocity  of  the 
point,  then  the  component  velocities  parallel  to  the  coordinate 
axes  are  represented  by  t?  cos  a,  v  cos  /3,  v  cos  7,  respectively. 
Hence,  in  this  case,  we  have 

dx  r,     dy  dz  .,. 

roo8«  =  ^,    «'0O8/3  =  j^,    t>0O8y=^.  (4) 

In  Newton^s  notation,  as  in  Art.  5,  these  component 
velocities  are  represented  by  the  symbols,  x,yyZ> 

13.  RelatlYe  Telocity. — If  the  point  ^  be  in  motion 
along  AB  with  a  velocity  represented 
by  AB,  and,  at  the  same  time,  A^  be 
in  motion  along  A'B'  with  a  velocity  re- 
presented by  -4'jB',  to  find  their  relative 
velocity. 

Draw  AD  parallel  and  equal  to  A'B", 
and  construct  the  parallelogram  ACBD; 
then  the  velocity  AB  may  be  regarded     ____^_^_^ 
as  equivalent  to  the  velocities  AD  and     S.  b' 

AC;  now  the  former  velocity,  being  equal  and  in  the  same 
direction  as  that  of  the  other  point  A\  will  not  alter  the  relative 
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position  of  the  points  (Art.  10)  ;  consequently  the  latter  com- 
ponent AC  represents  the  relative  velocity  of  the  moving 
points,  i.e.  the  velocity  with  which  A  is  moving  relatively  to 
A\  regarded  as  at  rest. 

Hence,  to  get  the  velocity  of  one  moving  point  relatively 
to  another  which  is  also  in  motion,  we  suppose  equal  and 
parallel  motions  given  to  both,  each  equal  and  opposite  to  the 
motion  of  the  second  point:  by  this  means  that  point  is  brought 
to  rest,  and  the  velocity  of  the  other,  relative  to  it,  is  had  by 
compounding  the  new  velocity  with  its  original  velocity. 

14.  Components  of  RelatlTe  Telocity. — Suppose 
(a?, ;/,  2),  (/,  t/f  2')  to  be  the  coordinates  of  the  two  moving 
points  (Jf,  ilT),  respectively,  with  reference  to  any  coordi- 
nate system  of  fixed  axes.  Then,  to  get  the  motion  of  JT, 
relatively  to  Jf,  we  suppose  three  axes  drawn  through  M 
parallel,  respectively,  to  the  coordinate  axes ;  and  let  £,  1},  Z 
denote  the  coordinates  of  My  relative  to  these  axes,  and  we 
have 

5  =  0?'- A?,   i?=y'-y,   f  =  »'-«; 

and  hence 

d^     dx'     dx     dri     d/     dy     dZ^dz'     dz  ^      .^. 
Jt'^di'Jt'    Jt'dfdt'    di^di^di'     ^^ 


i.e. 


rfb'     rfa?     rfy'     dy     dz'     dz 
df"  It'    di  "Jf    Jt  "  di' 


or  iJ  -  *,    y  -  y>    2  -  », 

represent  the  components  of  the  relative  velocity  of  the  two 
moving  particles. 
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Examples. 

1.  Two  points  are  moying  in  rectangular  directions,  with  yelocities  of  300 
and  400  yards  per  minute ;  find  their  relative  Telocity  in  feet  per  second. 

Am.  25. 

2.  Two  particles  start  simultaneously  from  different  points,  in  given  direc- 
tions, with  uniform  velocities.  Show  how,  hy  a  geometrical  construction,  to 
determine  the  relative  distance  at  the  end  of  any  time ;  and  find  when  tiiis- 
distance  is  a  minimum. 

^  3.  The  tide  is  running  out  of  the  mouth  of  a  harhour  at  the  rate  of  21  mile& 
per  hour ;  in  what  direction  must  a  man,  who  can  row  in  still  water  at  the  rate 
of  5  miles  per  hour,  point  the  head  of  the  boat  in  order  to  make  for  a  point 
directly  across  the  harbour  P 

4.  A  boat  starts  with  a  given  velocity  across  a  river ;  find  the  direction  in 
which  she  should  steer,  in.  order,  without  altering  her  course,  to  land  at  a  given 
station  at  the  opposite  side  of  the  river — the  velocity  of  the  stream,  and  also  of 
the  boat,  being  supposed  known. 

5.  Two  trains  are  moving,  one  due  south,  the  other  north-east.  If  their 
velocities  be  25  and  30  miles  an  hour,  respectively,  calculate  their  relative 
velocity. 

6.  A  railway  train  is  moving  at  the  rate  of  30  miles  an  hour,  when  it  is 
struck  by  a  stone,  moving  horizontally  and  at  right  angles  to  the  train  with  the 
velocity  of  33  feet  per  second.  Find  the  magnitude  and  direction  of  the  velo- 
city with  which  the  stone  appears  to  meet  the  train. 

Ana,  Resultant  velocity  is  55  feet. 
Indian  Civil  Service  Hxam,,  1876. 

7.  Two  particles  start  simultaneously  from  A,  B,  two  of  the  an^;ular  points 
of  a  square  ABCJ),  in  the  directions  AB,  BC;  and  describe  the  periphery  with 
constant  velocities  V,  v,  respectively,  where  V  is  greater  than  v,  until  one  par- 
ticle overtakes  the  other.  Prove  that  the  miTiinniTn  distances  between  the  par- 
ticles occur  at  equal  intervals  of  time,  and  that  if  F :  v  :  :  m  +  1  :  m,  where  m 
is  an  integer,  the  sum  of  all  these  minimum  distances  is 

»»(m+l)  .,      -^, 

—  '         X  a  side  of  the  square. 


2's/#n»  +  (m+l)» 

Camb,  Math,  Trip.,  1871. 
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CHAPTER    II. 

ACCELERATION. 

15.  Acceleratloii  and  Retardatton  of  Blotloii. — ^The 
velocity  of  a  point  is  said  to  be  accelerated  or  retarded 
according  as  it  increases  or  diminishes  with  the  time.  This 
acceleration,  or  rate  of  change  of  velocity  in  a  fixed  direction, 
may  be  either  uniform  or  variable.  Retardation  of  motion 
is  to  be  regarded  as  a  negative  acceleration^  i.e.  as  an  accelera- 
tion in  the  opposite  direction  to  that  of  the  motion. 

16.  Vniform  Acceleration. — ^The  motion  of  a  point 
moving  in  a  straight  line  is  said  to  be  uniformly  accelerated 
when  it  receives  equal  increments  of  velocity  in  equal  times. 
In  this  case  the  acceleration  is  measured  by  the  additional 
velocity  received  in  each  unit  of  time.  As  a  second  is  usually 
taken  as  the  unit  of  time,  we  may  define  the  acceleration  of 
velocity  in  this  case  to  be  measured  by  the  additional  velocity 
received  by  the  movable  in  each  second;  this  acceleration  is 
usually  denoted  by  the  letter  /. 

In  the  case  of  uniform  acceleration  in  a  right  line  we 
proceed  to  find  expressions  for  the  velocity  at  the  end  of  any 
given  time,  and  also  for  the  space  described. 

17.  ITelocity  at  any  Instant. — ^Let  Vo  denote  the  velo- 
city at  the  instant  from  which  the  time  is  reckoned;  then, 
since  the  point  receives  in  each  second  an  additional  velocity 
y,  its  velocity  at  the  end  of  the  first  second  is  fo  +  /;  at  the 

end  of  the  next  second,  Vo-\-2f;  at  the  end  of  the  third,  Vo  +  3/*; 
and  at  the  end  of  n  seconds,  ^o  +  nf.  Or,  if  t  denote  the 
number  of  seconds  in  question,  and  v  the  velocity  at  the  end 
of  that  time,  we  have 

t?  =  t?o  +ft.  (1) 

If  the  point  be  supposed  to  start  from  rest,  we  have 

f>-/t; 
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tliat  is,  the  velocity  acquired  at  the  end  of  t  seconds  is  t  times 
that  acquired  at  the  end  of  one  second. 

In  the  case  of  a  uniformly  retarded  motion,/ denotes  the 
velocity  iost  in  each  second ;  and,  if  t'o  be  the  initial  velocity, 
we  shall  have,  as  before,  for  the  velocity  at  the  end  of  t 
seconds, 

v^vo-ft.  (2) 

In  this  case  the  velocity  becomes  zero  at  the  instant  when 

Vn 

t?o  =ft9  or  at  the  end  of  the  time  -  •  If  the  retardation  con- 
tinued afterwards,  the  velocity  would  become  negative ;  that 
is,  the  point  should  proceed  to  move  back  in  a  direction 
opposite  to  that  of  its  former  motion. 

It  will  be  observed  that  the  formulae  (1)  and  (2)  differ 
only  in  the  sign  of/;  'they  may  accordingly  be  regarded  as 
comprised  in  the  same  general  formula,  in  which  a  retarda- 
tion, as  stated  before,  is  regarded  as  a  negative  acceleration. 

Examples. 

1.  If  a  body  start  from  rest  with  a  uniform  acceleration  of  7  feet  per  second^ 
find  its  velocity  at  the  end  of  three  minutes. 

Ans.  1260  feet. 

2.  In  what  time  would  a  body  acquire  a  Telocity  of  100  feet  per  second  if 
it  start  from  rest  with  a  uniform  acceleration  of  32  feet  per  second  P 

Ans.  Si  seconds. 

3.  A  body  starts  from  rest  with  the  velocity  of  1000  feet  per  second,  and  its 
motion  is  uniformly  retarded  by  a  velocity  of  16  feet  each  second ;  find  when  it 
would  be  brought  to  rest. 

Ans.  1  m.  2^  sec. 

4.  A  velocity  of  one  foot  per  second  is  changed  uniformly  in  one  minute  to 
a  velocity  of  one  mile  per  hour.  Express  numerically  the  rate  of  change  of 
velocity  when  a  yard  and  a  minute  are  taken  as  the  units  of  space  and  time. 

Ans.  V' 

18.  Space  described  in  any  Time. — To  find  the 
space  described  in  any  time  in  the  case  of  uniform  aocelera* 
tion  in  a  straight  line. 

From  equation  (2)  we  get 

hence,  by  integration, 
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no  constant  being  added  since  the  space  is  measured  from  the 
position  of  the  point  when  ^  =  0. 

If  the  point  start  from  rest  we  have 


8 


ire. 


In  the  case  of  uniformly  retarded  motion  we  have 

This  and  the  preceding  formula  are  represented  by  the 
single  expression 

8=^Vot±if^,  (3) 

in  which  the  upper  or  lower  sign  is  given  to/,  according  as 
the  acceleration  nas  place  in  the  positive  or  negative  direc- 
tion. 

Similarly,  equations  (1)  and  (2)  are  combined  in  the  state- 
ment 

t?  =  t?o  d;/?.  (4) 

The  preceding  result  admits  also  of  being  established  geo- 
metrically in  the  following  manner,  as  given  by  Newton : — 

Suppose  the  point  to  start  from  rest,  and  on  any  right 
line  AX  take  portions  AD^  AEy  &c., 
proportional  to  the  intervals  of  time 
from  the  commencement  of  the 
motion,  and  erect  perpendiculars 
DB^  EC^  &c.,  representing  the 
corresponding  velocities;  then  since 
the  velocity  at  the  end  of  any  time  (Art.  18)  is  proportional 
to  that  time,  the  ordinates  BDy  CEy  &c.,  will  be  to  one  another 
in  the  same  ratio  as  the  times,  L  e.  as  AD,  AEy  &c. ;  and 
consequently  the  points  -4,  j5,  C,  &c.,  all  lie  on  a  right 
line. 

AgaiQ,  let  AD  =  ty  BE  =  Aty  BB  =  v;  then  the  space 
described  in  the  infinitely  small  tune  A^  wUl  be  represented 
by  vAty  i.  e.  by  the  area  BBEC;  and  accordingly  the  whole 
space  described  in  the  time  represented  by  AN  wiU  be  repre- 
sented by  the  sum  of  the  elementary  areas,  BBECy  &c.,  or 
by  the  whole  area,  APN,  i.  e.  by  iAN  x  PNy  or  by  ivt ; 
therefore  8  =  i/j(^,  as  before. 

If  the  point  be  supposed  to  start  with  an  initial  velocity 
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t?o,  the  student  will  find  no  difficulty  in  supplying  the  corre- 
sponding construction. 

19.  Relation  between  ITelocity  and  Space. — ^If  we 

eliminate  t  between  equations  (3)  and  (4),  we  get 

v'  =  t?o*  ±  2A  (5) 

in  which  the  upper  or  lower  sign  is  taken  according  as  the 
acceleration  is  in  the  direction  of  the  motion  or  in  the  oppo- 
site direction. 

We  shall  resume  the  consideration  of  these  equations 
when  we  come  to  the  investigation  of  the  motion  of  a  body 
under  the  action  of  a  constant  force. 

20.  Algebraic  Expression  tor  an  Acceleration. — 
In  the  case  of  a  point  moving  with  a  uniform  acceleration, 
let  t?  represent  the  velocity  at  the  end  of  the  time  ^,  and  t?' 
that  at  the  time  t')  then  by  (1)  we  have 

and  hence  /  =  -. — -. 

Moreover,  since  this  result  holds,  however  small  the  in- 
terval of  time  represented  by  ^'  -  ^  may  be,  we  have,  as  in 
Art  4, 

dv 

^^  dt' 

21.  Variable  Acceleration. — In  the  case  of  the  motion 
of  a  point  in  a  right  line,  if  the  acceleration  is  not  uniform,  but 
varies  continuously  according  to  any  law,  we  plainly  (as  in 
Art.  6)  may  suppose  that  the  motion  is  uniformly  accelerated 
during  an  infinitely  small  time  dt ;  or  (which  is  the  same 
thing)  that  the  acceleration  at  any  instant  is  measured  by 
what  the  increase  of  velocity  in  a  unit  of  time  would  have  been 
if  its  rate  of  increase  had  been  uniform  during  that  time^  and  the 
same  as  that  at  the  instant  in  question.  Hence  the  accelera- 
tion at  any  instant  is  defined  as  the  rate  of  change  of  the  velo- 
city at  that  instanty  and  is  measured  in  all  cases  by  the  ratio 
of  the  increment  of  the  velocity  at  the  instant  to  the  incre- 
ment of  the  time. 
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Accordingly  we  have,  whether  the  acceleration  be  uniform 
or  variable,  the  relations 

dv      €p8 

These  are  expressed  in  Newton's  notation  in  the  form 

/=  r  =  «. 

All  these  results  apply  equally  to  the  case  of  retardation 
of  motion,  which  is  always  to  be  regarded  as  a  negative  acce- 
leration. 

22.  C^eometrlcal  Representation  of  an  Aecelera* 
tion. — From  the  preceding  it  appears  that  the  acceleration 
of  the  motion  of  a  point,  whether  it  be  uniform  or  variable, 
is  in  all  cases  measured  by  a  velocity.  Hence  it  can  be  re- 
presentedy  both  in  magnitude  and  direction,  by  a  righi  linCj  in 
the  same  manner  as  velocity  (Art.  7). 

Hence,  also,  we  may  regard  a  point  as  receiving  two  or 
more  simultaneous  accelerations  of  motion,  and  can  deter- 
mine the  resultant  acceleration  by  a  geometrical  construction, 
as  in  Arts.  10  and  11. 

Consequently,  accelerations  are  compounded  and  resolved 
according  to  the  same  laws  as  velocities. 

23.  Component  Aeeelerations  Parallel  to  Fixed 
Axes. — If  Xy  y,  z  denote  the  coordinates  relative  to  a  fixed 
rectangular  system  of  axes,  of  the  position  of  a  moving 
point  at  the  end  of  the  time  t ;  then,  as  in  Art.  12,  its  com- 
ponent velocities  parallel  to  the  axes  of  coordinates  are  re- 

doc      dti      dz 
presented  by  — ,    — ,    —,  respectively. 

Hence,  since  the  acceleration  of  motion  in  any  direction 
is  measured  by  the  rate  of  change  of  the  velocity  in  that 
direction,  we  have  for  the  accelerations  parallel  to  the  axes 
of  coordinates  the  expressions 

d\dt) 


dt  dt  dt 

I 


..     cPx      ..      cPy      ..      d:^z 
or  x  =  —,    y,-,    s  =  ^,  ^       (7) 
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where,  in  accordance  with  Newton's  notation,  5,  y,  z  denote 
the  accelerations  parallel  to  the  axes  of  ^,  ^,  2,  respectively. 
The  total  acceleration  of  the  motion  of  the  point  is  the 
resultant  of  these  accelerations. 

It  is  plain  that  this  acceleration  is  independent  of  any 
previously  existing  velocity,  which  may  or  may  not  be  in  the 
same  direction. 

The  question  of  acceleration  in  curvilinear  motion  can 
also  be  treated  in  another  manner,  as  follows : — 

24.  Currilinear  Motion,  Change  of  Telocity, 
Total  Acceleration. — Suppose  a  point  to  move  in  a 
curvilinear  path,  and  from  any  point  0  let  the  line  OA 
be  drawn,  representing  in  magnitude  and  direction  the 
velocity  of  the  moving  point  at  any        q  b 

instant.    Let  OB^  in  like  manner,         7 ---™-^^^--;^ 

represent  its  velocity  at  the  end      /  ^^^^^--"^^^^     / 

of  the  interval  of  time  A^    Join     L^::—-. / 

ABy  and  complete  the  parallelo-  ^ 

gram  OABC.  Then  the  velocity  represented  by  OB  is  equi- 
valent to  the  component  velocities  represented  by  OA  and 
0(7;  but  if  the  velocity  of  the  point  had  not  changed  during 
the  interval  A^,  it  would  have  been  represented  by  OA ;  hence 
0(7,  or  AB^  represents  in  magnitude  and  direction  the  change  of 
Telocity  in  the  time  ^t. 

Again,  since  the  acceleration  of  the  velocity  of  a  mov- 
able, at  any  instant  is,  in  all  cases,  measured  by  the  rate  of 
change  of  the  velocity  for  that  instant,  it  follows,  as  in  (5),  that 
if  we  regard  the  interval  of  time  A^  as  becoming  infinitely 
small,  the  acceleration  of  the  motion  is  represented  by  the 

AB 

limiting  value  of  — .    This  limiting  value  is  called  the  total 

acceleration  of  the  motion  of  the  particle  at  the  instant. 

25.  Tangential     and     UTormal     Accelerations. — 

Again,  suppose  a  to  denote  the  position  of  the  moving  point 
at  the  end  of  the  time  ^,  and  h  its  position  after  a  small 
interval  of  time,  A^,  and  draw  tangents  to  the  path  at  the 
points  a  and  h.  Also,  as  before,  from  any  point  0  draw  0-4, 
OB  parallel  to  these  tangents,  and  representing  the  velocities 
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at  a  and  6,  respeotiTely.    Then,  by  the  preoeding  Article, 
AB  represents  the  total  change 
in  the  velocity  in  the  interval 
At. 

Draw  AN  perpendicular  to 
OBy  and  suppose  the  velocity 
AB  resolved  into  the  two,  AN 
and  BN;  then,  the  former  re- 
presents the  resulting  change  of 
velocity  in  the  normal  direction, 
and  the  latter  in  the  tangential. 

The  corresponding  accelerations  are  represented  by  the 

limiting  values  of  —r  and  -— ,  respectively. 

Again,  let  the  angle  BOA^  or  the  angle  between  the 
tangents  at  a  and  i,  when  indefinitely  small,  be  denoted  by 
ei^,  and  we  have 

AN  =  OAdf^  =  prf^. 
The  normal  acceleration  is  therefore 

where  p  represents  the  radius  of  curvature  of  the  path  at  the 
point  a. 

Also  in  the  limit  we  have  -rr  -  -H'     Hence  the  tan- 

£if      at 

dt) 
gential  acceleration  is  represented  by  -7;  ;  as  is  also  easily 

seen  from  equation  (6). 

In  the  case  of  uniform  motion  in  a  circle,  since  the  velo- 
city V  is  constant,  the  tanfi;ential  acceleration  vanishes,  and 
the  normal  acceleration  (which  then  becomes  the  total  acoele- 

f?'        47r'f* 
ration)  is  -,  or  -^^y  where  r  denotes  the  radius  of  the  circle 

and  T  the  time  in  which  the  circle  is  described. 

The  normal  acceleration  in  this  case  is  called  the  eentri' 
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petal  aceelerationy  as  it  is  constantly  direoted  towards  the 
centre  of  the  circle. 

26.  Hodograph.* — In  accordance  with  the  method  of 
the  preceding  Articles,  if  from  any  point  0  lines  OA^  OBj 
OCf  &c.,  be  drawn  representing,  in  magnitude  and  direction, 
the  velocities  at  the  points  a,  (,  c,  &c.,  taken  consecutiyely  in 
the  path  of  a  particle,  then  the  system  of  points  -4,  By  C,  &c., 
will  lie  on  a  new  curve  called  the  hodograph  of  the  original 
curve,  which  is  considered  to  be  described  by  the  point  A  as 
a  moves  along  the  given  curve. 

Since  the  lines  AB^  BCy  &c.,  become  ultimately  tangents 
to  the  hodograph,  it  follows  that  the  direction  of  the  total 
acceleration  at  any  point  a  is  parallel  to  the  tangent  to  the 
hodograph  at  the  corresponding  point  A. 

Also,  since  the  total  acceleration  is  measured  by  the 

AB 

limiting  value  of  -—-,  it  follows  that  the  total  acceleration^ 

at  any  point  a,  ts  represented  hy  the  velocity  at  the  point  A  in 
the  hodograph. 

We  shall  give  some  applications  of  this  method  subse- 

2uently,  more  especially  in  connexion  with  the  treatment  of 
!entrid  Forces. 

27.  Angular  Telocity,  Angular  Acceleration. — ^If 
the  position  of  a  point  P  moving  in  a  plane  be  taken  in  polar 
coordinates,  r  and  0,  with  reference  to  a  fixed  origin  0,  then 
the  rate  of  increase  of  the  angle  0  is  called  the  angular  velo- 
city of  P  relative  to  the  fixed  point  0.  Hence,  if  to  denote 
the  angular  velocity  at  any  instant, 

we  have  oi  =  -77  =  v. 

at 

Again,  if  P  move  along  OA^ 

dr 

its  velocity  is  represented  hy  ^  ;  if 

it  move  perpendicular  to  0-4,  its  velocity  is  r  — ,  or  rw. 

aXt 


*  Sir  W.  E.  Hamiltx)!!,  to  whom  this  method  is  due,  employed  this  name 
(J5^i;  ypd<p€iv)  (Proceeding 8 f  B.  I.  A.,  1846,  p.  344)  in  his  discussion  of  the 
•connexion  between  acceleration  and  motion.    The  hodograph  is  called  the 
^urve/>f  aeeelerationt  by  French  writers  on  Mechanics. 

c2 
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Hence  we  easily  see  that  the  most  general  motion  in  the 

rfr 
plane  is  one  componnded  of  a  radial  yelodty  — ,  along  with 

a  perpendicular  velocity  r  — . 

If  OP  revolve  uniformly,  completing  its  revolution  in  T 
seconds,  then  its  angular  velocity,  in  circular  measure,  is 
obviously  given  by  the  equation 


Suppose  OA  taken  equal  to  the  unit  of  length,  then  the 
velocity  of  the  point  -4,  in  its  circular  path,  represents  the 
angular  velocity  of  the  line  OP. 

Again,  if  the  angular  velocity  of  P  be  variable,  its  rate  of 
increase  is  called  its  angular  acceleration ;  hence  the  angular 

acceleration  of  P  with  regard  to  0  is  represented  by  —  or  -^. 

If  X  and  y  be  the  coordinates  of  P,  we  have 

a?  =  r  cos  0,    1/  -  r  smO; 

consequently,  when  r  is  constant,  we  get 

y  i  -  -  r(M3  Bind  -  -  u>y 

y  tm     rcn  cos  0  =     wx 


(10) 


These  give  the  components  of  velooiirjr  of  any  point  which 
moves  in  a  circle,  in  terms  of  the  coordmates  and  the  angular 
velocity. 

28.  Accelerations  along  and  perpendicular  to  the 
Radius  ITector. — Let  x^  y  be  the  rectangular  coordinates 
of  the  moving  point  P,  and  r,  9  the  corresponding  polar 
coordinates,  at  me  end  of  the  time  t ;  then  x  and  y  (Art. 
23)  represent  the  accelerations  parallel  to  the  axes ;  hence, 
by  Art.  22,  the  acceleration,  P,  along  the  radius  vector  is 

*%       g\     ••   •    gx        XX  +  yy 

a?  cos  0  +  y  sm  0,  or ^^ ; 

r 
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and  the  aooeleration,  Ty  peipendioular  to  the  radius  vector  is 


y  cos  0  -  5  sin  0  = 


r 


To  find  expressions  for  these  accelerations  in  terms  of  r 
and  By  we  have 

XX  +  yy  =  rr; 

hence  xx  -\-  yy  +  x^  +  y^  =  rr  +  r* ; 

but  i»  +  y'  =  P  +  r*fl' ; 

accordingly,  ipJ  +  yy  +  r'&'  =  rr ; 

iheref ore  —  =  r  -  rfi*. 

r 

Also  a^  -  y2  »  ^  (^y  -  yi)  =  ^  (r'd). 

Consequently,  the  acceleration  along  the  radius  vector  is 


^— *4'-'(D"       ("> 


And  that  perpendicular  to  the  radius  vector  is 


^-'|c'«)=;l(47  <>^> 


If  the  acceleration  of  the  moving  particle  be  always 

directed  to  the  fixed  point  0,  we  have  T  =  0,  and  hence 

dO 
r'  —  =  constant ;  from  which  we  infer  that  the  radius  vector 
at 

describes  equal  areas  in  equal  times  round  the  point  0. 

Equations  (11)  and  (12)  above  can  otherwise  be  obtained 

with  great  facility  by  a  method  analogous  to  that  employed 

in  Art.  25. 

29.    Areal   Telocity,    Areal    Aeeeleratlon.  — ^It  is 

obvious,  geometrically,  that  r^dO  represent  double  the  area 
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described  by  the  line  OP  in  the  time  dt;   oonsequentlj 

r^dO 

-TT  represents  the  rate  of  increase  of  double  the  area  de- 

scribed  by  the  point  P  round  the  point  0.  Henoe  \  ^-rr- 
is  called  the  areal  velocity  of  the  point  P  relative  to  the 
origin  0.  Similarly  \'tX^  jr]  represents  the  areal  accele^ 
ration  of  P  relative  to  the  same  origin. 

30.  MoTlng  Axes. — In  some  cases  it  is  necessary  to 
refer  the  motion  of  a  point  in  a  y 
plane  to  rectangular  axes,  which 
are  themselves  in  motion.  Thus 
let  OX,  OF  be  two  fixed  rect- 
angular axes  in  the  plane,  and 
OJir,  ON  be  two  moving  axes. 

Let  P  be  any  point  in  the  plane ; 
then£»  OMyri=^  Oi\^,wherecandi| 
are  the  coordinates  of  P,  relative  to  the  moving  axes. 

Also,  if  0  =  z  XOM^  we  have  w  =  ^tt,  the  angular  velocity 

of  the  moving  axes.  Then  the  motion  of  P  is  got  by  com- 
pounding the  motions  of  M  and  N. 

Now,  by  Art.  27,  the  components  of  the  velocity  of  -3f  are 

-J  along  OMj  and  cn^  along  MP.    Likewise,  the  components 

dn 

for  iV  are  —  along  OiV,  and  -  wri  along  NP. 
at 

Hence,  if  u  and  v  denote  the  components  of  the  velocity 

of  P,  relative  to  the  moving  axes,  we  have 


u 


dt 


-  i)(ii 


(13) 


Again,  by  Art.  28,  the  acceleration  of  M  along  OM  is 
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-=^  -  w%  and  that  along  MP  is  p  ;it  [to^) ;  with  similar  ex- 

pressions  for  the  acoelerations  of  N. 
Hence^  finally,  we  get 

acceleration  parallel  to  OM^  -rsi  -  w'5 ""  « 377  (^^') ' 

%       1  rf       ^^*^ 

acceleration  parallel  to  ON^  -t^,  -  ^\  '^'ET*  (^^)' 

a^  %  at 

31.  Cnits  of  Time  and  Space. — ^With  respect  to  the 
units  of  time  and  space,  as  well  as  of  all  other  quantities,  it 
should  be  remarked  that  the  units  assumed  must  in  all  cases 
hQ  finite  magnitudes.  For  instance,  the  unit  of  time  may  be 
taken  as  a  second,  an  hour,  a  day,  or  any  other  finite  interval 
of  time,  but  it  should  never  be  assumed  to  be  an  indefinitely 
small  portion  of  time ;  for  if  so,  numbers  which  represent 
finite  intervals  of  time  become  infinitely  great,  and  accord- 
ingly arguments  based  on  such  an  assumption  become  illusory 
and  unmeaning  when  applied  to  finite  intervals  of  time. 
This  remark  is  requisite,  as  fallacious  proofs  are  sometimes 
given  in  books  on  dynamics  from  overlooking  this  obvious 
principle. 

The  unit  of  time  most  universally  adopted  is  a  second,  as 
already  stated.  Different  units  of  length  prevail  in  different 
countries.  Since  in  this  country  the  foot  is  the  standard  of 
length,  and  areas  and  volumes  are  each  referred  to  units  of 
their  own,  we  shall  sometimes  employ  such  units  for  the 
purpose  of  illustrating  mechanical  principles  by  familiar 
examples.  But,  when  desirable,  we  shall  avail  ourselves  of 
the  metric  system.  In  it  the  unit  of  length  is  a  metre 
(3-2809  feet,  or  39-37079  inches).  From  this,  by  the  simple 
processes  of  squaring  and  cubing,  units  of  area  and  volume 
are  derived;  and  decimal  multiples  and  submultiples  are 
respectively  indicated  by  the  use  of  Greek  and  Latin  pre- 
fixes. For  example,  the  centimetre  is  the  himdredth  part 
of  the  length  of  a  metre.  Again,  one  cubic  decimetie  is 
the  measure  of  capacity  called  a  litre,  and  is  about  61  cubic 
inches,  or  1-76  pints.  We  shall  subsequently  see  that  a 
cubic  centimetre  of  distilled  water  at  its  greatest  density 
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furnishes  this  system  with  another  unit :  to  this  the  name 
gramme  is  applied.  One  thousand  grammes  are  called  a 
kilogramme,  equivalent  to  about  two  and  one-fifth  pounds 
avoirdupois. 

It  should  also  be  observed  that  in  the  numerical  expres- 
sion for  an  acceleration  there  is  a  double  reference  to  the 
unit  of  time;  so  that,  in  strict  accuracy,  what  we  have  called 
an  acceleration  of  7  feet  per  second  should  be  called  an 
acceleration  of  7  feet  per  second  per  second.  This  mode  of 
expression  is,  however,  cimibrous,  and  quite  imnecessary, 
since  in  ordinary  language,  as  well  as  in  mathematical  de- 
ductions, it  is  assumed  that  velocities  and  their  rates  of 
change  are  referred  to  the  same  unit  of  time,  unless  the 
contrary  be  stated. 
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CHAPTER   III. 

LAWS   OF   MOTION. 

Section  I. — Rectilinear  Motion, 

32.  Motion  in  relation  to  Force. — Is  the  preceding 
Chapters  motion  has  been  considered  from  a  purely  kine- 
matical  point  of  view ;  we  now  proceed  to  consider  it  in 
connexion  with  the  force  or  forces  by  which  it  is  produced. 

The  science  of  Eational  Dynamics  is  usually  founded  on 
three  principles,  or  Laws  of  Motion,  which  have  been  stated 
in  their  simplest  form  by  Newton,  and  are  fully  verified  by 
their  agreement  with  experience.  In  the  present  Chapter  it 
is  proposed  to  discuss  and  illustrate  various  cases  of  applica- 
tion of  these  Laws,  chiefly  when  the  forces  supposed  to  act 
are  constant  both  in  direction  and  magnitude.  The  discus- 
sion of  motion  produced  by  varying  force  will  be  dealt  with 
subsequently.  We  follow  Newton's  method,  commencing 
with  the  statement  of  his  First  Law. 

33.  First  liaifT  of  Motion. — A  body  continue  in  its 
state  of  rest ^  or  of  straight  uniform  motion^  except  in  so  far  as  it 
is  compelled  to  alter  that  state  by  impressed  force. 

This  law  asserts  that  a  body  has  no  power  or  tendency  in 
itself  to  alter  either  its  velocity  or  the  direction  of  its  motion : 
this  is  usually  called  the  Law  of  Inertia  of  Matter. 

Hence,  if  a  body  be  conceived  to  be  set  in  motion,  and  no 
external  force  act  upon  it  afterwards,  it  should  continue  to 
move  indefinitely  in  a  right  line  with  a  uniform  velocity. 

Conversely,  if  a  body  be  in  a  state  of  uniform  rectilinear 
motion,  we  infer  that  the  forces  which  act  on  it  are  in  equili- 
brium. For  example,  if  a  train  be  in  a  state  of  uniform  motion 
on  a  horizontal  railway,  we  infer  that  the  force  arising  from 
the  action  of  the  steam  is  exactly  equal,  and  opposite  to,  the 
entire  resistance  arising  from  friction  and  resistance  of  the 
air. 
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Henoe,  all  questions  of  uniform  rectilinear  motion  may  be 
regarded  as  problems  of  equilibrium^  and  treated  by  the  principles 
arrived  at  in  Statics.  In  all  applications  of  the  Laws  of  Motion 
to  a  body  of  finite  dimensions,  the  onlj  motion  considered  in 
this  Chapter  is  one  of  pure  translation. 

Again,  if  the  motion  of  a  body  be  not  uniform,  or  not 
rectilinear,  we  infer  that  it  must  be  acted  on  by  some  ex- 
ternal force  or  forces.  The  connexion  between  the  motion 
produced  and  the  force  which  produces  it  is  contained  under 
the  next  Law. 

Example. 

A  railway  train  is  rooying  with  constant  velocity  along  a  horizontal  rail- 
road. The  resistance  from  friction,  &c.,  for  each  carriage  is  one-hundredth 
part  of  the  pressure.  Find  the  tension  of  the  couplings  of  the  last  carriage,  if 
its  weight  he  four  tons. 

In  this  case,  since  the  motion  is  uniform,  the  tension  of  the  couplings  must 
be  equal  to  the  resistance  to  he  overcome,  or  to  the  one-hundredth  part  of  four 
tons,  ue.  89}  lbs. 

34.  Second  I^aw  of  Motioii. — Change  of  motion*  is 
proportional  to  the  impressed  motive  force,  and  takes  place  in  the 
right  line  in  which  that  force  is  impressed. 

As  this  statement  is  very  comprehensive,  it  will  be  neces- 
sary to  dwell  on  it  with  some  detail,  commencing  with  the 
case  of  a  body  under  the  influence  of  a  force  which  acts  uni- 
formly and  in  the  same  right  line  during  the  motion.  The 
body  is  supposed,  in  the  first  instance,  to  start  from  rest,  and 
the  direction  of  the  force  to  pass  constantly  through  its  centre  of 
mass,  in  which  case  the  motion  is  one  of  translationf  solely. 


*  For  the  present  we  shall  consider  that  it  is  one  and  the  same  body  which  is 
acted  on  by  forces  passing  through  its  centre  of  mass,  in  which  case  the  force 
varies  directly  as  the  velocity  generated  in  the  unit  of  time.  We  shall  subse- 
quently treat  of  the  case  where  the  mass  acted  on  varies  also.  In  that  case,  by 
the  word  **  motus,"  here  translated  motion,  we  must  understand  quantity  of 
motion. 

t  A  force  applied  at  the  centre  of  mass  of  a  rigid  body  is  equivalent  to 
an  indefinite  number  of  equal  and  ]parallel  forces  applied  to  the  several  equal 
pai'ticles  of  which  the  body  is  conceived  to  be  constituted ;  but  as  the  forces  are 
equal,  and  the  masses  moved  by  each  are  equal,  the  velocities  generated,  in  the 
same  time,  are  also  equal :  hence  the  motion  of  the  entire  body  is  one  of  pure 
translation.  The  simplest  case  of  this  is  that  of  bodies  falling  under  the  action 
of  the  force  of  gravity. 
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35.  Telocity  Cfenerated. — Suppose  a  force  to  act  uni* 
fonnly  on  a  body,  and  let /denote  the  velocity  generated  at 
the  end  of  the  &:st  second  (taken  as  the  unit  of  time),  then 
during  the  next  second,  in  accordance  with  our  law,  the  uni- 
form  force  will  generate  an  additional  velocity  of  the  same 
amount/;  and  in  each  successive  second  the  force  generates 
the  same  additional  velocity ;  consequently  the  motion  is  in 
this  case  uniformly  accelerated^  and  the  velocity  at  the  end  of 
t  seconds  (Art.  17)  is  given  by  the  equation 

v^ft. 

Again,  if  the  body  be  supposed  to  start  with  the  velocity 
«?o  in  the  direction  in  which  the  force  acts,  we  shall  have  for 
the  velocity  r,  at  the  end  of  the  time  ty 

V^Vo  +ft,  (1) 

as  in  Art.  17. 

If  the  force  act  in  a  direction  opposite  to  that  of  the 
motion  it  is  called  a  retarding  force ;  which,  if  uniform,  will 
diminish  the  velocity  by  the  quantity /during  each  second, 
and  we  shall  have,  as  before,  the  equation 

V  =  Vo  -ft. 

The  student  should  bear  in  mind  that  /  in  all  cases  is 
measured  by  the  velocity  generated  or  destroyed  in  the  movable 
in  each  second  during  the  motion  ;  f  consequently  may  always 
be  regarded  as  an  acceleration — a  retardation  being  considered 
as  a  negative  acceleration. 

It  may  be  observed  that  the  entire  reasoning  in  this 
Article  depends  on  the  following  principle — contained  in  the 
Second  Law  of  Motion — that  the  change  of  velocity  produced 
by  a  force  in  any  time  is  independent  of  the  previous  velocity  of 
the  movable. 

The  Second  Law  of  Motion  equally  applies  to  the  case  of 
a  body  acted  on  by  any  number  of  forces,  in  which  case  it  may 
be  stated  as  follows : — 

If  any  number  offerees  act  simultaneously  on  a  body^  theuj 
during  any  instant^  each  force  produces  the  same  change  of  motion 
in  its  own  direction  as  if  it  had  acted  singly  on  the  body. 

From  this  it  follows  that  forces  are  compounded  in  the 
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same  manner  as  velocities.  The  law  of  the  composition  of 
forces  was  thus  establishad  by  Newton — Leges  Motus^  Cor.  2. 

36.  Space  described  in  any  Time. — Since  we  have 
seen  that  in  the  case  of  a  uniform  force  the  velocitj  is  uni- 
formly accelerated  or  retarded,  we  can  at  once  apply  the  re« 
suits  already  arrived  at  in  Arts.  18,  19. 

Hence,  the  space  described  from  rest,  in  the  time  t^  is 
^iven  by  the  formula 

s  =  hft\  (2) 

If  the  body  start  with  an  initial  velocity  t^o  along  the 
line  in  which  the  force  acts,  we  shall  have 

«  =  ro^  ±  ^ft\  (3) 

in  which  the  upper  or  lower  sign  is  taken  according  as  the 
uniform  force  acts  in  the  same  or  the  opposite  direction  to 
that  of  the  initial  velocity. 

It  is  plain  that  the  space  described  in  the  first  second 
from  rest  is  i/,  or  Jtalf  the  velocity  acquired  at  the  end  of  the 
second;  and,  in  general,  the  space  described  in  anytime  from 
rest  is  half  of  mat  described  by  a  body  moving  uniformly 
with  the  velocity  acquired  at  the  end  of  the  time. 

37.  Relation  between  ¥eloclty  and  Space  de- 
scribed.— If  the  body  start  from  rest,  by  eliminating  t 
between  the  equations  v  -ft  and  «  =  i/i^*,  we  get 

t?'=2/8; 

■and,  more  generally,  if  fo  be  the  initial  velocity, 

f?'=t7o'±2/».  (4) 

From  the  preceding  results  it  is  seen  that  the  question  of 
rectilinear  motion  imder  the  action  of  a  constant  force  is  com- 
pletely solved  whenever  the  value  of  the  acceleration /can  be 
determined.  In  a  subsequent  Article  we  shall  show  how  this 
can  be  done  in  elementary  cases,  but  before  doing  so  we  pro- 
•ceed  to  apply  the  preceding  results  to  the  important  case  of 
falling  bodies. 

38.  Tertlcal  Motion. — In  order  to  get  rid  of  the  re- 
tardation caused  by  the  resistance  of  the  air,  we  shall  sup- 
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pose  the  motion  to  take  place  in  a  vacuum.  Under  these^ 
crroumstanoes  it  is  found  that  all  bodies,  no  matter  what 
their  density  or  chemical  constitution  may  be,  fall  through 
the  same  vertical  height  and  acquire  the  same  velocity  in  the 
same  time.  That  this  is  so  is  best  established  by  means  of 
pendidum  experiments ;  but  it  can  also  be  tested  by  allowiug^ 
different  bodies  to  fall  in  an  exhausted  receiver.  We  hence 
infer  that  the  attractive  force  of  the  Earth  acts  equally  on 
all  bodies. 

If  g  denote  the  acceleration  due  to  the  force  of  gravity,^ 
that  is  the  increment  of  velocity  per  second  acquired  by  a  body 
falling  in  a  vacuum^  then,  from  what  has  been  stated,  the 
value  of  ^  is  the  same  for  all  bodies  at  the  same  place  on  the 
Earth's  surface. 

Again,  since  at  any  place  the  force  of  gravity  may  be 
assumed  as  a  constant  force  (i.  e.  within  moderate  distances 
from  the  Earth's  surface),  we  may  apply  to  the  case  of  fallings 
bodies  the  results  arrived  at  in  the  preceding  Articles  by  sub- 
stituting g  in  place  of/.  Hence,  if  the  body  start  from  rest,, 
we  have 

v=^gt,    a  =  |^^«,     t?*  =  2gs.  (5) 

Again,  if  it  start  downwards  with  a  given  vertical  velo* 
city  v^y 

v^Vo-\-gtj    «  =  Vot  +  i^^%    t?'  =  v^  +  2g8,         (6) 

If  the  body  be  projected  vertically  upwards  with  a  velocity 
t^o,  gravity  becomes  a  uniformly  retarding  force,  and  we  have 

V  -Vo-  gty    s  =  Vot  -  igt^,    t?'  =  Vq^  -  2g8.  (7) 

To  find  in  this  case  the  height  S  to  which  the  body 
would  ascend,  we  make  t?  =  0  in  the  last  equation,  and  we  get 

The  time  T  of  ascent  is  given  in  like  manner  by  the 
equation 

r=-".  (9) 

9 
The  subsequent  motion  of  the  body  is  got  from  equations 
(5),  in  which  we  suppose  the  body  to  start  from  rest  at  the 
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height  JET.  It  immediately  follows  that  the  times  of  ascent 
and  descent  are  equal,  and  that  the  hody  returns  to  its  ori- 
ginal position  with  the  velocity  with  wmch  it  was  projected 
upwards.  For  this  reason  we  say  that  the  vehcity  fo  i^  due  to 
the  height  H;  and  reciprocally,  that  the  height  JS  is  due  to 
the  velocity  ^o.  We  shall  meet  frequent  applications  of  these 
expressions. 

As  the  motion  is  supposed  to  take  place  in  a  vacuimi,  the 
preceding  results  can  only  be  regarded  as  approximate  for 
motion  in  the  air. 

39.  irariation  of  C^raiity. — ^It  is  found  that  the  value 
of  g  varies,  within  small  limits,  from  pkce  to  place  on  the 
Earth's  surface.  It  increases  with  the  latitude,  and  when 
referred  to  feet  and  seconds,  has  its  least  value,  32*091,  at 
the  equator,  and  its  greatest,  32*255,  at  the  pole.  It  also 
diminishes  as  the  body  is  raised  above  the  Es^rth's  surface, 
since  the  attraction  of  the  Earth  varies  as  the  inverse  square 
of  the  distance  from  its  centre.  The  value  of  g  at  London, 
referred  to  the  same  units,  is  32*19,  and  this  may  be  em- 
ployed, in  ordinary  calculations,  as  an  average  value. 

It  will  be  seen  subsequently  that  the  rotation  of  the 
Earth  on  its  axis  has  the  effect  of  diminishing  the  velocity  of 
a  falling  body ;  and,  accordingly,  the  observed  value  of  g  is 
the  difference  between  its  value  arising  from  the  Earth's 
attraction  and  the  component  of  the  centrifugal  acceleration 
in  the  vertical  direction. 

As  a  rough  approximation  we  may  assume  ^  =  32 ;  and, 
when  numerical  results  are  required,  this  may  be  taken  as  its 
value  in  these  and  all  subsequent  examples,  unless  otherwise 
specified,  inasmuch  as  they  are  given  chiefly  for  the  purpose 
of  familiarizing  the  student  with  the  application  of  mechani- 
cal principles. 

Examples. 

1.  Find  the  Telocity  acquired  in  6  minutes  by  a  falling  body,  assuming 
g  =  32-19.  Ans.  9657  feet. 

^  2.  In  what  time  will  a  falling  body  acquire  a  velocity  of  400  feet  per  second 
if  it  start  from  rest  P  Ana,  12*5  sec. 

^  3.  If  a  body  move  under  the  action  of  a  constant  force,  its  average  velocity 
during  anytime  is  an  arithmetical  mean  between  its  velocities  at  the  commence- 
ment and  the  end  of  that  time  ? 
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4.  If  one  minute  be  taken  as  tlie  unit  of  time,  what  should  be  taken  as  the 
value  of  ^  ? 

Afi8,  The  velocity  per  minute  acquired  in  one  minute  by  a  falling  body,  or 
115,200  feet. 

6.  Two  bodies  start  together  from  rest,  and  move  in  directions  at  right  angles 
to  each  other.  One  moves  uniformly  with  a  velocity  of  3  feet  per  second ;  the 
other  moves  under  the  action  of  a  constant  force :  determine  the  acceleration 
due  to  this  force  if  the  bodies  at  the  end  of  4  seconds  be  20  feet  apart. 

Ana.  2  feet  per  second. 

6.  If  a  uniform  force  generate  in  a  body  a  velocity  of  30  feet  a  second  after 
describing  26  yards,  find  the  acceleration.  Ana,  /=  6. 

7.  A  stone  is  let  fall  from  a  height  into  a  well,  and  is  heard  to  strike  the 
water  after  t  seconds  ;  find  the  depth  of  the  well ;  assuming  the  velocity  of  sound 
to  be  Vy  and  neglecting  the  resistance  of  the  air. 

The  required  height  h  is  got  by  solving  the  equation 


h       \2h 


In  appl3ring  this  equation  practically,  it  may  be  observed  that  —  is,  in  all  cases, 
«mall  in  comparison  with  t :  accordingly,  if  we  transpose  and  square,  we  get, 
neglectmg  -—r  m  comparison  with  -=-, 


HV+gt) 

8.  A  person  drops  a  stone  into  a  well,  and  after  three  seconds  hears  it  strike 
the  water.  If  the  velocity  of  sound  be  1127  feet  per  second,  find  the  depth  of 
the  water.  Ana,  132*68  feet. 

9.  Prove  that  the  spaces  described  by  a  fSeJling  body  in  successive  equal 
intervals  of  time  are  proportional  to  the  series  of  odd  numbers. 

10.  A  body  moves  from  rest  under  the  action  of  a  constant  force  during  four 
seconds,  when  the  force  is  supposed  to  cease ;  in  the  next  five  seconds  the  body 
describes  200  feet ;  find  the  acceleration  due  to  the  constant  force — (1)  if  one 
second ;  (2)  if  one  minute  be  taken  as  the  unit  of  time. 

Ans,  (1)  10 ;  (2)  36000. 

11.  A  body  is  projected  upwards  with  any  velocity,  and  t,  t'  denote  the 
times  in  which  it  is  respectively  above  and  below  the  middle  point  of  its  path ; 

find  tii^  value  of  4.  ^^'  v/^  +  1 . 

12.  Assuming  g  to  be  represented  by  32  when  the  units  of  space  and  time  are 
one  foot  and  one  second ;  what  number  would  represent  its  value  if  one  mile  and 
one  day  be  taken  as  the  units  P  Ans.  45242181  A. 

*l  13.  A  ball  is  dropped  from  the  masthead  of  a  ship  sailing  n  miles  an  hour. 

Through  how  many  feet  must  it  have  fallen  when  the  direction  of  its  motion  is 

inclined  at  45**  to  the  horizon  P  .      121  n* 

^n$*  ■   ,-- . 
3600 


32  Rectilinear  Motion, 

40.  Acceleration  Taiies  as  PrcMure. — If  we  sup- 
pose different  forces  to  act  uniformly  during  equal  times  on 
the  same  body,  it  follows  from  the  Second  Law  of  Motion 
that  the  forces  will  be  to  one  another  in  the  same  ratio  as  the 
telocities  generated  in  equal  times. 

If  we  suppose  the  time  of  action  to  be  one  second,  the 
velocities  generated  are  represented  by  the  corresponding* 
accelerations  /  and  /.  Also,  if  ^,  JF^  denote  the  statical* 
measures  of  the  forces, ».  e.  the  total  pressures  which  they 
are  capable  of  producing,  we  have 

F:  F^f'.f.  (10) 

If  one  of  the  constant  forces  be  the  attraction  of  the 
Earth,  since  its  statical  measure  is  TF,  or  the  weight  of  the 
body  moved ;  and  since  g  is  the  corresponding  acceleration, 
we  have 

F:W=f:g\  (11) 

F 

hence  ^^W^'  ^^^^ 

This  equation  enables  us  to  determine  the  velocity  generated 
in  one  second  by  a  constant  force  at  any  place  whenever  the 
pressure  F  which  measures  the  force  is  known,  and  also  the 
weight  of  the  body.  We  suppose,  as  stated  already,  that  the 
body  is  rigid,  and  that  the  force  F  acts  through  its  centre  of 
mass,  when /has  been  determined  by  the  foregoing  equa* 
tion,  and  the  force  continues  to  act  imiformly,  we  may  apply 
the  results  arrived  at  in  the  preceding  Articles  to  determme 
the  subsequent  motion  (see  Ark.  37). 

41.  Mass. — Our  ordiaary  experience  suggests  to  us  that 
the  amount  of  the  acceleration  produced  in  a  body  by  a  force 
depends  not  only  on  the  magnitude  of  the  force  but  also  on 
the  body  which  is  moved.  When  exact  experiments  are 
carried  out  it  is  found  that  the  same  force  acting  on  different 


*  The  magnitude  of  a  force  is  estimated  in  Statics  by  the  weight  which  it 
is  just  capable  of  supporting.  Thus,  a  force  which  is  capable  of  supporting  a 
weight  of  112  lbs.  is  called  a  force  of  112  lbs.,  &c. 
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bodies  produces  different  accelerations,  and  that  different 
forces  acting  on  the  same  body  produce  accelerations  pro- 
portional to  the  forces.  Hence  we  conclude  that  the  accelera- 
tion produced  in  the  motion  of  a  body  by  a  force  is  equal  to 
that  force  multiplied  by  a  factor  which  is  invariable  for  the 
same  body,  but  which  varies  for  different  bodies. 

Conversely,  if  F  denote  the  magnitude  of  a  force,  and/ 
that  of  the  acceleration  thereby  produced,  we  have  the  equa- 
tion 

F=  mf,  (13) 

where  m  is  always  the  same  for  the  same  body,  but  varies  for 
different  bodies.  This  quantity  m  is  called  the  Mass  of  the 
body,  and  is  estimated,  like  other  quantities,  by  comparing  it 
with  a  standard  quantity  of  the  same  kind.  It  is  found  mat 
at  any  fixed  place  on  the  Earth's  surface  the  weight  of  a 
body  (if  permitted  to  accelerate  its  motion)  produces  an  ac- 
celeration which  is  the  same  for  all  bodies  (Art.  38).  Now 
W  being  the  weight  and  g  the  acceleration  thereby  produced, 
we  have  as  above  W-mg\  but  g  is  the  same  for  all  bodies 
at  the  same  place,  hence  W\&  proportional  to  m ;  or,  in  other 
words,  if  there  be  two  bodies  whose  weights  are  JF,  fP,  and 

W      m 
whose  masses  are  m.  m',  we  have  ==,  =  — 7-     Hence,  in  order 

W^     m 

to  find  the  ratio  of  the  masses  of  two  bodies,  we  have  only  to 

find  the  ratio  of  their  weights  at  the  same  place. 

Examples. 

1.  A  uniform  pressure  of  6  lbs.  is  applied  in  a  horizontal  direction  to  a  body 
of  10  lbs.  mass  placed  on  a  smooth  horizontal  table.  Find — (1)  the  velocity  gene- 
rated in  one  second;  (2)  that  acquired  after  describing  600  yards  along  the 
plane.  Am.  (1)  19^;  (2)  240. 

2.  If  a  uniform  pressure  of  3  lbs.  produce  a  Telocity  of  10  feet  in  the  first 
second,  find  the  weight  of  the  body  acted  on.  Ans.  9*6  lbs. 

3.  Find  the  pressure  which,  acting  uniformly  during  one  second,  will  gene- 
rate in  a  body  of  one  ton  mass  a  velocity  of  10  miles  per  hour. 

Atu,  9  cwt.  18)  lbs.  pressure. 

4.  If  a  pressure  of  one  ounce  act  uniformly  on  a  body  of  one  pound  mass, 
find  the  velocity  generated  from  rest  in  one  minute.  Aru.  ^g. 
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7.  i.  train  of  100  foiu  scquirea  on  a  horizcmtsl  raDroad  in  fonr  mfniitea  a 
Telocity  of  30  miles  an  hour ;  find  the  statical  meaaure  of  the  exceaa  of  tho 
movitig  above  the  retarding  pressure,  each  being  aagumed  to  be  imif ami , 

Ant.   Ilcwt.  Iqr.  23^  tt>a- 

B.  A  tisin  of  60  tons  ia  impelled  along  a  horizontal  road  by  a  conatant, 

"  '  it,  find  iU  Telocity  nt  the 

ig  the  reaiBtunee  of  friction, 
-te*.  (1)  A?  ;  (2)  Aff- 

9.  If  a  imiform  force  of  6  lbs.  produce  in  a  second  a  Telocity  of  0-634  feet 

a  body,  expresa  the  quantity  of  matter  in  the  body  in  tarma  of  cubic  feet  of 

;  the  veigbt  of  a  cubic  foot  of  water  to  be  62}  lbs.   and 


second;  find  the  magnitude  of  the  pressure  in  lbs, 

Atu.  41IbB.,a8suming?  =  32-19. 

43.  HoHoD  on  a  Smootli  Inclined  Plane. — Let  US 

enppOBe  a  body,  starting  fi-om  rest,  to  slide  under  tbe  influence 
of  gravity  down  a  perfectly  smooth  inclined  plane.  Let  i  de- 
note the  inclination  of  the  plane  to  the  horizon,  and  TF~tlie 
weight  of  the  hody.  Resolve  Winto  its  components,  W^i 
acting  parallel  to  the  plane,  and  W  cos  i  perpendicular  to  the 
plane.  The  motion  down  the  plane  is  evidently  due  to  the 
former  oomponent,  since  the  latter  only  causes  pressure  on  the 
plane. 

As  the  force  along  the  plane  is  constant  and  acts  in  the 
direction  of  motion,  we  get,  substituting  Wsin  t  for  Fin  (12), 

/-yaini.  (14) 

Hence,  if  {/  ein  t  be  substituted  for  /in  the  formulte  in 
Arte.  36  and  37,  we  get 

v  =  gtmii,    8  =  ifff  sin  i,    p*  =  2gs  sin  i.  (15) 

We  assume  that  the  body  slides  without  rolling  along  the 


hk^ 
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{)lane,  as  otherwise  the  motion  would  not  be  one  of  pure  trans- 
ation. 

43.  Telocity  acquired  in  Moving  down 
Plane. — Let  /  represent  ABy  the  length 
of  the  plane,  and  h  its  height  AC\  then 
if  V  be  the  velocity  acquired  on  arriving 
at  By  we  have 


f?'=  2gl^i  =  2gh. 


(16) 


Accordingly,  the  velocity  acquired  at  any  point  in  the  descent  of 
a  body  down  a  smooth  inclined  plane  is  that  due  to  the  vertical 
height  through  which  the  body  has  descended.  This  is  a 
particular  case  of  an  important  principle  which  shall  be 
subsequently  considered. 

44.  Time  of  Descending  a  Chord  of  a  Tertical 
Circle. — We  next  proceed  to  show  that  the  time  of  de- 
scent down  any  chord  of  a  vertical  circle, 
starting  from  its  highest  pointy  is  constant. 

Let  ^C?  be  the  vertical  diameter  of 
the  circle,  AB  any  chord  drawn  from  A. 

Join  BCx  then,  sinf  =  %inBCA  =  -r?»; 

AC    B 

and,  if  T  be  the  time  of  descent  for  ABy 

we  have,  by  (15), 


AB  =  IgT 


AB 
AG' 


.\  r=2 


AC 


hence 


■'4- 


(17) 


where  a  denotes  the  radius  of  the  circle. 

Hence,  the  time  down  any  chord  such  as  AB  of  this  circle 
is  constant.  It  can  at  once  be  seen,  in  like  manner,  that  the 
time  of  descent  down  BO  has  the  same  value. 

45.  liine  of  linickest  Descent  to  a  Circle. — To  find 
the  right  line  down  which  a  particle  under  the  action  of 
gravity  would  descend  in  the  shortest  time  from  a  given 
point  0  to  a  given  vertical  circle. 

d2 
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Draw  -4C,  the  vertical  diameter  of  the  circle,  and  join 
OC,  meeting  the  circle  in  -B,  then  OB 
is  the  line  of  quickest  descent  in 
question.  For,  join  ABy  and  pro- 
duce it  to  meet  the  vertical  drawn 
through  0  in  D.  Then  it  is  ohvious 
that  the  circle  described  on  OD  as 
diameter  touches  the  given  circle  in 
B ;  consequently  the  time  of  descent 
down  OB  being  the  same  as  that 
down  any  other  chord  of  the  circle 
OBDj  drawn  from  0,  is  less  than  the  time  down  any  other 
right  line  drawn  from  0  to  meet  the  circle  ABC. 

The  preceding  method  of  investigation  applies  equally  if 
the  point  0  lie  inside  the  given  circle. 

46.  liine  of  liatckest  or  Slowest  Deseent  to  any 
Curve. — It  is  easily  seen  from  the  preceding  Article  that  the 
determination  of  the  right  line  of  quickest  or  slowest  descent 
to  any  given  vertical  curve  from  any  point  in  its  plane  re- 
duces to  the  problem  of  drawing  a  circle,  touching  the  given 
curve  and  having  the  given  point  for  its  highest  point. 

The  problem  admits  also  of  being  treated  by  the  ordinary 
method  of  maxima  and  minima,  as  follows :  o 

Suppose  the  curve  referred  to  polar  co- 
ordinates, the  given  point  0  being  taken  as 
pole,  and  the  vertical  OD  through  it  as 
prime  vector ;  then,  if  ^  be  the  time  of  de- 
scent down  any  radius  vector  OP,  we  have 


r^^gfaosOy  ort 


4 


2r 


gaosd 


Accordingly,  the  time  t  is  a.  maximum  or  a  nniTiiTmiTn  when 
is  a  maximum  or  a  TniniTpnTtir 


COS0 


w  = 


To  find    the    maximum  or  minimum    values,    assume 


cos 


^  ;  then  since  ^  =  0,  we  have 


df* 
cos  O-TTi  +  r  sin  0=0. 
dO 


(18)        \ 
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The  Bolutions  are  obtained  by  combining  this  equation 
•with  that  of  the  enrve. 

To  distinguish  between  the  maximum  and  minimum 
solutions,  we  proceed  to  differentiate  the  equation 

du     <^«fi^^-«i^» 


d9  oos'O 

observing  that,  in  this  case,  cos  6  -^^  +  r  sin  9  =  0.  Hence  [Biff* 

Cak.j  Art.  138),  tisA  minimum  or  a  maximum  according  as 

d^r 
r  +  —  is  positive  or  negative. 

These  results  can  be  readily  verified  from  geometrical 
considerations. 

Examples. 

1.  If  the  hypothenuse  of  a  right-angled  triangle  be  placed  in  a  vertical 
position,  prove  that  tlie  times  of  descending  from  rest  will  be  the  same  for  each 
of  its  sides. 

2.  Prove  that  the  velocity  acquired  down  any  cbord,  terminated  at  the  lowest 
point  of  a  vertical  circle,  is  proportional  to  the  length  of  the  chord. 

3.  If  the  length  of  an  inclined  plane  be  160  yards,  and  its  inclination  30*, 
what  velocity  would  a  body  acquire  in  descending  it  ? 

Ant,  40  yards  per  second. 

4.  A  body  slides  down  a  smooth  inclined  plane  of  given  height ;  prove  that 
the  time  of  descent  varies  as  the  length  of  the  plane. 

5.  Find  the  inclination  of  a  plane,  of  given  length  2,  so  that  the  velocity 

acquired  in  moving  down  it  shall  be  of  a  given  amount  V.       .        .    ._  V^ 
^  fw.  smt-— . 

6.  Given  the  base  a  of  an  inclined  plane,  find  its  height  so  that  the  hori- 
zontal velocity  acquired  by  descending  it  may  be  the  greatest  possible. 

An»»  A=a. 

7.  Find  the  gradient  in  a  railway  so  that  a  carriage  descending  the  plane  by 
its  own  weight  may  move  through  one  quarter  of  a  mile  in  the  first  minute ;  and 
find  how  far  the  carriage  will  move  in  the  next  minute,  friction  being  neglected. 

(1)  sin  t= AV ;    (2)  i  of  a  mile. 

"^  8.  A  body  is  attached  by  a  string  to  a  point  in  a  smooth  inclined  plane,  on 

which  it  rests :  if  it  be  projected  from  its  position  of  rest  up  the  plane  with  a 

velocity  just  sufficient  to  take  it  to  the  highest  point  to  whicn  the  string  allows 

it  to  go,  find  Uie  time  of  its  motion.        /     ~i 

Am,  tss2    I — ;—:,  the  length  of  the  string  being;. 
^ff  sint 
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9.  A  grooye  is  cut  in  an  inclined  plane,  making  an  angle  a  with  the  inter- 
section  of  the  plane  and  the  horizon.  If  a  heavy  particle  be  allowed  to  descend 
the  grooye  (supposed  smooth),  prove  that  its  acceleration  is  y  sin  t  sin  a ;  where 
%  denotes  the  inclination  of  the  plane. 

10.  If  two  vertical  circles  have  a  common  highest  point,  then  if  any  line  be 
drawn  from  that  point,  the  time  of  descending  the  portion  intercepted  between 
the  circles  is  constant. 

11.  Find  the  right  line  of  quickest  descent  from  a  point  to  a  given  right 
line  lying  in  the  same  vertical  plane  as  the  point. 

12.  Find  the  right  line  of  quickest  descent  from  a  given  right  line  to  a  given 
vertical  circle. 

13.  Find  the  lines  of  quickest  and  slowest  descent  between  two  vertical 
circles  which  lie  in  the  same  plane. 

^  14.  A  parabola  whose  latus  rectum  is  p  is  placed  in  a  vertical  plane,  with  its 
axis  horizontal.  Find  the  inclination  of  the  normal  terminated  by  the  axis  down 
which  a  particle  would  descend  in  the  shortest  time,  and  find  the  time  of  its 


descent. 


^iM.  t=45%  time=    / — • 
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15.  Find  the  latus  rectum  of  a  parabola,  so  that  when  it  is  placed  in  a  ver- 
tical plane  with  its  axis  horizontal  the  least  time  in  which  a  particle  falls  from 
rest  down  a  normal  from  the  curve  to  the  axis  may  be  one  second. 

16.  Prove  that  the  chords  of  quickest  and  slowest  descent  from  the  highest 
or  to  the  lowest  point  of  a  vertical  ellipse  are  at  right  angles  to  each  other,  and 
parallel  to  the  axis  of  the  curve. 

17.  Show  immediately,  from  equation  (18),  that  the  right  line  of  quickest 
descent  from  a  given  i)oint  to  a  given  curve  makes  equal  angles  with  tne  nor- 
mal at  its  extremity  and  the  vertical ;  and  verify  the  result  geometrically. 

>  18.  An  ellipse  is  placed  with  its  major  axis  vertical ;  find  the  semi-diameter 
along  which  a  particle  will  descend  in  the  shortest  time  possible  from  the  cir- 
cumference to  the  centre. 

Am,  It  makes  with  the  axis  major  the  angle  sec-'(tfV2),  where  e  is  the 
eccentricity.    lie<  --=,,  the  line  of  quickest  descent  is  the  axis  major. 

^  19.  An  ellipse  is  placed  with  its  major  axis  vertical ;  find  the  line  of  quickest 
descent  from  the  upper  focus  to  the  curve. 

Am,  It  makes  with  the  axis  major  the  angle  cos~^  r-.    H  $<  },  the  axis 

major  is  the  required  line. 

20.  AB  is  a  quadrant  of  a  circle  whose  centre  is  0,  the  radius  OB 
being  horizontal;  (7  is  a  point  on  the  quadrant,  and  the  angle  BOG  =9. 
Show  that  the  time  of  falling  from  ^  to  C  is  to  that  of  falling  from  C7  to  2^  as 


/    ^     -C  c^r\ 


6. 
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Section  II. — Parabolic  Motion. 

47.  Patb  of  a  Projectile. — We  have  hitherto  considered 
rectilinear  motion  ;  we  now  proceed  to  the  case  of  a  body 
projected  in  any  direction,  and  acted  on  only  by  the  force  of 
gravity,  which  is  supposed  to  be  uniform. 

In  this  case  it  is  easily  shown  that  the  path*  described  by 
the  projectile  is  a  parabola. 

For,  suppose  a  body  projected  from  0  with  the  velocity  F, 
in  the  direction  OX,  and  draw  OY 
vertically  downwards. 

Let  OiVbe  the  space  which  the 
body,  moving  with  the  velocity  T,  ^ 
would  describe  in  t  seconds ;  then, 
if  no  force  were  to  act  on  the  body,  m 
N  would  represent  its  position  at 
the  end  of  that  time. 

Again,  as  the  force  of  gravity  acts  in  the  direction  OY^  it 
will  produce  its  effect  in  that  direction,  by  the  Second  Law  of 
Motion,  independently  of  the  previous  velocity  of  the  body : 
i.  e.  it  will  produce  the  same  effect  as  if  the  body  fell  freely 
from  rest.  Measure  off,  accordingly,  OM=^gf;  then  OJtf" 
represents  the  space  moved  through  in  the  vertical  direction 
in  the  time  t. 

Complete  the  parallelogram  OMPN,  and  by  the  combined 
effect  of  the  two  motions  P  will  be  the  position  of  the  projec- 
tHe  at  the  end  of  the  time  t. 

Let  a?,  t/  be  the  co-ordinates  of  P  referred  to  the  axes 
OX  and  OF,  and  we  have 

x  =  ON=rt,    y^OM=\gP. 

If  t  be  eliminated  between  these  equations,  the  equation  of 
the  path  described  is  ^  _ 

<^~y-  (1) 


*  As  before,  by  tbe  path  described  by  a  body  we  understand  the  path  de- 
scribed by  its  centre  ofmaee. 
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This  equation  represents  a  parabola,  touching  OX  and  having: 
its  axis  vertical. 

If  H  be  the  height  due  to  the  velocity  V  (Art.  38),  the 
equation  of  the  paraoola  becomes 

«*  =  4fl'y.  (2) 

48.  Constraetloii  for  Foeos  and  Btrectrlx. — From 
the  preceding  equation  it  follows  (Salmon's 
Conic  Sections^  Art.  214)  that  J7  is  the  dis- 
tance of  0  from  the  focus  of  the  parabola, 
and  also  from  its  directrix. 

Hence,  if  OD  be  measured  vertically 
upwards  equal  to  JT,  and  DR  drawn  in  ^ 
a  horizontal  direction,  the  line  DR  will  be 
the  directrix  of  the  parabolic  trajectory.  "^'' 

Also  if  02^  be  drawn  through  0,  making  the  angle  XOF 
equal  to  the  angle  XOD^  and  if  we  take  OF  =  OD ;  then  F 

j  will  be  the  focus  of  the  trajectory. 

[  Hence,  as  the  focus  and  directrix  of  the  curve  are  known, 

I  it  is  completely  determined. 

I  Again,  the  velocity  at  any  point  in  the  trq/ectory  t«  equal 

\  to  that  which  the  body  would  acquire  in  falling  from  the  direc- 

^  trix. 

\  We  have  seen  that  this  property  holds  good  for  the  point 

of  projection :  moreover,  after  passing  through  any  point  the 
body  will  move  in  the  same  path  as  if  it  had  been  projected 
from  that  point,  in  the  direction  and  with  the  velocity  that 
it  has  at  the  instant;  therefore  the  property  is  true  for  any 
point  in  the  path. 

Hence,  wnenever  the  velocity  at  any  point  is  given,  the 
position  of  the  directrix  is  completely  determined. 

Definition. — ^The  angle  which  the  direction  of  projection 
makes  with  the  horizontal  line  is  called  the  angle  of  elevation 
of  the  projectile. 

49.  Hoiisontal  Range  and  Time  of  Flight. — ^Let 
R  be  the  point  in  which  the  jprojectile  strikes  the  horizontal 
plane  through  0\  then  OR  is  called  the  horizontal  range, 


; 
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and  the  time  Toi  describing  the  corresponding  path  is  called 
the  time  of  flight. 

Through  It  draw  i2Q  in  the 
vertical  direction. 

Let  OR-^R,  L  QOR=-e;  then 
we  have 

OQ  =  FT,  QR  =  igT\  ^^ — '" 

But  QR  B  OQ  sin  e ;  hence  we  get 


r= 


2rsine 


(3) 


Also  R  =  OQ  cos  e  =  FTcos  e  =  2  —  sin  e  cos  ^ ; 

ff 


therefore 


R  =  2EBin2e. 


(4) 


If  F  be  given,  the  horizontal  range  is  the  greatest  when 
sin  2e  =  1,  or  e  =  45®. 

The  maximum  horizontal  range  is  accordingly  2Sy  or 
double  the  height  due  to  the  velocity  of  projection. 

50.  Range  and  Time  of  Flight  for  an  Oblique 

Plane.— First  suppose  it  an  ascend- 
ing plane,  and  let  i  be  its  inclination, 
and  e  the  angle  of  elevation  QOIf. 
Then,  as  before,  we  have 

OQ  =  VTy    QR  =  igT\ 

But  in  the  triangle  QORy  we  have     o 


hence 


or 


QB     sin  (e  - 1) 
OQ"     cos*     ' 

sin  (e- 

»•)      9T 

eoBi 

~2V' 

2Fsm(e-t) 

9 


cost 


(5) 
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Also  the  range 


OB^OQ 


008^ 
008  f 


0081 


therefore 


iJ  = 


2  F'  sin  (^  -  t)  008  tf 


9 


008*1 


(6) 


In  the  ease  of  a  deseending  plane  it  is  easily  seen  that 
the  range  and  time  of  flight  are  obtained  by  ehanging  the 
sign  of  i  in  the  preceding  results. 

For  given  values  of  Fand  t,  It  becomes  a  maximum  when 
sin  {e  -  i)  cos  «  is  a  maximimi,  or  when 

sin  (2^  -  f)  -  sin  1  is  a  maximum ; 

but  this  is  greatest  when 

2«-«  =  90°,    or    e  =  i{W+i). 

Hence,  the  direction  of  elevation  for  a  maximum  range 
bisects  the  angle  between  the  vertical  and  the  inclined  plane. 

Again,  since  in  this  case  OR  =  BQ,  the  maximum  range 
and  the  corresponding  time  of  flight  are  connected  bj  the 
relation 

From  the  value  of  e  found  above,  it  follows  inmiediately 
that  the  focus  of  the  parabola,  in  this  case,  lies  on  the  in- 
clined plane. 

51.  Given  the  velocity/  of  projection  to  find  the  elevation  in 
order  to  strike  a  given  object. — Here,  in  formula  (6),  we  are 
given  F,  jB,  and  «,  to  find  e.  Hence,  sin  (^  - 1)  cos  ^  is  given, 
and  therefore  sin  (2^  -  i)  is  given,  from  which  e  can  be  de- 
termined. 

The  problem  admits  of  a  simple  geometrical  investigation 
also,  as  follows : — 

Let  0  be  the  point  of  projection,  and  P  the  position  of 
the  given  object.  Then,  since  the  velocity  of  projection  is 
given,  the  position  of  the  directrix  SKis  known. 
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H^nce,  with  0  and  P  as  centres,  describe  circles  touching 
the  directrix,  and  let  -P,  -P'  be  their 
points  of  intersection.  These  points 
are  obviously  the  foci  of  the  two  pa- 
rabolic trajectories  which  satisfy  the 
proposed  conditions.  Hence  the  pro- 
blem admits  in  general  of  two  solu- 
tions. 

The  corresponding  directions  of  projection  are  found  by 
bisecting  the  angles  FOH  and  jP'OJBT,  as  is  obvious  from  the 
elementary  properties  of  the  parabola. 

The  problem  becomes  impossible  when  the  circles  do  not 
intersect. 

The  range  in  the  direction  OP  is  obviously  a  maximum 
when  the  circles  touch  one  another.  In  this  case  there  is  but 
one  solution,  and  the  focus  of  the  parabola  lies  in  the  line  OP, 
as  already  seen. 

52.  Trajeetory  referred  to  Terileal  and  Horizon- 
tal Axes. — Suppose  OX  and  OF  to  be  the  horizontal  and 
vertical  lines  drawn  through  the 
point  of  projection  0,  and  let  a?,  y 
be  the  coordinates  of  P,  the  posi- 
tion of  the  projectile  at  the  end  of 
any  time  t. 

Let  OQ  be  the  direction  of 
projection,  and  resolve  the  initial 
velocity  V  into  its  horizontal  com- 
ponent, Fcose,  and  its  vertical,  V  Ane.  Then,  since  the 
force  of  gravity  has  no  effect  on  the  horizontal  motion,  the 
component  Fcos  e  remains  constant  during  the  motion ;  con- 
sequently we  have 

X  =  ON  =  Vt  cos  e. 

Also,  for  the  motion  in  the  vertical  direction,  we  get 
(Art.  38), 

y  ^Vtsme-  \gfi ; 


therefore 


=  X  tan  e  - 


2F*cos'^ 
4J9rcos*e' 


(7) 
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This  equation  represents  a  parabola,  whose  axis  is  yertioa!, 
as  already  seen. 

Again,  if  9  be  the  velocity  at  the  point  P,  and  ^  the  angle 
the  direction  of  motion  makes  with  tne  axis  of  x^  we  haye 


f?  cos  0  B  Fcos  e^    and    r  sin  ^  «  Fsin  e  -  gt; 


hence 


f?*  B  Y*  oos'tf  +  ( Fsin  e  -  gty 
«  r'-2g{VtBme'-ige) 

-  V''2gy^2g[H-y). 

Hence,  as  already  shown  otherwise,  the  velocity  at  any 
point  is  that  acquired  by  a  body  falling  from  the  directrix. 

53.  Height  of  Ascent. — Since  vertical  and  horizontal 
motions  may  be  considered  separately,  it  follows  that  the 
greatest  height  above  the  horizontal  plane  is  that  to  which 
a  body  projected  vertically  with  the  velocity  F  sin  e  would 
ascend.    This  by  (Art.  38),  is 


F*sin*« 
2g     ' 

Also,  the  time  of  ascent  is 


or  -ffsinV. 
Fsinc 


,  from  the  same  Article : 
y 
a  result  which  can  also  be  obtained  by  finding  the  maxi- 
mum value  of  y  in  equation  (7).  From  these  the  same  ex- 
Eressions  as  before  for  the  range  and  the  time  of  flight  can 
e  easily  deduced  :  for,  the  whole  time  of  flight  is  obviously 
double  that  of  reaching  the  highest  point ;  and  the  range  is 
^ot  by  multiplying  the  value  so  found  by  Vaose. 

64.  If  PT^  P^Tbe  the  tangents  at  two  points  Pj  P^  on  a 
parabolic  trajectory ^  and  r,  v'  the  cor*  t 

responding  velocities^  to  prove  that  y^ 

viv'^PTiFT.         (8) 

The  line  joining  7  to  the  middle 

Eoint  of  PP^  is  vertical, 
eing  parallel  to  the  axis  of  the  parabola.    Again,  let 

a  =  zrPP',     a'^LTFP,     (i^LPTL,     jS'-^PTZ. 


Prqfectilea. 
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Then,  since  the  horizontal  component  of  the  velocity  at  P 
is  equal  to  that  at  P',  we  have 

«7  sin  /3  =  I?'  sin  /3', 

f  __  sin/S'  _  FT 
t?'"  sini3  "PT* 


or 


Also,  since 


sinj3 

PT 
FT 


Bin  a 
sin  a 


we  get  t7  sin  a  =  t;'  sin  a,  (9) 

55.  Etemiiia. — If  0  be  the  angle  j52)(7  which  a  right  line 
CD  drawn  from  the  vertex  makes  with  the  base  of  a  triangle 
ABCj  we  have 

JS  cot  0  -  BD  cot  A- AD  oot  B.  (10) 

For,  draw  CN  perpendicular  to  AB^  and  we  have,  by 
elementary  geometry, 

AB  .DN  ^  AN .  DB  '  AD  .BN.  c 

Hence,  dividing  by  CNj 

.„  DN    ^^  AN     .^  BN 

"^^'CN^^^VN-'^^'CN^ 
or  A 

-4i? .  cot  e  =  5/)  cot-4  -  u42)  ootP. 

Again,  if  a  and  /3  be  the  angles        s 
which  CD  makes  with  AC  and  BC  respectively,  we  have 

AB  cot  9^  AD  oot  a- BD  cot /3. 

This  follows  at  once  by  drawing  AH  parallel  to  BC^  and 
applying  the  preceding  result. 

56.  Being  given  the  direction  and  the  velocity  of 'projection^ 
to  find  the  velocity  with  which  a  projectile  would  strike  an  oblique 
planey  and  also  the  direction  of  its  motion  at  the  instant  of 
impact. 

Let  i  be  the  inclination  of  the  plane  to  the  horizon ;  then, 
by  the  preceding  lemma  (see  figure  on  last  page), 

cot  a  -  cot  a'  *  2  tan  i.  (11) 

Hence,  the  angle  a  is  determined  from  the  known  angles 
a  and  I. 
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Again,  since     r  sin  a  =  t^'  sin  a\    we  have  t/ 
which  determines  v\ 


V  sin  a 


sin  a 


r  f 


If  the  projectile  impinge  at  right  angles  on  the  plane,  we 
have  a  =  90"^;  therefore  cot  a  «  2  tan  t,  which  determines  a, 
or  the  corresponding  angle  of  elevation.  Also  the  velocity 
with  which  the  projecticle  strikes  the  plane  is  r  sin  a  in  this 
case. 

57.  Motloii  on  a  Smooth  Inclined  Plane. — In  our 

discussion  of  motion  on  an  inclined  plane  in  Art.  42  the 
movable  was  supposed  to  start  from  rest :  in  this  case  the 
motion  is  rectilinear.  It  is  also  rectilinear  if  the  initicd 
motion  has  place  in  the  direction  of  the  line  of  greatest  slope 
in  the  plane.  But  when  the  body  is  projected  along  the  plane 
in  any  other  direction  the  problem  is  the  same  as  that  pre- 
viously discussed,  namely,  the  motion  of  a  projectile  acted  on 
by  a  constant  force,  parallel  to  a  given  durection.  Its  path 
along  the  plane  is,  accordingly,  a  parabola ;  and  its  axis  is 
in  the  direction  of  the  line  of  greatest  slope. 

58.  ]IIorin*s  Apparatus. — ^We  conclude  with  a  short 
description  of  the  apparatus,  designed  by  Poncelet,  and  con- 
structed by  Morin,  for  experimentally  exhibiting  the  laws  of 
falling  bodies. 

A  cylinder  is  made  by  clock-work  mechanism  to  revolve 
around  a  fixed  vertical  axis.  A  weight  is  suspended  at  the 
summit  of  the  cylinder  close  to  the  outer  surface  and  between 
two  vertical  guides.  When  the  rotation  has  become  perfectly 
uniform,  the  weight  is  allowed  to  fall.  A  pencil,  attached  to 
the  falling  weight,  is  so  arranged  as  to  trace  a  line  on  a  sheet 
of  paper,  which  is  wrapped  tightly  around  the  revolving 
eylmder.  When  the  paper  is  taken  oflE  and  unrolled  on  a 
plane  surface,  the  curve  traced  on  it  by  the  pencil  is  found 
to  be  a  parabola. 

That  this  curve  is  a  parabola,  may  be  shown  in  the  follow- 
ing manner : — 

Let  OP^P  represent  the  curve  traced  out  by  the  pencil. 


MorifCa  Apparatus*  4tJ 

Draw  the  tangent  QL  to  the  curve  at  the  initial  point  (?, 
and  at  any  point  P  draw  the  tangent  PL^  and  erect  LF 
perpendicular  to  it  at  the  point  L.  Make  a  corresponding 
construction  for  the  other  points  on  the  path ;  then  the  lines 
XF,  L'Fy  &c.,  are  all  found  to  intersect  in  a  common  point  F. 
This  is  a  characteristic  property  of  the  parabola  which  has  its 
focus  at  Fy  and  ita  vertex  at  O. 
Saving  f  oimd  the  curve  to  be  a  para- 
bola, we  can  show  that  the  motion 
of  the  weight  has  been  uniformly 
accelerated.  Let  PMy  PN  be  the 
coordinates  of  P,  referred  to  the 
axes  OLy  OFy  then  if  t  denote  the 
time  in  which  the  moving  weight 
arrived  at  the  position  P,  the  line 
PM  will  be  equal  to  the  arc  of  the  circle  through  which  a 
point  on  the  circumference  of  the  cylinder  has  roteted  in  the 
time  t.  Let  V  denote  the  constant  velocity  of  any  point  on 
the  circumference  of  the  cylinder,  and  we  get  PM-  VU 

Again,  from  the  property  of  the  parabola, 

PW^^FG^MQ. 

Accordingly, 

PM"      T  ^ 

^^"'iFG"^^^' 

but  MO  is  the  space  throus^h  which  the  weight  has  descended 
vertically  in  the  time  t ;  hence  the  spaces  described  by  the 
felling  body  vary  as  the  squares  of  the  times ;  its  motion 
consequently  is  uniformly  accelerated. 

F* 

Comparing  with  the  equation  a  =  J  g^y  we  get  g  =  ^  ^^ ; 

that  is,  the  distance  of  the  focus  of  the  parabola  from  its 
summit  is  equal  to  the  height  due  to  the  velocity  of  a  point 
on  the  surface  of  the  rotating  cyKnder. 

The  student  can  easily  prove  that  the  parabola  described 
is  the  same  as  that  of  a  body  projected  horizontally  from  a 
point  with  the  velocity  F. 


48  Parabolic  Motion. 

59.  In  the  preceding  investigations  we  have  negleoted  the 
effects  of  the  reBietanoe  of  the  air.  When  this  is  taken  into 
aooount  the  problem  beoomee  one  of  great  uncertainty,  arising 
from  the  law  of  reflistance  of  fluids  not  being  aoouratelj  known, 
and  &om  the  difficulties  Btill  remaining  in  the  integration  of 
the  equations  of  motion,  when  the  law  of  resistanoe  is  assumed. 
The  most  generally  received  theory  is  that  the  resistanoe  of 
fluids  is  proportional  to  the  square  of  the  relative  velocity  of 
the  fluid  and  the  movable.  When  the  resistanoe  of  the  air 
is  taken  into  account,  it  is  easily  shown  that  the  preceding' 
results  are  not  even  approximate  in  oases  of  high  velocity  ; 
Buoh,  for  instance,  as  shot  and  shell  projected  by  artillery. 

KlAMPTilK'. 

1.  Determine  the  elevation  of  a  projectile,  bo  that  its  horizontal  rwiga  nuij- 
be  equal  to  the  space  to  be  fallen  through  to  acquire  the  velocity  of  projection. 

Am.  emlS: 

2.  If  a  number  of  particles  be  projected  umultaneously  f  rom  the  same  point 
with  a  common  velocity,  but  in  different  directions,  prove  that  at  any  subse- 
quent instant  they  will  all  be  situated  on  the  suiiaceof  a  sphere. 

3.  Given  the  horizontal  range  and  the  time  of  flight  of  a  projectile  ;  find  ita 
initial  velocity  and  angle  of  elevation. 


5.  Given  the  velocity  with  which  a  shot  is  projected  li-om  a  certain  point ; 
find  the  locus  of  the  eitiemitieg  of  the  maximum  ranges  on  inclined  planes  paaa- 
ing  through  that  point. 

6.  If  abody  be  projected  with  a  velocity  of  100  feet  per  second  froma  height 
of  66  feet  above  the  ground,  in  a  direction  making  an  angle  of  30°  with  the 
horizon  ;  find  when  and  where  it  will  strike  the  ground. 

Am.  Tiiiia  =  l{  sec.     Ilange  =  3BT'23  feet. 

^  7.  It  -d,  Bie  two  points  on  a  parabolic  trajectory;  prove  that  the  time  of 
passage  ban  one  to  the  other  is  proportional  to  tan  p  —  tan  ^' ;  where  ^,  p' 
lepresent  the  inclinations  to  the  horizon  of  the  tangents  dntwn  at  A  and  B. 

8.  Given  the  initial  velocity,  find  the  angle  of  elevation  that  a  projectile 
■houtd  just  clear  a  wall  at  a  given  distance  from  the  point  of  projection.  Find 
bIbo  the  distance  at  which  the  body  strikes  the  ground  afterwards, 

9.  A  piece  of  ordnance,  under  proof  at  Woolwich,  at  a  distance  of  SO  yardi 
from  a  wall  14  feet  high,  burst,  and  a  fragment  of  it,  originally  in  contact  with 
the  ground,  after  just  grazing  the  wall,  fell  S  feet  beyond  it  on  the  apposite 
side.    Find  how  lugh  it  tom  in  the  air. 
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10.  When  tBe  velocity  of  projection  is  given,  all  the  parabolafl  which  can  be 
described  in  the  same  plane  by  a  projectile  are  enveloped  by  a  fixed  parabola: 
prove  Uus,  and  hence  fbd  the  maximum  range  on  a  given  plane. 

^  11.  A  body  is  projected  with  a  velocity  of  100  feet,  in  a  direction  inclined  at 
«n  angle  of  60**  to  the  horizon :  find  its  least  velocity  during  the  motion,  and  the 
time  of  attaining  it.  Ans,  50  feet ;  2*7  seconds. 

12.  If  two  bodies  be  projected  simultaneously,  with  a  common  velocity, 
from  the  same  point  on  an  oblique  plane,  one  upwards  and  the  other  downwards, 
and  if  the  directions  of  their  projection  make  equal  angles  with  the  inclined  plane, 
«how  that  the  times  of  flight  are  equal.  The  motion  is  supposed  to  take  place 
in  a  plane  perpendicular  to  the  inclined  plane. 

13.  With  what  velocity  should  a  projectile  be  discharged  at  an  elevation  of 
20%  so  as  to  strike  an  object  at  a  distance  of  2500  feet  on  an  ascent  of  1  in  40  ? 

14.  Find  the  latus  rectum  of  the  parabola  described  by  a  projectile. 

The  velocity  of  tbe  highest  point  of  the  path  is  V  cos  e,  but  it  is  also  equal  to 

the  velocity  acquired  in  falling  from  the  dii^ctrix ;  therefore  the  latus  rectum 

.   2F« 

IS  cos'^. 

15.  If  a  body  be  projected  from  the  point  A  in  the  direction  of  AC,  and  from 
any  point  C  in  the  line  a  vertical  line  CD  be  drawn,  meeting  the  curve  described 
by  the  projectile  in  D ;  again,  if  B,  the  middle  point  of  AC,  be  joined  to  2),  show 
that  b3  will  be  the  direction  of  the  motion  at  2>,  and  that  the  velocity  at  2)  will 
be  to  that  at  A  as  JBD  is  to  AB. 

^  16.  A  number  of  bodies  slide  from  rest  down  the  chords  of  a  vertical  circle, 
starting  from  its  highest  pK>int,  and  afterwards  move  freely :  prove  that  the  locus 
of  the  foci  of  their  paths  is  a  circle  whose  radius  is  half  that  of  the  given  circle. 

"^  17.  If  bodies  be  projected  from  the  same  point  with  velocities  proportional 
to  the  sines  of  their  elevations,  find  the  locus  of  points  arrived  at  in  a  given 
time. 

18.  Two  bodies  are  projected  simultaneously  in  different  directions  from  the 
same  point,  with  given  velocities :  prove  that  the  line  which  connects  their  posi- 
tions at  each  instant  moves  parallel  to  a  given  direction. 

19.  Two  particles  are  projected  from  a  point  with  equal  velocities,  their 
directions  of  projection  being  m  the  same  vertical  plane — t,  t'  being  the  times 
taken  by  the  particles  to  reach  their  other  common  point,  and  T,  T  the  times 
of  reaching  their  highest  points.  Show  that  tT  +  t'T  is  independent  of  the 
directions  of  projection. — Camb,  Trip,,  1876. 

20.  If  two  particles  be  describing  the  same  parabolic  trajectory,  prove  that 
the  right  line  connecting  them  envelopes  an  equal  parabola. — Ihid, 

^  21.  A  train  is  moving  at  the  rate  of  60  miles  an  hour  when  a  ball  is  dropped 
from  Ihe  roof  inside  one  of  the  carriages.  Prove  that  the  ball  describes  a  para- 
bola in  space,  and  find  the  position  of  the  axis  and  directrix. 

If  the  height  of  the  carriage  be  9  feety  and  the  ball  rebound  from  the  floor 
without  loss  of  velocity,  describe  by  means  of  a  figure  the  path  of  the  ball  in 
«pac6  so  long  as  the  motion  continues. 

E 
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Section  III. — Friction. 

60.  liaws  of  Dynamical  Friction. — Before  oompleting^ 
our  discussion  of  motion  under  the  action  of  a  constant  f  oroe^ 
it  is  desirable  to  make  a  few  observations  on  the  resistance, 
arising  from  friction,  which  takes  place  when  one  body  slides 
on  another.  We  shall  consider  only  the  case  of  motion  along^ 
a  fixed  plane,  and  shall  assume  that  the  roughness  of  the  plane 
is  the  same  throughout.  Under  these  circumstances  the  laws 
of  friction — as  established  by  experiment — may  be  stated  as 
follows : — 

(1).  The  resistance  caused  by  friction  against  the  motion 
of  a  body  sUding  on  a  uniformly  rough  plane  is  proportional 
to  the  normal  pressure  which  the  body  exerts  against  the 
plane. 

(2).  It  is  independent  of  the  amount  of  surface  in  con- 
tact. 

(3).  It  is  independent  of  the  velocity  of  motion. 

(4).  The  ratio  of  the  friction,  during  the  motion,  to 
the  normal  pressure  is  called  the  coefficient  of  Dynamical 
friction. 

(5).  The  friction  between  two  substances  in  motion  is  in 
general  less  than  the  friction  in  the  state  bordering  on  motion, 
or  the  Statical  friction. 

(6).  The  mutual  friction  varies  with  the  nature  of  the 
surfaces  in  contact,  and  can  be  much  diminished  in  amount 
by  the  use  of  unguents,  as  also  by  polishing  the  surfaces  in 
contact. 

The  student  will  observe  that  the  laws  of  Dynamical  fric- 
tion are  in  every  respect  similar  to  those  of  Statical  friction 
(Minchin's  Statics^  Arts.  34-36). 

For  fuller  information  on  the  laws  of  Friction  the  student 
is  referred  to  Jellett's  Theory  of  Friction. 

61.  Motion  on  a  Rough  Horizontal  Plane. — Let  W 

be  the  weight  of  a  body  sliding  on  a  uniformly  rough  hori- 
zontal plane,  and  /i  the  relative  coefficient  of  friction ;  then. 
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sinoe  in  this  case  the  normal  pressure  is  represented  by  Wy  the 
friotion  is  /xTF;  and  sinoe  it  aots  as  a  retarding  foroe  we  get 
by  Art.  40, 

f^-j^g-^M'  (1) 

Aocordingly,  substituting  -  fxg  for  /  in  the  equations  of 
Arts.  35,  36,  and  37,  we  get 

v'^r'-2^g8    \.  (2) 

By  means  of  these  equations  the  motion  is  completely 
determined  whenever  /i,  the  coeflEioient  of  friotion,  and  F,  the 
initial  velocity,  are  known. 

To  find  when  the  body  is  brought  to  rest  by  the  friction, 

we  make  t?  s  0  in  the  first  of  these  equations,  and  the  required 

Y 
number  of  seconds  is  — .    Again,  the  space  moved  over  be- 

fore  the  body  is  brought  to  rest  is  given  by  2 figs  =  F*. 

62.  Motion  on  a  Rough  Inclined  Plane. — Suppose 
a  body  of  weight  W  to  slide  on  a  uniformly  rough  plane,  of 
inclination  i ;  then  resolving  IF  into  its  components,  IF  cost 
and  IF  sin  f;  the  former,  IF  cost,  represents  the  pressure  on 
the  plane;  and  accordingly  the  friction  is  represented  by 
fiWao^i]  and  since  it  acts  against  the  motion,  we  have  for 
the  total  force  producing  motion  down  the  plane  the  expres- 
sion IFsin  i-pL  IFcos  i.  If  this  value  be  substituted  for  F  in 
equation  (12),  Art.  40,  we  get 

/=  g  (sin  t  -  ju  cos  i).  (3) 

If  0  be  the  limiting  angle  of  resistance  for  the  plane,  t.  e, 
a  fjL=>  tan0,  the  preceding  formula  becomes 

sin(t-») 
-^    ^    cos^     ' 

for  a  body  sliding  down  the  plane. 

The  corresponding  equations  connecting  velocity,  time, 

e2 
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and  space,  are  had  by  substitutiDg  this  value  for /in  the  for- 
mulae of  Arts.  36  and  37. 

If  the  body  be  projected  up  the  plane,  in  a  direction  at 
right  angles  to  the  intersection  of  the  plane  with  the  horizon^ 
the  retarding  force  is  represented  by  TFsin  »  +  /x  Woos  i  i 
hence  the  value  of /becomes 

x'         f  '    '  -x  sin(»+^)  ... 

cos  ^ 

when  we  introduce  for  fi  its  value  tan  6.    The  equations  con- 
necting 8j  Vj  t  can  be  found  immediately,  as  before. 


Examples. 


1.  A  body  is  projected  with  a  velocity  of  100  feet  per  second  along  a  rough 
horizontal  plane :  find,  assuming  /i  =  iV*  (1)  the  time  in  which  it  is  brought  to 
rest  by  friction ;  (2)  the  whole  space  passed  over. 

Ans,  (1)  37}  seconds ;  (2)  625  yards. 

2.  A  body  is  projected  with  a  velocity  of  100  yards  per  minute  along  a  rough 
horizontal  plane,  ana  is  brought  to  rest  in  10  seconds :  find  the  coefficient  of  fric- 
tion. Ans.  /i=iAr. 

3.  A  train,  often  tons  weight,  is  impelled  by  steam  along  a  horizontal  railroad 
with  a  constant  pressure  of  630  lbs.    If  the  friction  be  7  lbs.  per  ton,  calculate — 

(1)  the  velocity,  in  miles  per  hour,  after  moving  from  rest  for  one  minute  ;  and 

(2)  the  space  described  in  that  time ;  neglecting  the  resistance  of  the  air,  &c. 

Ans.  (1)  32i^  miles;  (2)  480  yards. 

(h)  If  the  steam  be  shut  off,  find  how  far  the  train  would  run  before  it  is 
brought  to  rest  by  friction.  2  miles  320  yards. 

4.  A  body  projected  with  a  velocity  of  30  feet  is  brought  to  rest  after  sliding 
100  yards  on  a  rough  horizontal  plane ;  find  the  coefficient  of  friction. 

Ant,  1^. 

5.  A  body  is  projected  up  a  plane,  of  20  yards  length  and  30**  inclination, 

with  a  velocity  of  60  feet  per  second :  find  the  coefficient  of  friction  that  the  body 

should  just  arrive  at  the  top  of  the  plane.  .  29 

Ant.fi  = -. 
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6.  Two  masses,  M,  IT,  connected  by  a  string,  slide  down  a  rough  inclined 
plane  in  a  vertical  plane  at  right  angles  to  the  intersection  of  the  former  with 
the  horizon :  if  the  coefficients  of  friction  be  fi  and  fx,  respectively,  prove  that 

the  acceleration  down  the  plane  is  ff  (sin  i — — =77—  cos  i). 

7.  A  body  slides  down  a  rough  roof  and  afterwards  falls  to  the  ground :  find 
the  whole  time  of  motion. 
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8.  Several  bodies  start  from  the  same  point  and  slide  down  different  inclined 
planes  of  the  same  roughness  :  find  the  locus  of  their  positions  after  the  lapse  of 
a  given  time.  Find  also  the  locus  of  the  positions  arrived  at  with  a  common 
velocity. 

9.  A  rough  plane  makes  an  angle  of  46**  with  the  horizon ;  a  groove  is  cut  in 
the  plane  making  an  angle  a  with  the  intersection  of  this  plane  and  the  horizon- 
tal plane ;  if  a  heavy  particle  be  allowed  to  descend  the  groove  from  a  given 
lieigbt  h  find  the  velocity  with  which  it  reaches  the  horizontal  plane. 


^        sma 


10.  A  body  moves  from  rest  down  an  inclined  plane  whose  inclination  is  30", 
and  limiting  angle  of  resistance  15°:  find  the  velocity  acquired  if  the  length  of 
the  plane  be  200  feet. 

Here  v^  =  400^  tan  lb'*;  therefore  v  =  68*66 feet  per  second. 

11.  A  railway  train  is  moving  up  an  incline  of  1  in  120  with  a  uniform 
velocity.  Find  the  tension  of  the  couplings  of  the  carriage  which  is  attached 
to  the  engine ;  assuming  the  weight  of  the  train  (exclusive  of  the  engine)  to  be 
80  tons,  and  the  friction  8  lbs.  per  ton. 

Ans.  19cwt.  6}  lbs. 

12.  In  the  same  case,  if  the  acceleration  of  the  train  be  2  feet  per  second, 
find  the  tension  of  the  couplings. 

/ 
Here  we  must  add  to  the  preceding  JF  -,  i.  e,  5  tons ;  and  the  entire  tension 

9 
is  nearly  6  tons. 

Section  IV. — Momentum. 

63.  Force  measured  by  itaantity  of  Motloii  gene- 
rated in  Unit  of  Time. — The  product  of  its  mass  and  the 
velocity  which  a  body  has  at  any  instant  is  called  its  quantity  of 
motion  or  momentum  at  that  instant.  Accordingly  we  con- 
olude,  from  equation  (IS),  Art.  41,  that  F  varies  as  the 
quantity  of  motion  it  can  generate  in  one  second  (taken  as  the 
unit  of  time),  the  force  being  supposed  to  ad  uniformly 
during  that  time. 

Again,  since  the  velocity  (g)  which  gravity  can  produce 
in  one  second  is  the  same  for  all  bodies,  the  quantity  of 
motion  gravity  can  generate  in  one  second  in  a  falling  body 
of  mass  m  is  represented  by  mg;  hence,  in  this  case,  we  have 

W^mg; 

in  which  the  units  of  mass  and  weight  are  connected  in  such 
a  manner  that  when  one  is  fixed  the  other  is  also  determined. 
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64.  Absolute  Unit  of  Force. — ^In  aooordanoe  with 
equation  (13),  Art.  41,  the  unit  of  force  is  defined  as  the  force 
tchichy  acting  uniformly  during  the  unit  of  time  on  a  unit  ofmcisSj 
produces  a  unit  of  velocity.  This  is  called  by  Gauss  the 
absolute  unit  of  force. 

The  most  convenient  unit  of  mass  in  the  British  Isles  is 
the  mass  contained  in  one  standard  pound  avoirdupois. 

Hence,  adopting  as  before  a  second  as  the  unit  of  time, 
and  a  foot  as  the  unit  of  length,  the  absolute  unit  of  force  is 
that  which,  acting  during  one  second,  would  produce  in  a 
standard  pound  mass  a  velocity  of  one  foot  per  second.  This 
unit  of  force  is  sometimes  called  a  poundaL  Hence,  if 
g  =  32*19  with  reference  to  the  preceding  units,  the  unit  of 
force  is  33^9  part  of  the  attraction  of  the  earth,  at  London,  on 
a  standard  pound ;  t.  e.  about  half  an  ounce,  approximately. 

In  the  metric  system  the  force  which  in  one  second  would 
generate  a  velocity  of  one  centimetre  per  second  in  a  gramme 
of  matter  is  called  a  dyne.  Hence,  since  1  lb.  =  453*6  grammes, 
and  1  foot »  30*48  centimetres,  one  poundal  is  approximately 
13825  dynes. 

65.^  Cfravitation  Units  of  Force   and  Mass. — In 

practical  questions  concerning  bodies  on  the  earth's  surface, 
it  is  in  general  more  convenient  to  measure  forces  by  weights, 
and  to  speak  of  a  force  of  so  many  pounds  weight.  In  this 
system  the  unit  of  force  is  the  weight  at  some  definite  place 
(London)  of  the  pound  mass ;  or  of  a  kilogramme  when  the 
metric  system  is  taken.  This  is  called  the  gravitation  or 
statical  measure  of  force ;  and  since  the  unit  of  force  in  this 
system,  acting  on  one  pound  mass  for  one  second,  produces 
a  velocity  of  32*19  feet  per  second,  we  see  that  this  unit  is 
32*19  times  the  absolute  unit.  Moreover,  since  the  weight 
of  a  body  varies,  within  certain  small  limits  from  place  to 
place  (Art.  38),  when  scientific  accuracy  is  required  we  must 
correct  for  the  change  in  the  value  of  g  due  to  any  diflference 
in  altitude  or  latitude  from  those  of  the  place  to  which  the 
standard  was  originally  referred. 

In  practice  this  correction  seldom  requires  to  be  taken 
into  account,  as  the  variation  in  the  value  of  g  is  generally 
too  small  to  afiect  the  result  appreciably  (Art.  39). 
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Examples. 

1.  An  ounce  being  taken  as  the  unit  of  mass,  a  second  as  the  unit  of  time, 
and  an  inch  as  the  unit  of  length,  compare  the  unit  of  force  with  the  weight  of 
one  pound. 

Here  the  unit  of  force  is  that  which  in  one  second  would  generate  a  velocity 

of  one  inch  per  second  in  an  ounce  mass ;  and  therefore  is  -r part 

^  *  12  X  16  X  32-2  ^ 

of  the  weight  of  one  poimd,  or  1*25  grains. 

2.  Determine  the  unit  of  time  in  order  that  g  may  be  expressed  by  unity 
^M^hen  the  foot  is  the  unit  of  length. 

Ans,  -  V2  seconds. 

3.  Find  the  units  of  space  and  time  in  order  that  the  acceleration  of  a  body 
falling  in  vacuo,  and  the  velocity  it  acquires  in  one  minute,  may  respectively  be 
the  units  of  acceleration  and  of  velocity. 

66.  Two  Classes  of  Forces. — There  are  two  classes  of 
forces  to  be  considered  in  Dynamics :  one,  such  as  gravity  and 
those  hitherto  discussed,  which  require  a  finite  time  to  pro- 
duce a  finite  change  of  velocity.  Forces  of  this  class,  when 
uniform,  are,  as  has  been  stated,  measured  by  the  change 
produced  in  one  second  (taken  as  unit  of  time)  in  the  mo- 
mentum of  the  body  acted  on.  There  is  another  class,  called 
ordinarily  impulses^  such  as  blows,  sudden  impacts^  &o.,  which 
act  only  during  a  very  short  time,  but  are  capable  of  pro- 
ducing a  finite  change  of  velocity  in  that  time. 

These  are  sometimes  called  instantaneous  forces ;  it  is  ne- 
cessary,  however,  to  observe  that  force  in  aU  oases  requires 
some  time  to  produce  its  effects,  though  that  time  may  be 
exceedingly  small.  In  fact,  we  cannot  conceive  that  a  force 
could  produce  any  change  in  the  velocity  of  a  body  if  its 
time  of  action  were  absolutely  nothing. 

Forces  of  the  former  class  are  frequently  styled  finite  or 
continuous  forces,  to  distinguish  them  from  the  other  class, 
namely,  impulsive  forces. 

It  shoidd  be  observed  that  whenever  both  impulsive  and 
Jinite  forces  act  at  the  same  time  on  a  body,  the  latter  may 
in  general  be  neglected  in  determining  the  motion  at  the 
instant;  since  the  effects  produced  by  them,  in  the  time 
during  which  the  impulsive  forces  act,  are  so  small  that  they 
may  be  neglected  in  comparison  with  the  effects  of  the  im- 
pulses. 
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67.  ImpnUes. — The  measure  of  an  impuhe^  i.e.  of  the 
entire  action  of  a  force  of  great  intensity,  which  acts  during^ 
a  very  short  time,  and  then  ceases,  is  the  u^hole  change  in  the 
quantity  of  motion  which  it  communicates  to  the  body  on  vchich 
it  acta. 

We  may  here  observe  that,  if  JPbe  the  instantaneous  value 
of  an  impulsive  force,  and  r  the  time  of  action,  the  whole 

IT 
Fdtf  in  which,  as  already  observed^ 
0 

r  is  a  very  small  interval  of  time. 

68.  General  Eqnatioiis  of  llotloii  of  a  Particle. — 

Suppose  that  the  force  F  acts  as  before  in  the  line  of  motion 
of  the  mass  acted  on,  but  that  it  varies  continuously,  then  we 
may  consider  that  in  an  indefinitely  small  portion  of  time  its 
intensity  is  unaltered.  The  variable  acceleration/,  caused  by 
it,  is  determined  by  the  equation  i^=  mf:  hence,  as  in  Art.  21^ 
we  have  at  any  instant 


dv       d's 
jr=  mf=  m':r-  =  m^-r=  ms. 
•^         dt        d^ 


(3) 


Hitherto  the  motion  has  been  supposed  rectilinear.  In 
the  case  of  curvilinear  motion  the  last  equation  expresses  th» 
tangential  component  of  the  force,  and  it  can  be  similarly 
seen  (Art.  25)  that  the  normal  component  is  expressed  by 

m  — .    We  now  proceed  to  consider  the  motion  of  a  particle 

of  mass  m,  under  the  action  of  any  forces.  If  the  particle  be 
referred  to  a  system  of  rectangular  axes  in  space,  and  x^  y,  Zy 
be  the  coordinates  of  its  position  at  any  instant,  t.  e.  at  the 
end  of  the  time  t,  reckoned  from  any  fixed  instant,  the  com- 
ponents of  its  velocity  parallel  to  the  axes  of  coordinates  ar& 
(Art.  12)  represented  by  i,  ^,  z. 

Eesolve  the  whole  force  acting  on  the  particle  at  the 
instant  into  three  components,  parallel  to  the  axes  of  x,  y,  Zy 
respectively ;  and  let  these  components  be  represented  by 
Xy  Yy  Z;  then,  since  by  the  Second  Law  of  Motion  each 
of  these  forces  produces  its  change  of  velocity  in  its  own 
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direction,  we  deduoe  from  what  preoedes  (see  Art.  24)  the 
equations 

--  d  fdx\        d^x 

These  are  called  the  differential  equations  of  motion  of 
the  particle ;  and  the  solution  of  the  problem  depends  in  each 
case  on  the  integration  of  these  equations. 

As  abeady  stated,  the  prece(Ung  equations  hold  for  the 
motion  of  any  rigid  body,  provided  the  direction  of  the  force 
-which  acts  on  it  always  passes  through  its  centre  of  mass. 

69.  In  some  problems  the  mass  acted  on  constantly  varies 
during  the  motion ;  in  this  case  equation  (3)  becomes 

F-'j^imt,).  (5) 

For  instance,  suppose  a  ball  projected  vertically  upwards^ 
a  chain  of  indefinite  length  being  attached  to  it,  and  drawn 
up  gradually  by  it ;  to  investigate  the  motion. 

Here,  if  m  be  the  mass  of  the  ball,  fi  that  of  a  unit  of 
length  of  the  chain,  and  8  the  length  of  chain  in  motion 
at  any  instant,  we  have  M^^  m  +  fis;  and  if  m  =  kfXy  our  equa* 
Hon  gives 


or 


Hence 


If  V  be  the  initial  velocity,  we  have 
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■  ifV-i,{{kt,y-k>).         (6) 
B,th 

m 


This  determines  the  velocity  at  any  height ;  also  ff,  the 
ght  of  ascent,  is  given  hy  the  equation 


If  £  =  00 ,  this  is  easily  seen  to  hecome  ^,  which  agrees 
h  Art.  38. 

Section  T. — Action  and  Reaction. 
70.  Third  Eivw  of  HotloD. — Reaction  U  always  equal 
f  opposite  to  action  :  that  is,  the  mutual  actions  oftieo  bodies 
alioays  equal  and  take  place  in  opposite  directions. 
On  this  law  Newton  remarks  as  follows: — "  If  any  person 
ss  a  stone  with  his  finger,  his  finger  is  pressed  hy  the  stone. 
1  horse  draw  a  hody  hy  means  of  a  rope,  the  horse  also  is 
,wn  (so  to  apeak)  towards  the  body ;  for  the  rope  being 
lined  equally  in  both  directions,  draws  the  horse  towarcfi 
hody  as  well  as  the  body  towards  the  horse,  and  impedes 
progress  of  one  as  mued  aa  it  promotes  that  of  the  other, 
am,  if  any  body  impinge  on  another,  whatever  quantity  of 
tion  it  communioates  to  that  other  it  loses  itself  (on  aooount 
ihe  equality  of  the  mutual  pressure)." 
Newton  verified  this  law  experimentally  in  the  case  of  the 
lision  of  spherical  bodies. — See  Scholium,  Axiomata. 
He  also  showed  that  the  law  holds  good  in  the  case  of  the 
raotion  of  bodies,  as  follows ; — 

Let  A  and  B  be  two  mutually  attracting  bodies,  and  oon- 
re  some  obstacle  interposed  by  which  their  approach  to 
)  another  is  prevented.  If  the  body  A  be  acted  on  towards 
jy  a  greater  force  than  B  is  aet«d  on  towards  A,  then  the 
taole  will  be  more  urged  by  the  pressure  of  A  than  by  the 
seure  of  £.  The  stronger  pressure  should  prevail,  and 
ae  the  system  condeting  of  the  two  bodies  and  the  ol^tacle 
move  in  directum  towards  B ;  also,  as  the  force  is  uniform 
motion  would  be  accelerated  ad  infinitum,  which  is  absurd, 
I  contrary  to  the  first  law  of  motion ;  for,  by  that  law,  such 
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a  system,  as  it  is  not  acted  on  by  any  external  force,  sliould 
continue  in  a  state  of  rest  or  of  uniform  rectilinear  motion. 

71.  Stress,  Forces  of  Inertia. — The  fact  is  that  force 
is  always  exhibited  as  a  mutual  action  between  two  bodies ; 
and  this  phenomenon,  regarded  as  a  whole,  is  described 
by  the  term  stress,  of  which  action  and  reaction  are  but 
different  aspects.  Thus  to  the  action  of  a  force  producing 
an  acceleration  of  motion  in  a  body  corresponds  an  equal  and 
opposite  reaction  against  acceleration ;  this  is  called  the  force 
of  inertia  of  the  body.  It  thus  follows  that  the  force  of  inertia 
of  any  material  particle  must  be  equal  and  opposite  to  the 
resultant  of  all  the  forces  which  act  on  the  particle,  whether 
arising  from  the  action  of  the  other  parts  of  the  system  or 
from  that  of  forces  external  to  the  system.  Hence,  in  the 
motion  of  any  material  system,  since  the  actions  and  reactions 
of  its  different  parts  equilibrate  in  pairs,  we  infer  that  there 
is  equilibrium  between  the  external  forces  which  act  on  the 
system  and  the  several  forces  of  inertia  of  the  different  par- 
ticles of  which  the  system  is  composed.  This  is  equivalent  to 
the  celebrated  principle  introduced  by  D' Alembert,  and  called 
by  his  name,  but  which  is  directly  implied  in  Newton's 
Scholium  on  the  Third  Law  of  Motion.  This  has  been  observed 
by  many  writers  on  Mechanics,  but  the  connexion  of  New- 
ton's Scholium  with  the  modern  theory  of  work  and  energy 
was  first  pointed  out  by  Thompson  and  Tait :  see  their  Treatise 
on  Natural  Philosophy,  vol.  i.,  pp.  247-8. 

72.  The  laws  of  Motion,  like  every  law  of  nature,  must 
ultimately  depend  for  their  establishment  on  their  agreement 
with  experiment  and  observation.  Accounts  of  the  different 
apparatus  that  have  been  devised  for  the  purpose  of  verify- 
ing these  laws  will  be  foimd  in  the  books  especially  devoted 
to  the  purpose,  such  as  Ball's  Experimental  Mechanics. 
The  most  complete  proof  of  the  laws  of  motion,  however, 
is  derived  from  Physical  Astronomy.  The  Lunar  motions, 
for  instance,  have  been  calculated  from  equations  depending 
solely  on  these  laws ;  and  the  observed  and  calculated  posi- 
tions are  found  to  agree  with  a  precision  that  could  only 
arise  from  the  perfect  accuracy  of  the  principles  from  which 
they  were  deduced. 
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One  of  the  simplest  oontrivanoes  for  illustrating  the  laws 
of  motion,  in  the  case  of  fieilling  bodies,  is  that  deyised  by 
Atwood,  which  we  shall  now  proceed  to  consider. 

73.  Atwood's  llaclilne. — In  its  simplest 
form  this  machine  may  be  regarded  as  consisting 
of  two  masses  connected  by  a  string  which  passes 
over  a  small  fixed  pulley.  We  shall  neglect  the 
weight  of  the  pulley,  and  also  that  of  the  string, 
as  well  as  the  friction  at  the  axle  of  the  pulley.      — ^ 

Suppose  TF  and  W  to  represent  the  weights 
of  the  bodies,  of  which  W  is  the  greater. 

Let  T  denote  the  tension  of  the  string  at  any  instant : 
then  considering  the  pulley  as  perfectly  smooth,  this  tension, 
by  the  law  of  action  and  reaction,  must  act  equally,  and  in 
opposite  directions,  on  the  two  masses. 

Accordingly,  we  may  regard  the  body  TT  as  acted  on  by 
the  pressure  W  downwards,  and  the  tension  T  upwards ;  i.  e. 
by  the  single  force  TF  -  T  acting  downwards — then,  the 
corresponding  acceleration  /,  from  Art.  40,  is  given  by  the 
equation 

f ^F-^- 

Similarly,  the  upward  acceleration  of  the  other  body  is  repre- 
sented  by         ,     g. 

Again,  as  the  string  is  supposed  inextensible^  the  velocities 
of  the  bodies  at  any  instant  are  equal  and  opposite,  and  hence 
their  accelerations  also. 

Accordingly  we  have 


or 


2WW' 


r= 


fT+ir 


r 


(1) 


This  determines  the  tension  of  the  string.    Again,  we  have 

9  9 


Attcood^a  Machine.  61 

therefore  W^-W'^iW^  W)  ^, 

9 

or  /=  w+JT^'  ^^ 

This  determines  the  acoeleration.  By  aid  of  it  the  velo- 
city and  the  space  described  in  any  time  can  be  readily 
deduced. 

The  most  important  advantage  of  this  apparatus  is  that, 
by  taking  bodies  of  nearly  equal  weights,  we  can  make  the 

acceleration  -== — ==■,  g  as  small  as  we  please. 

A  complete  account  of  Atwood's  apparatus  is  beyond  the 
scope  of  this  treatise.  In  a  subsequent  place  we  shall  consider 
the  modification  required  when  allowance  is  made  for  the  mass 
of  the  pulley. 

EZAICPLSS. 

1.  A  mass  of  488  grammes  is  fastened  to  one  end  of  a  chord  which  passes 
over  a  smooth  pulley.  What  mass  must  be  attached  to  the  other  end  in  order 
that  the  488  grammes  may  rise  through  a  height  of  200  centimetres  in  10  seconds, 
assuming  g  s  980  centimetres  ?  Ant.  492  grammes. 

2.  Two  weights  of  14  and  18  ozs.  are  suspended  by  a  fine  thread  which 
passes  over  a  smooth  pulley,  if  the  system  be  firee  to  move ;  find  how  far  the 
neavier  weight  will  descend  in  the  first  three  seconds  of  its  motion,  and  also  the 
tension  of  the  string.  Ana.  18  feet ;  and  16}  ozs. 

74.  Suppose  that  one  of  the  bodies  is  placed  on  a  smooth 
horizontal  table,  and  that  the  striug,  by  which  the  bodies  are 
attached,  passes  over  a  smooth  pulley  placed  at  the  edge  of 
the  table ;  then,  denoting  the  tension  of  the  string  by  T,  we 
have,  aA  before. 

Again,  since  the  motion  of  the  body  on  the  smooth  table 
mises  from  the  tension  T,  we  have 
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W 

Eliminating  T,  we  get  /=  ^^  ^,g.  (3) 

Again,  equating  the  two  values  of/, 

It  may  be  observed  that  the  tension  of  the  string  in  this 
case  is  half  of  that  in  Atwood's  machine  for  the  same  masses. 

75.  masseis  on  Two  Smooth  Inclined  Planes. — 

Suppose  two  bodies,  of  weights  W  and  W\  placed  on  two 
planes,  of  inclinations  %  and  i^  to  the  horizon ;  and  suppose 
the  connecting  string  to  lie  in  a  vertical  plane  at  right  angles 
to  the  line  of  intersection  of  the  two  inclined  planes,  and  to 
pass  over  a  small  pulley  placed  at  the  common  summit  of 
the  planes ;  then,  representing  as  before  the  tension  of  the 
string  by  T,  since  W  sin  i  is  the  component  of  W  acting 
parallel  to  the  plane,  we  have 

TTsint-r-— /, 

9 

and  T-W'&mr^—f. 

9 


Hence 


Also 


W  sin  i  -  W  sin  t" 

/=  ur,   ur^ 9* 


w+w 


r= 


WW 


w+  w 


T,  (sint  +  sins'). 


(5) 


(6) 


It  is  evident  that  W  or  W  will  descend  according  as  W  sin  t 
or  W  sin  i'  has  the  greater  value. 

The  results  of  the  two  former  Articles  are  particular  cases 
of  the  preceding ;  and  are,  accordingly,  cases  of  the  formulaa 
(5)  and  (6).  We  shall  next  consider  the  preceding  problems 
for  rough  planes. 

76.  Motion  on  Uniformly  Rongh  Planes. — Suppose 
two  bodies  connected  as  in  Art.  74,  and  let  ^  denote  the 
coefficient  of  friction  for  the  horizontal  plane. 

The  friction  acting  against  the  motion  of  W  is  represented 


Hence  we  get  /  -    tet^  ti^/  Sfy  (7) 
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by /uTF';  hence  the  pressure  producing  motion  is  T -  fiW\ 
We  accordingly  have  the  equation 

W 

9 

W 
and  also  JT-  T=  — /,  as  before. 

9 

w+  w 

and  r=,^^,(U^).  (8) 

There  can  be  no  motion  unless  W is  greater  than  ixW^r 
as  is  also  evident  from  elementary  considerations. 
Equation  (7)  may  also  be  written  in  the  form 

from  which  /u  can  be  determined  when  W  and  W  are  known, 
/having  been  obtained  by  observation. 

By  this  means  the  value  of  fXy  the  coefficient  of  dynamical 
friction  was  obtained  for  several  substances  by  Coulomb. 

Again,  let  iiy  fi  be  the  coefficients  of  dynamical  friction 
for  the  inclined  planes,  in  Art.  75. 

Since  the  pressures  on  the  planes  are  represented  by 
If  COS*  and  W'oosr,  reroeotively,  the  ooiresponding  fri^ 
tions  are  fnW  cos  i  and  /x  W  cos  t';  consequently  the  total 
pressure  acting  on  TF,  down  the  plane,  is  represented  by 

W (sin  i  -  fji  cos i)  -  T; 

W 

and  we  get  Jr(8in  f  -  /x  cos  i)  -  T-  — /. 

w 

And,  similarly,    T  -W  (sin  f  +  ii  cos  t")  =  —  /. 

Hence  we  We  ^ 

Tr(sin  i-fi  cos  %)  -  W  (sin  i'  +  fi  cos  f)         .^^. 

f  = WTw ^'    ^    ' 

WW 

and      r«  ■= — =,  {sint  +  sint'  +  /ii'cosf'-/iOOSt).      (11) 
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Examples. 


1.  If  the  two  equal  masses  in  Atwood's  machine  he  each  1  Ih. ;  required 

the  additional  mass  which,  added  to  one  of  them,  would  generate  a  velocity  of 

one  foot  in  each  mass  at  the  end  of  the  first  second.  .  2     ,. 

An$, lbs. 

2.  In  the  same  case  find  the  tension  of  the  string  which  connects  the  two 
masses. 


Ant. 


y+I 


lbs. 


3.  Two  smooth  inclined  planes  are  placed  back  to  back :  the  inclination  of 
one  is  1  in  7,  and  of  the  other  1  in  10  ;  a  mass  of  20  lbs.  ib  placed  on  the  first, 
^md  is  connected  by  a  string  with  a  mass  of  30  lbs.  placed  on  the  second  plane. 
Find  the  acceleration  of  the  descent,  and  the  tension  of  the  string. 

'     r=2??ib.. 


An9,f^ 


360* 


35 


4.  A  mass  of  10  lbs.,  falling  vertically,  draws  a  mass  of  16  lbs.  up  a  smootli 
plane,  of  30°  inclination,  by  a  string  passing  over  a  pulley  at  the  top  of  the 
plane.    Find  the  acceleration,  the  space  fallen  through  in  10  seconds,  and  the 


tension  of  the  string. 


Ant,f=^\  9^bg;  T=91bs. 

6.  A  mass,  descending  vertically,  draws  an  equal  mass  26  feet  in  2}  seconds 
up  a  smooth  plane,  inclined  30**  to  me  horizon,  by  means  of  a  string  passing  over 
A  pulley  at  the  top  of  the  plane.    Determine  the  corresponding  viuue  of  g. 

Am.  32. 

6.  Given  the  height,  A,  of  a  smooth  inclined  plane,  find  its  length  so  that  a 

given  weight  P,  descending  vertically,  shaU  draw  another  given  weight  Q  up 

tiie  plane  in  the  least  possible  time.  2Qh 

AftSt  — —— • 
P 

7.  A  mass  P,  falling  vertically,  draws  another,  Q,  by  a  string  passing  over  a 
fixed  pulley :  if,  at  the  end  of  t  seconds,  the  connecting  string  be  cut,  find  the 
height  to  which  Q  will  ascend  afterwards.  /P-  (2\  *  ^^ 

8.  A  mass,  hanging  vertically,  draws  an  equal  mass  along  a  rough  horizontal 
plane.  If  at  the  end  of  one  second  the  string  be  cut,  find  how  far  the  mass 
will  move  along  the  plane  before  it  is  brought  to  rest  by  the  friction. 

(1  -  f^)^ff 


Ana, 


8/* 


9.  In  what  time  will  a  mass  of  2  lbs.,  hanging  vertically,  draw  a  mass  of 
30  lbs.  along  a  smooth  horizontal  table  of  36  feet  length  ?       An*.  6  seconds. 

10.  If  the  plane  in  the  last  example  be  rough,  and  the  coefficient  of  friction 
be  ■jf's,  find  the  time  occupied.  Ant.  3  VlO  seconds. 

11.  In  the  previous  example  find  at  what  instant  during  the  motion  the 
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string  should  be  cut  in  order  that  the  mass  should  just  reach  the  edge  of  the 
table ;  and  find  the  whole  time  of  motion. 


Am.  12  JjT  seconds,     -  \/66  seconds  (q,p.) 


12.  Two  masses  move  on  two  smooth  inclined  planes,  whose  directions  are  at 
right  angles  to  each  other,  and  are  connected  by  a  string  passing  over  the  inter- 
section of  the  planes.  If  the  tension  of  the  string  be  a  maximum,  find  the  in- 
clination of  ei^er  plane  to  the  horizon.  Ans,  45**. 

13.  In  a  single  movable  pulley,  when  there  is  equilibrium,  the  power  and 
the  weight  hang  by  parallel  strings.  The  weight  bemg  doubled,  and  the  power 
halved,  motion  ensues.  Prove  that,  if  the  friction  and  inertia  of  the  pulley  be 
neglected,  the  tension  of  the  string  will  be  unaltered.     {Camb.  Trip.,  1874.) 

14.  In  general,  if  F  be  the  weight  attached  to  the  movable  pulley,  and  Q 

that  to  the  other  end  of  the  string,  prove  that  the  tension  of  the  string  during  the 

ZPQ  2Q—JP 

motion  is  — — -p, ;  and  that  the  acceleration  of  the  movable  pulley  is  -= -g; 

F+^Q       ^  F+iQ 

the  friction  and  inertia  being  neglected  as  before. 

Let  T  denote  the  tension  of  t£e  string,  /the  acceleration  of  P,  and/'  that  of 

f  f 

<^;  and  we  have  2T-  F^F''-,     Q-T=Q-;  but/'=  2/;  therefore,  &c. 

v  If 

15.  A  train  is  travelling  at  a  uniform  rate  on  level  rails.  Wv&  the  weight 
of  the  fore  portion  of  the  train,  and  W*  that  of  the  brake-van  at  the  end  of 
the  train.  If  the  brakes  be  applied  to  the  brake-van  find  the  stress  produced  on 
the  couplings  between  it  and  the  next  carriage,  assuming  /a  to  represent  the 
coefficient  of  friction.  .  WW 

W-\-  W 

16.  In  Atwood's  machine  if  the  descending  weight  be  a  rigid  homogeneous 
vertical  rod  AF,  prove  that  the  longitudinal  stress  at  any  point  F  of  the  rod, 

during  the  motion,  is  represented  by  -j=  T,  where  T  is  the  tension  of  the  string. 

17.  In  Atwood's  machine  if  the  pulley  be  rough,  and  if  the  effect  of  friction 
be  to  prevent  motion  until  the  tension  of  the  string  at  one  end  be  greater  than 

that  at  the  other  by  -th  of  the  latter  tension,  prove  that  the  effect  on  the  accele- 

n 

ration  will  be  the  same  as  if  the  pulley  remained  smooth  and  the  smaller  weight 

were  increased  by  -  th. 

n 

18.  In  Atwood's  machine,  a  mass  F  is  attached  to  one  end  of  the  string,  and 
two  masses,  Q  and  i^,  to  the  other  end,  where  Q  +  J2  >  P,  and  F>  Q.  After 
the  united  masses  Q  and  F  have  descended  a  feet  from  rest,  F  is  detached :  find 
how  much  further  Q  will  move  before  being  brought  to  rest. 

Let /be  the  acceleration  in  the  first  stage  of  the  motion,  f*  that  in  the  second, 
V  the  velocity  at  the  instant  F  is  detached,  x  the  required  distance ;  then 

2fi  =  v^  =  2fx; 

therefore  f        F+Q-F  F^  Q 

tnerefore  *  -^/  *  -  P+  q  +  -B'P-  Q 


A     I 
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IMPACT   AND   COLLISION. 


77.  CoUIsion  of  Homogeneous  Spheres. — In  this  chap- 
ter it  is  proposed  to  consider  some  elementary  cases  of  impact 
of  solids,  but  principally  the  collision  of  homogeneous  spherical 
bodies,  moving  without  rotation,  whose  centres,  at  the  instant 
of  collision,  move  in  right  lines  lying  in  the  same  plane  (all 
friction  being  neglected). 

There  are  two  cases  to  be  considered,  according  as  the 
centres  of  the  spheres  move  in  the  same  or  in  different  right 
lines.    The  former  is  called  direct,  the  latter  oblique  collision. 

We  commence  with  the  former  case,  and  at  first  suppose 
the  centres  to  move  in  the  same  direction  along  the  line. 

78.  BIreet  Collision. — Let  M  and  M  represent  the 
masses  of  the  bodies,  V  and  V  their  velocities  before,  t?  and 
v'  those  after,  collision.  We  also  suppose  Jf  to  impinge 
onJf'. 

The  whole  impact  may  be  divided  into  two  stages.  During^ 
the  first,  the  bodies  compress  each  other,  and  the  impinging^ 
body  Jf,  moving  with  a  greater  velocity  than  the  other,  accele- 
rates its  motion,  until  the  exact  instant  at  which  their  mutual 
compression  is  the  greatest,  when  they  are  moving  with 
a  common  velocity.  During  the  second  stage,  the  bodies 
tend  to  revert  to  their  original  shape,  and  the  forces  thus 
brought  into  play,  called  the  forces  of  restttutiouy  tend  to 
cause  the  bodies  to  separate  by  still  further  diminishing 
the  velocity  of  the  impinging  body,  and  increasing  that  of 
the  other. 

Suppose  u  represents  the  common  velocity  at  the  instant 
of  greatest  compression ;  then  the  quantity  of  motion  lost  by 
Jf  during  the  first  stage  of  the  shock  is  Jf(F-  w),  and  that 
gained  by  M'  is  M\u  -  V). 


■I 
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These  are  the  measures,  by  Art.  68,  of  the  entire  actions 
of  the  mutual  forces  during  this  stage  of  the  collision ;  and, 
since  by  the  Third  Law  of  Motion,  the  forces  must  be  equal 
and  opposite,  so  also  are  their  actions  in  the  same  time. 

Hence,  we  have 

if(r-w)=-af'(tt-  FO, 

or  t*  =     jf^jy.    >  (1) 

In  the  case  of  perfectly  non-elastic  bodies,  in  which  no 
forces  of  restitution  are  brought  into  play,  the  bodies  would 
proceed  after  collision  to  move  with  this  common  velocity. 

There  is  probably  no  case  in  nature  of  a  perfectly  non- 
elastic  solid.  All  soUd  bodies  with  which  we  are  acquainted 
have  a  tendency  to  recover,  in  different  degrees,  their  original 
forms  after  being  compressed.  This  tendency  arises  from 
their  elasticity/. 

Bodies  are  said  to  be  perfectly  elastic  when  the  forces  of 
restitution,  brought  into  play  during  the  second  stage,  are 
exactly  equal  to  the  forces  of  compression,  which  act  during 
the  first.  In  this  case  the  impinging  body  if  would  lose 
a  further  quantity  of  motion,  if  ( F  -  w),  equal  to  that  which 
it  lost  in  the  first  stage.  Therefore  its  velocity  Vy  at  the  end 
of  the  shock,  will  be  equal  to  2w  -  F. 

In  like  manner  we  have  t^  =  2w  -  F.  Thus,  in  direct 
collision,  we  are  enabled  to  determine  the  velocities,  t^,  t?^  in 
the  case  of  perfectly  elastic  bodies. 

Bodies  are,  however,  in  general  imperfectly  elastic ;  that 
is,  the  whole  force  of  restitution  is  less  than  that  of  compres- 
sion.   The  Law  of  restitution,  as  derived  from  experiment,  is 
usually  stated  thus: — The  ratio  which  the  whole  impulse  of 
restitution  bears  to  that  of  compression  is  constant  while  the  imping^ 
ing  substances  remain  the  same.    This  ratio  is  usually  repre- 
sented by  the  letter  ^,  having  been  by  many  writers  celled 
the  modulus  or  coefficient  of  elasticity ;  but  as  this  title  is  now 
employed  in  a  different  sense,  we  shall  follow  the  current 
usage  in  adopting  the  name,  coefficient  of  restitution. 

IVom  this  law  it  follows  that  the  quantity  of  motion  lost 
by  M  during  the  second  stage  of  the  impact  bears  a  constant 

r2 
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ratio  to  that  lost  during  the  first ;  and  similarly  for  the  quan- 
tity of  motion  gained  by  M\ 
Aeoordingly 

M{u-v)^eM{r-u),   Jlf>'-w)-^Jf'(u-FO- 

Hence  we  get 

r'-f-KF-r),  (2) 


and 


Mr+3rr=Mv-^MV. 


(3) 


These  equations  enable  us  to  determine  the  yelooitieSy 
e?,  v\  after  impact,  when  those  before  impact  are  given,  as 
also  the  masses  jif,  M\  and  the  coefficient  of  restitution. 

It  should  be  observed  that  equation  (3)  expresses  that  the 
total  quantity  of  motion  of  the  two  bodies  is  the  same  after 
impact  as  before.  This  result  is  a  particular  case  of  a  gene- 
ral principle  which  shall  be  subsequently  considered  {see 
Art.  83). 

The  result  contained  in  (2)  may  be  stated  thus ;  In  direct 
collision*  of  two  spheres  the  relative  velocity  after  collision  bears 
a  constant  ratio  to  the  relative  velocity  before  collision. 

This  law  was  established  by  Newton,  as  the  result  of  ex- 
periment (see  his  Leges  Motus^  scholium) ;  and  the  coefficients 
of  restitution  for  several  substances,  such  as  glass,  ivory, 
steel,  &c.,  were  determined  by  him. 

In  more  recent  times  a  number  of  careful  experiments 
were  undertaken  by  Hodgkinson  on  the  laws  of  restitu- 
tion. The  results  are  to  be  found  in  the  Keport  of  the  British 
Association,  1834,  and  also  in  the  Transactions  of  the  Boyal 
Society.  His  conclusions  agree  in  the  main  with  the  law 
laid  down  by  Newton,  given  above. 

Some  of  the  more  important  results  of  Hodgkinson's 
experiments  may  be  briefly  stated  as  follows :  — 

The  coefficient  of  restitution  diminishes  slowly  as  the 


*  This  result  is  by  some  writers  taken  as  the  basis  of  the  rational  theory  of 
collision.  However,  the  method  here  given  is  that  more  usually  adopted ;  it  has 
the  great  advantage  of  connecting  the  problem  directly  with  the  consideration  of 
force,  and  of  illustrating  the  principle  (Art.  67)  that  impulsive  forces  must  be 
regarded  as  forces  of  great  intensity  whose  time  of  action  is  very  short. 
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velocity  of  impact  increases ;  it  is  independent  of  the  relative 
magnitude  of  the  masses.  In  impact  between  bodies  differ- 
ing much  in  hardness^  the  coefficient  of  restitution  is  nearly 
equal  to  that  between  two  specimens  of  the  softer  body. 

No  perfectly  elastic  body  exists  in  nature :  glass,  however, 
may  be  regarded  as  nearly  so,  its  coefficient  being  -f^,  approxi- 
mately, as  determined  by  Newton. 

When  the  mass  M'  is  at  rest,  and  very  great  in  comparison 
with  Mj  t?'  is  very  small,  and  we  have  approximately  v^-eV. 

Hence,  if  a  body  impinge  perpendicularly,  with  a  velocity 
Vy  upon  a  fixed  plane,  it  will  return  back  in  its  former  direc- 
tion of  motion  with  a  velocity  represented  by  eV^  where  e  is 
the  coefficient  of  restitution. 

79.  Height  of  Rebound. — If  a  body  fall  from  a  height 
A  on  a  fixed  horizontal  plane,  then  F,  the  velocity  with  which 

it  strikes  the  plane,  is  equal  to  ^2gh.     The  velocity  of  rebound 

is  eVyOT  e  ^2gh :  hence,  if  K  be  the  height  to  which  it  re- 
bounds, we  have 

or  K^eh.  (4) 

In  all  cases  of  collision  the  student  should  be  careful  to 
give  the  proper  algebraic  signs  to  the  velocities.  The  velocity 
V  of  the  mass  M  is  usually  taken  as  positive ;  and  hence  the 
other  velocities  will  have  positive  or  negative  signs  accord- 
ing as  they  take  place  in  the  same  or  the  opposite  direction 
to  that  of  F. 

EXAHPLBS. 

1.  If  a  mass  M  impinge  directly  on  another  mass  JT,  at  rest,  find  the  rela- 
tion hetween  them  when  the  impinging  mass  is  reduced  to  rest  hy  the  collision. 

2.  A  ball  of  6  lbs.  mass,  moving  at  the  rate  of  10  miles  an  hour,  overtakes 
another  of  4  lbs.  mass,  moving  at  5  miles  an  hour :  determine  their  velocities 
after  collision,  assuming  0  »  } ;  the  impact  being  supposed  direct. 

Am.  V  =  7 ;  v'  =  9  J. 

3.  Find  the  corresponding  velocities  in  the  case  when  the  balls  are  moving 
in  opposite  directions.  Aim.  i;  «  1,  i/  b  8^.    ; 
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4.  A  ma88  of  60  lbs.,  moving  at  the  rate  of  10  feet  per  second,  orertakes 
another  masa  of  25  lbs.,  moving  at  the  rate  of  6  feet  per  second ;  if  boUi  masses 
be  perfectly  elastic,  find  their  velocities  after  the  shock. 

uiii#.  f>  «8  7 J ;  r'  =  lli. 

5.  A  sphere  impinges  directly  on  a  sphere  of  the  same  mass.  If  they  be 
both  perfectly  elastic,  prove  that  they  interchange  velocities,  after  collision. 

6.  A  mass  drops  from  a  height  of  25  feet  above  a  fixed  horizontal  plane,  and 
rebounds  to  a  height  of  9  feet ;  find  the  coefficient  of  restitution.  «  =  f - 

7.  A  mass  of  10  lbs.,  moving  with  a  velocity  of  10  feet  per  second,  impinges 
directly  on  another  of  5  lbs.,  supposed  at  rest.  If  the  coefficient  of  restitution 
be  f ,  and  the  duration  of  collision  be  x^th  part  of  a  second,  determine  the  mean 
value  of  the  mutual  pressure  between  tlie  balls  during  the  collision. 

Here,  we  easily  find  v  —  12.  Hence,  by  Art.  41,  we  find  that  the  pressure 
which,  acting  for  ri^jfth  of  a  second,  would  generate  a  velocity  of  12  feet  per 
second,  in  a  body  of  5  lbs.  mass,  is  187^  lbs. 

8.  An  imperfectly  elastic  sphere  falls  from  a  given  altitude  above  a  Hori- 
zontal plane,  and  rebounds  continually:  find  the  whole  space  described;  and 
also  the  whole  time  before  it  is  brought  to  rest ;  neglecting  the  time  occupied  by 
the  series  of  impacts,  and  also  the  resistance  of  the  air. 

Let  a  denote  the  given  altitude,  and  «  the  whole  space  described. 
Then  the  height  of  the  first  reboimd  is  a^\  that  of  the  second  o^^,  &c. 

1  +«' 

Therefore  «  =  a  +  2<w*  +  2<w*  +  &c.  =  a- -, 

1  —  e* 

Again,  if  F,  Fi,  F2,  &c.,  Vn,  be  the  velocities  with  which  the  sphere  strikes 
the  plane,  at  the  different  impacts,  we  have^ 

Fi  =  eF,     V%  =  eVx  =  ^F,    &c.,  Vn=^tf^V. 

Also  let  ^,  ^1,  t%t  &c.,  ^n>  be  the  corresponding  intervals  of  time ;  then 


'%-■ 


t  =iZi  =  ^^ 


2F 
9 


9         9 
Hence,  the  entire  time  Tis  given  by  the  equation 

F  VXA-  e 

r=--(l  +2tf+2tf«  +  &c.)  =  — -— . 
9  '      g  l-e 

80.  Oblique  Collision. — ^We  now  proceed  to  the  case 
of  oblique  collision,  t.  e,  where  the  centres  of  the  spheres  are 
not  moving  in  the  same  right  line. 

We  shall  suppose  the  spheres  to  be  homogeneous,  and 
perfectly  smooth ;  so  that  their  entire  mutual  action  and  re- 
action has  place  along  the  common  normal  at  their  point  of 
contact,  that  is  the  line  connecting  the  centres  of  the  spheres. 
We  also  suppose  that  the  lines  along  which  the  centres  of  the 
spheres  are  moving  before  collision  lie  in  the  same  plane. 
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Let  F,  F'  be  the  velocities  at  the  instant  of  impact ;  and 
cr,  a'  the  angles  which  the  line  joining  the  centres,  at  the 
commencement  of  the  collision,  makes  with  the  respective 
directions  of  motion. 

Let  t?, «?';  /3,  /3'  be  the  corresponding  velocities  and  angles 
at  the  end  of  the  collision. 

Resolve  Finto  its  components,  F  cos  a  and  Fsina,  re- 
©pectively  along  and  perpendicular  to  the  right  line  join- 
ing the  centres.  Make  a  similar  resolution  of  the  velocities 
after  collision.  Then,  since  the  forces  brought  into  play 
during  the  collision  act  along  the  line  joining  the  centres, 
the  velocities  perpendicular  to  that  line  are  imaSected  by  the 
collision. 

Hence  we  have 

Fsina  =  f?  sin  j3,     F'sina'=  t?'sin)3'.  (5) 

Again,  the  component  velocities  Fcosa,  &c.,  along  the 
line  joining  the  centres  of  the  spheres,  will,  by  the  Laws  of 
Motion,  be  subject  to  the  same  relations  (2),  (3),  as  those 
already  established  for  direct  collision — hence,  we  obtain  the 
two  additional  equations 

1?' cos /3'- t?cosj3  =  « (Fcosa-  F'oosa').         (6) 

MVcoB  a  +  M'V  cos  a  =  Mv  cos  /3  +  M'v'  cos  /3'.     (7) 

These,  along  with  the  two  preceding  equations  (5),  are 
sufficient  for  the  determination  of  the  velocities  and  the  direc- 
tions of  motion  after  impact,  when  the  corresponding  velo- 
cities and  directions  before  impact  are  known,  as  also  the 
massQS  and  the  coefficient  of  restitution. 

In  the  case  of  oblique  collision  of  a  sphere  against  a 
smooth  fixed  plane,  let  Fbe  the  velocity  of  the  sphere  before 
collision,  and  a  the  angle  its  direction  of  motion  makes  with 
the  perpendicular  to  the  smooth  plane ;  then  Fcos  a  repre- 
sents the  velocity  perpendicular,  and  Fsina  that  parallel,  to 
the  fixed  plane. 

If  V  and  /3  represent  the  corresponding  velocity  and 
angle  after  collision,  since  the  velocity  parallel  to  the  smooth 
plane  is  unaltered  by  collision,  we  have 

t?8inj3  «  Fsina.  (8) 
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Again,  the  velooitj  perpendicular  to  the  plane  will  be  affected 
in  the  same  manner  as  in  direct  collision,  and  we  aocordingljr 
have 

f  co8/3  =  ^Fcosa,  (9) 

Hence,  by  division,  we  get 

tana>=^tan/3,  (10) 

which  gives  the  direction  of  motion  after  impact. 

The  angles  a,  /3  are  sometimes  called  the  angles  of  inci- 
dence and  reflexion ;  and  the  preceding  result  shows  that  the 
tangents  of  these  angles  are  to  each  other  in  the  constant  ratio 
of  the  coefficient  of  restitution  to  unity.  These  angles  are 
equal  in  the  case  of  perfectly  elastic  bodies. 

The  subsequent  motion  of  the  body  depends  on  the 
continuous  forces  which  act  on  it. 
When  gravity  is  the  only  acting  force 
the  path  is  a  parabola,  as  in  Art.  48 ; 
and  the  parabolic  path  is  determined 
from  the  initial  velocity  Vy  and  the 
initial  direction  of  motion,  /3. 

Examples. 

1.  If  the  mass  M'  be  at  rest  before  collision,  find  the  directions  of  motion 
after  collision. 

Ans,  )3'  =  0 ;  tan  jS  =  -=7 —,  tan  a. 

2.  A  perfectly  elastic  ball  impinges  obliquely  on  another  of  equal  mass  at 
rest,  prove  that  the  directions  of  their  motions  after  impact  are  at  right  angles 
to  one  another. 

3.  A  ball  impinges  on  another  at  rest ;  prove  that  if  the  coefficient  of  resti* 
tution  be  equal  to  the  ratio  of  their  masses  the  balls  will  move  in  directions  at 
light  angles  to  each  other,  whatever  be  the  direction  of  the  impact. 

4.  How  is  this  statement  to  be  modified  in  the  case  of  direct  collision  ? 
The  impinging  ball  is  brought  to  rest  by  the  collision. 

6.  A  ball  is  reflected  in  succession  by  two  fixed  smooth  planes  of  the  same- 
substance,  which  are  at  right  angles  to  one  another ;  the  ball  moves  in  a  plane* 
at  right  angles  to  the  intersection  of  the  fixed  planes.  Prove  that  the  direction 
of  motion  before  the  first  and  after  the  second  reflection  are  parallel. 

6.  A  projectile  strikes  a  perfectly  elastic  wall,  which  is  perpendicular  both 
to  the  horizon  and  to  the  plane  of  the  projectile's  flight :  find  the  horizontal 
range  of  the  reflected  projectile. 

Since  the  angles  of  incidence  and  reflection  are  equal  in  this  case,  as  also 
the  velocities  before  and  after  impact,  it  is  evident  that  the  parabolic  path  of  the 
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projectile  after  striking  the  wall  is  equal  in  every  respect  to  that  which  it  would 
have  continued  to  describe  if  there  had  been  no  wall  interposed.  Accordingly 
the  problem  is  solved  by  aid  of  Art.  60. 

7.  An  imperfectly  elastic  particle  is  projected  from  a  point  in  a  smooth  hori- 
zontal plane,  with  a  given  velocity  F,  and  in  a  given  direction  a,  and  proceeds 
to  describe  a  series  of  parabolic  paths  by  a  number  of  rebounds  from  the  plane  r 
find  the  whole  time  elapsed  before  it  ceases  to  rebound ;  and  also  its  subsequent 
motion. 

Resolve  the  velocity  of  projection  into  vertical  and  horizontal  components^ 
Fsina  and  Fcosa. 

The  horizontal  component  Fcos  a  will  be  unaltered  by  the  successive  impacts, 
and  accordingly  remains  constant  throughout  the  motion :  the  vertical  component 
Fsin  a  will  be  altered  at  each  impact  in  the  same  manner  as  in  direct  collision ; 
accordingly  it  may  be  treated  as  in  Ex.  8,  p.  70. 

Hence,  if  The  the  entire  time  before  the  vertical  velocity  Tsin  o  is  destroyed^ 
we  easily  get,  as  in  the  example  referred  to, 

2rmno     1 

Again,  since  the  horizontal  velocity  is  constant,  and  equal  to  Fcos  a,  the  whole 
range  before  the  vertical  velocity  ceases  is 

F^  sin  2a 

^(1-^)" 

The  body  would  subsequently  move  along  the  plane  with  the  constant  velocity 
Fcos  a. 

It  should  be  observed  that  the  particle,  in  this  problem,  describes  a  series  of 
parabolic  curves,  one  for  each  rebound. 

81.  ITIs  ITlTa  of  a  System. — If  each  point  of  a  mass  m 
be  moving  with  the  same  velocity,  and  if  v  denote,  at  any 
instant,  the  velocity  common  to  all  its  points,  then  the  quantity 
represented  by  mv^  is  called  the  vis  viva  of  the  mass  at  the 
instant.  In  general,  in  the  motion  of  any  system  of  masses, 
if  each  element  of  mass  be  multiplied  by  the  square  of  its 
velocity  at  any  instant,  and  the  sum  of  these  products  taken 
for  the  entire  system,  this  sum  is  called  the  vis  viva  of  the 
system  at  that  instant.    It  is  represented  by  the  expression 

S  (mif). 

It  is  easily  seen  that,  in  perfectly  elastic  Spheres,  the  Vis 
Viva  is  unaltered  by  Collision. 

For,  since  e  «  1  in  this  case,  equation  (2)  becomes 
F+ «?  =  F'+  f?';  also,  we  have 
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Multiplying,  we  get 


or 


MV  +  if  F"  =  !/»» +  M'vr 


(11) 


Hence,  in  direct  collision  between  elastic  spheres  the  vis 
vim  is  the  same  after  collision  as  before. 

It  can  be  easily  seen  that  the  same  principle  holds  in  the 
oblique  collision  of  perfectly  elastic  spheres.  For  the  preced- 
ing demonstration  holds  for  the  components  of  velocity  esti- 
mated  along  the  line  joining  the  centres  of  the  spheres  at  the 
instant  of  collision :  moreover,  the  tangential  components  of 
velocity  are  unaffected  by  collision ;  consequently  (since 
F*  =  F*  sin^a  +  F*  cos*a,  &c.)  it  follows,  in  the  case  of  perfect 
elasticity,  that  the  vis  viva  is  unaltered  by  collision. 

82.  Moinentain  of  any  System. — Let  (a;,  ^,  2),  {x\  y\  z\ 

(a?",  y",  a"),  &c.,  at  any  instant,  denote  the  coordinates  of  a 
number  of  moving  particles,  w,  m\  ni\  &c.,  referred  to  a  fixed 
system  of  rectangular  axes ;  then,  by  Art.  12,  the  component 
velocities  of  m,  at  the  instant,  parallel  to  the  axes  of  Xy  y,  2, 
are  i,  y,  «,  respectively. 

Again,  resolving  the  quantity  of  motion  of  m,  in  the  same 
directions,  we  get  for  its  components  the  expressions 


mx^  my,  mz,  or  m 


dx        dy 


m 


dt'       dV 


d% 


If  this  be  done  for  the  other  masses  m\  wi",  &c.,  the  whole 
<juantity  of  motion  or  momentum  of  the  system^  at  the  instant^ 
estimated  parallel  to  the  axis  of  x^  is  represented  by  2m  i. 

In  like  manner,  the  whole  momentum  parallel  to  the  axes 
of  y  and  %  are  2my  and  2w2,  respectively. 

Again,  let  S,  y,  i  represent  the  coordinates  of  the  common 
centre  of  inertia  of  the  system  m,  m\  &c.,  at  the  same  in- 
stant, we  have,  denoting  the  sum  of  the  masses  by  M^ 

Mx  =  ^mxy   My  =  2wy,   M%  =  2ms. 
Moreover,  since  these  equations  are  true  throughout  the 
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motioiiy  we  may  differentiate  them,  with  respect  to  the  time 
ty  and  thus  we  obtain  the  equations 

--.dS      ^     dx     „    . 
Jf -TT  =  2w  —  =  2ma? 
dt  at 


dt  dt 

•BM-dz      „     dz     „    . 
Jf  -77  =  Sm  -TT  =  2ms 
dt  dt 


(12) 


Hence  the  resolved  part  of  the  momentum  of  a  system  in 
any  direction  is  equal  to  the  whole  mass  of  the  system  mul- 
tiplied into  the  component  of  the  velocity  of  the  centre  of 
gravity,  in  the  same  direction. 

83.  Conservation  of  Momentuni. — It  is  easily  seen 
that  the  momentum  in  any  direction  of  any  system  of  bodies 
is  unaltered  by  their  mutual  collision.  For,  under  all  cir- 
cumstances of  collision,  the  actions  and  reactions  are  equal 
and  opposite ;  and  as  these  forces  are  measured  by  the  quan- 
tities of  motion  which  they  generate  or  destroy,  it  follows, 
whenever  two  bodies  of  the  system  come  into  collision,  that 
whatever  momentmn,  in  any  direction,  is  generated  by  the 
impact  in  one  of  the  impinging  bodies,  an  equal  momentum 
in  the  same  direction  must  be  destroyed  in  the  other.  So  that 
the  entire  momentum,  in  that  direction,  is  unaltered  by  the 
collision.  The  same  holds  whatever  number  of  collisions  be 
supposed  to  take  place  between  the  members  of  the  system. 

Hence,  we  infer  that  the  entire  momentum  of  the  system, 
resolved  in  any  direction,  is  unaffected  by  impacts  among  the 
parts  of  the  system. 

It  can  be  seen,  without  difficulty,  that  the  same  mode 
of  reasoning  applies  to  any  case  of  internal  mutual  action 
between  the  several  parts  of  the  system,  whether  arising 
from  attractions,  molecular  forces,  or  otherwise :  since,  in  all 
cases,  to  every  action  corresponds  an  equal  and  opposite  re- 
action. 

We  accordingly  infer  that,  if  a  system  be  subjected  only  to 
the  internal  mutual  forces  between  the  bodies  which  constitute  it, 
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the  total  reaohed  momentum  in  any  direction  is  constant ;  i.  e* 
Htmx,  ^mp,  Smz,  have  constant  yalaes  during  the  motion. 

84.  ConserTatloii*  of  Blotloii  of  Centre  of  Inert!  a. 

r-~  T—  •■^ 

— ^It  follows  from  (12)  that  — ,  -^,  ~,  i.  e.  the  component 

at    az    az 

velocities  of  the  centre  of  inertia  of  a  system,  will  be  constant 

throughout  the  motion  whenever  the  quantities  of  motion 

2m  iT,  2m  y,  2m  2,  are  constant. 

Hence,  from  the  preceding  Article,  it  follows  that  the 
velocity,  and  also  the  direction  of  motion  of  the  centre  of 
inertia  of  any  system,  are  constant,  whenever  the  system  is 
subject  only  to  the  mutual  actions  and  reactions  of  the  bodies 
which  constitute  it. 

This  is  a  generalization  of  the  principle  of  inertia  con- 
tained in  the  First  Law  of  Motion,  and  may  be  otherwise 
stated  thus : — A  system  of  bodies  cannot  by  their  mutual  actions 
and  reactions  alter  the  motion  of  their  common  centre  of  inertia. 

Hence,  in  such  a  system,  when  not  acted  on  by  any 
external  forces,  the  common  centre  of  inertia  must  either 
remain  at  rest  or  move  uniformly  in  a  right  line. 

85.  The  general  principle,  that  the  entire  quantity  of 
motion  of  two  or  more  bodies  is  unaltered  by  their  mutual 
actions  and  reactions,  furnishes  us  with  a  ready  method  of 
solving  some  elementary  problems. 

For  example,  suppose  two  masses,  m  and  m',  to  be  con- 
nected by  a  string,  and  laid  on  a  perfectly  smooth  horizontal 
table,  at  a  distance  from  each  other  less  than  the  length  of 
the  string.  Now,  let  a  given  impulse  be  applied  to  m  along 
the  line  which  joins  it  to  m',  the  motion  which  ensues  after 
the  string  becomes  stretched  can  be  easily  found  as  follows : 

Let  m  F  be  the  quantity  of  motion  communicated  to  m 
by  the  impulse,  then,  after  the  string  becomes  tight,  the 
bodies  must  move  with  a  common  velocity.  Let  Vi  denote 
this  common  velocity ;  then,  since  the  whole  quantity  of 
motion  of  the  two  bodies  remains  the  same,  we  have 

(m  +  m')  t?i  =  m  F. 

♦  This  proof  corresponds  in  the  main  with  that  given  hy  Newton.    See 
Leges  Motus,  Cor.  iv. 
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Consequently  they  move  along  the  line  with  a  common 
velocity 

mV 

In  this  problem  we  have  supposed  the  motion  one  of  pure 
sliding ;  and  we  neglect  the  mass  of  the  string  in  it  as  also 
in  the  next  problem. 

86.  A  mass  My  after  falling  through  a  height  h^from  the 
edge  of  a  smooth  table^  commences  to  draw  by  an  inextensibk 
string  another  mass  M\  which  rests  on  the  table;  to  find  the 
mlocitt/  communicated  to  M'  at  the  instant  that  the  string  bC" 
comes  tightened^  and  also  the  impulse  of  the  tension  of  the  string. 

The  velocity  acquired  by  if,  in  consequence  of  its  fall,  is 

represented  by  ^^gh ;  and  since  at  the  end  of  the  impulsive 
strain  the  bodies  are  moving  with  equal  velocities,  and  also 
the  quantity  of  motion  is  unaltered  by  the  impulsive  action, 
we  must  have 

(if  +  if')ri  =  MV^  My 2^, 

]j£  

or  <^i  -  jy^jyr  -/2(7A,  (13) 

where  Vi  denotes  the  common  velocity  at  the  instant  in  ques- 
tion. 

Again,  the  impulse  of  the  tension  of  the  string  is  measured 
by  the  quantity  of  motion  communicated  to  if';  and  accord- 
ingly is  represented  by 

ifif'      / 

mTm'  ^^^*- 

If  the  table  be  rough,  since  the  friction  of  the  table  is  pro- 
portional to  the  weight  of  if',  it  may  be  neglected  in  com- 
parison with  the  impulsive  force,  and  we  ootain  the  same 
value  for  Vi  as  in  the  case  of  a  smooth  table  (see  Art.  67). 
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Examples. 


1.  A  sphere,  of  30  lbs.,  moving  with  a  Telocity  of  45  feet  a  second,  over- 
takes another,  of  27  lbs.,  moying  32  feet  a  second  ;  if  the  relative  coefficient 
of  restitution  be  f ,  find  their  velocities  after  collision.  Am,  34^1  43ff . 

2.  Two  spheres  meet  directly  with  equal  velocities ;  find  the  ratio  of  their 
masses  that  one  of  them,  M^  should  be  reduced  to  rest  by  the  collision — (1)  when 
perfectly  elastic ;  (2)  for  coefficient  of  restitution  e. 

Ana,  (1)  Jf  =3Jlf',  (2)  Jr=  M'  (1  +  2e), 

3.  If  two  equal  and  perfectly  elastic  spheres  be  dropped  at  the  same  instant 
from  different  heights,  h  and  h',  above  a  horizontal  plane ;  determine  whether 
their  common  centre  of  inertia  will  ever  rise  to  its  original  height. 


Ans,  No,  unless 


vJ^" 


a  commensurable  number. 


4.  A  101b.  shot  is  fired  from  a  gun  of  12cwt.,  that  is  quite  free  to  move. 
The  velocity  with  which  the  shot  leaves  the  mouth  of  the  gun  is  1600  feet  x>er 
second ;  find  the  velocity  of  the  gun's  recoil.  Ans,  11*9  feet  per  second. 

6.  Three  homogeneous  spherical  bodies,  m,  m',  m",  are  placed  with  their 
centres  in  a  row.  If  tn  be  projected  with  a  given  velocity  F  towards  tn';  to  find 
the  magnitude  of  m'  in  order  that  the  velocity  communicated  to  m"  by  its  inter- 
vention shall  be  the  greatest  possible. 

Let  e,  e'  denote  the  relative  coefficients  of  restitution  between  m,  tn',  and 
between  m',  m",  respectively.  Then,  if  t;'  be  the  velocity  of  m'  after  the  first 
collision,  we  get  from  Art.  78, 

m{Ure)V 
m  +  m 

In  like  manner,  if  v*'  be  the  velocity  of  m"  after  the  second  collision,  we  have 

m'{\  +  e')v'  ^  mm'jl  +  <?)(!+  e')  V 
~    m'  +  m"    "*  (m  +  m')  (m'  +  m") ' 


Accordingly, 


m' 


{tn  +  m')  {mf  +  tn") 


must  be  a  maximum ;  or 


(tn  +  in')  {tn'  +  tn") 


tn 


It  t* 

IS  a  minimum :  i.e.  m  +  w  +  m   +  — ;-  is  a  minimum,  or  m  H —  w  a  mini* 

tn  tn 


mum:  hence,  tn  =  ^mtn'\  by  elementary  algebra ;  consequently  the  masses  must 
be  in  geometrical  progression. 

Tms  reasoning  is  readily  extended  to  the  case  of  any  number  of  spheres 
placed  in  a  row  ;  and,  when  the  first  and  last  are  given,  the  masses  must  be  in 
geometrical  progression,  in  order  that  the  velocity  communicated  to  the  last 
should  be  the  greatest  possible. 
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6.  Two  particles  are  connected  by  a  string,  and  laid  on  a  uniformly  rough 
horizontal  table,  at  a  distance  from  each  other  less  than  the  length  of  the  string. 
One  of  the  particles  receives  a  given  impulse  along  the  line  joining  them :  deter- 
mine the  motion  which  ensues  after  the  tightening  of  the  string. 

7.  Find  an  expression  for  the  via  viva  lost  in  the  direct  collision  of  two- 
imperfectly  elastic  spheres. 

From  equations  (2),  (3),  Art.  78,  we  have 

(m  r  +  f»'  F')'  =  {tnv  +  m'vy, 
and  wwV(  V  -  Vy  =  mm'(»  -  •)«. 

This  latter  may  be  written 

ww'(  V~ry=  mm'(v  -  t;')'  +  (1  -  ««)  mm'{  V-  Fy. 
Hence,  by  addition, 

(m  +  m')(mr^  +  m'V^)  =  (m  +  nC){mv^  +  wV*)  +  (1  -  e^)mm'{r"  VJ. 

Therefore     iw  F»  +  f»'  F'*  =  mtr'  +  nCv'^  +(!-«')  -^^,  ( F-  Vy, 

wi  +  Ifl 

Accordingly,  the  vis  viva  lost  by  the  collision  is  represented  by 

(l-'*»);^{F-r')». 

Wl  +  «t 

8.  Find  the  loss  of  vis  viva  caused  by  the  direct  impact  of  two  balls,  on& 
weighing  10  lbs.  and  falling  from  a  height  of  20  feet,  the  other  at  rest  and 
weighing  301b. ;  assuming  the  coefficient  of  restitution  <»  ^. 

Ans,  •]^th  of  the  original  vis  viva. 

9.  A  body,  after  sliding  down  a  smooth  inclined  plane  of  giyen  height,  re- 
bounds from  a  hard  horizontal  plane ;  find  the  range  on  the  latter  plane. 

10.  A  mass  JIf,  after  falling  freely  through  h  feet,  begins  to  pull  up  a 
heayier  mass  M\  by  means  of  a  string  passing  over  a  pulley,  as  in  Atwood's 
machine ;  find  the  height  through  which  it  will  lift  it. 

Let  t^i  be  the  velocity  communicated  to  Mi  by  the  impulsive  action ;  then  by 

Art.  86  we  have  v\  =  -— — =7-  y/2gh. 

JH  +  Ml 

During  the  subsequent  motion  Jfi  is  subject  to  a  uniform  retardation  -^ — —g^ 

M\  +M 

as  in  Art.  73;  accordingly,  if  J7denote  the  height  to  which  if  1  ascends  before  it  is 

brought  to  rest,  we  have 

t>i«  M^ 

y     Mi^-M-i 

11.  An  inelastic  particle  falls  from  rest  to  a  fixed  inclined  plane,  and  slides- 
down  the  plane  to  a  fixed  point  in  it ;  show  that  the  locus  of  the  starting  point 
is  a  straight  line  when  the  time  to  the  fixed  point  is  constant.  {Camb,  Trip., 
1871). 
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12.  Two  eoual  balls  of  radius  a  are  in  contact  and  are  struck  simultaneoiisly 
by  a  ball  of  radius  e  moving  in  the  direction  of  their  common  tangent ;  if  all  the 
balls  be  of  the  same  material,  the  coefficient  of  elasticity  being  #,  find  the  velo- 
cities of  the  balls  after  impact,  and  prove  that  the  impinging  b^  will  be  z«duoed 
to  rest  if 

i^i^y  (^'«*-  ^P'^  1871.) 


2e 


13.  Show  how  to  determine  the  motion  of  two  elastic  spheres  after  direct 
impact,  and  prove  that  the  relative  velocity  of  each  of  them  with  regard  to  the 
centre  of  mass  of  the  two  is,  after  the  impact,  reversed  in  direction  and  reduced 
in  the  ratio  eil^e  being  the  coefficient  of  restitution. 

A  series  of  n  elastic  spheres  whose  masses  are  1,  «,  ^»  &c.,  are  at  rest,  sepa- 
rated by  intervals,  with  their  centres  on  a  straight  line.  The  first  is  made  to 
impinge  directly  on  the  second  with  velocity  u,  Frove  that  the  final  vis  viva  of 
the  system  is  (1  -  «  +  «")«».  (Ibid,,  1875.) 

14.  An  elastic  ball  makes  a  series  of  rebounds  from  a  perfectly  smooth  inclined 

plane :  to  investigate  its  motion. 

Let  i  be  the  inclination  of  the 
plane  to  the  horizon,  and  suppose 
the  ball  projected  from  the  point  0 
in  the  plane,  in  a  direction  which 
makes  the  angle  a  with  the  plane. 
Let  0,  jSi,  &c.,  fin  be  the  angles  at 
which  the  ball  strikes  the  plane  at 
the  first,  second, . . .  n'*  impacts;  and 
aif  as,  .  .  .  On*  the  angles  it  makes 
after  rebounding. 

Then,  by  equation  9,  Art.  56,  we  have 


but,  by  (10)  Art.  80, 


cot  iS  =  cot  a  -  2  tan  i ; 

cotiS  =  e  cotai, 
e  cot  ai  s  cot  a  -  2  tan  i . 


Similarly 


e  cot  a2  =  cot  ai  ~  2  tan  i ; 
.'.    tf'cota3  =  cota- 2(1 +tf)tan»; 
and  it  is  easily  seen  that  we  have,  in  general, 

^cotfl,»  =  cota-2(l  +#  +  ...  +«»-i)tan» 

^        2(1 -g")^      . 
=  cot  a YII — **^  *» 

from  which  the  angle  after  the  n*^  rebound  can  be  found. 

Again,  the  ball  will  proceed  to  bound  up  the  plane  so  long  as  the  angles 
ai,  a2,  ...  are  each  less  than  90**  -  i. 
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If  «n  be  the  first  of  a  series  of  angles  whicli  exceeds  90°  -  i,  we  will  have 
cot  On  <  tan  t. 

If  cot  a  is  greater  than it  can  be  readily  shown  that  for  all  values  of  n 

an  is  less  than  90°  - 1 ;  and  in  this  case  accordingly  the  ball  would  proceed  to 
ascend  the  plane  by  an  indefinite  series  of  parabolic  paths. 

But  if  cot  a  be  less  than  — ,  after  a  certain  number  of  impacts,  the  body 

would  proceed  to  rebound  down  the  inclined  plane. 

2tan  t 
In  the  particular  case  where  cot  a  =  -i ,  or  2  tan  i  =  cot  a  ( 1  —  e),  we  have 

e  cot  ai  =  e  cot  a  ;     .*.  ai  =  a  ; 

hence  0=01  =  02=3..  .  =  on ; 

or,  all  the  angles  of  rebound  are  equal  to  one  another ;  consequently  the  series 
of  parabolic  paths  in  this  case  are  similar,  and  the  particle  would  proceed  up  the 
plane  with  an  indefinite  number  of  rebounds. 

In  general,  let  ^1,  ^2,  .  .  .  tn  be  the  times  of  flight  for  the  series  of  parabolic 
paths,  and  v  1,  V2, .  .  .  Vn,  the  velocities  of  the  successive  rebounds ;  then  by  equa- 
tion (6),  Art.  60,  we  have 

2v  sin  a  2v\  sin  ai    ^ 

h  = r,     *a  = —J  &c. 

^  cos  t  ^  cos  » 

But  if  t/  be  the  velocity  with  which  the  ball  strikes  the  plane  at  the  first 
impact,  we  have 

v'Biafi  siV  ana; 
but  by  Art.  80, 

t'l  sin  ai  =  w'  sin  j3  =  ev  sin  a ; 

consequently 

^2  -  eti ;  also  tz  »  et2  =  t^h,  &c. 

Hence  the  times  of  flight  are  in  geometrical  progression,  having  e  for  their 
common  ratio. 

If  the  intervals  of  time  occupied  by  the  successive  impacts  be  neglected,  we 
get  for  the  time  T  of  describing  the  first  n  parabolas, 

„     2t'  sin  a  1  —  d** 
^  COS  i     1  -  tf  * 

Again,  let  JBi,  JB?,  . . .  Bn  denote  the  consecutive  ranges  on  the  inclined 
plane ;  then,  by  Art.  50,  we  have 

£i  =  iffh^  ?£iifL±l)  =  yti^  cos  t  (cot  a  -  tan »). 
sma  ' 

Similarly, 

JBa  =  ytz^  cos  i  (cot  01  -  tan  ♦)  =  yh^  cos  i  (t^  cot  a\  -  ^*  tan  t) 

=  igeti^  cos  ♦  {cot  a  -  (2  +  *)  tan  »} . 

O 
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And,  in  general, 
Jtn  =  \9tf?  COB  %  (cot  on-i  -  tan  ♦) 

=  i^e'»-Ui«co8f  {coto-(2  +  2tf+.. .  +2^«  +  #»->)  tani} 


1-* 


=  \gt^'^  t\^  coe  ♦  cot  a  -  \g(^^  <i*  sin  •  f ' 

2i;»Bin»a(     ,     ,        2*»-*,      .      1  + '  ...x      . 
= r-  }«^*  cot  a-: tant +  r d^^tant 


^  cos  f    I  1  —  * 

Hence  the  sum  of  n  ranges  is  found  to  be 


1-* 


^€»sin«a  !-«*(,         l-*»^      .) 

=  2 r  1 { cot  o  -  -; tan  t  \ 

drcosfl-0(  l-«  ) 


=  vT  sin  a  ( cot  a  -  -. tan  % 


(• 


If  cot  a  be  greater  than 


2tant 


')■ 


we  get  the  entire  range  on  the  inclined  plane 


by  making  n  =  oo ;  hence  the  entire  range  is,  in  this  case, 

_  .       (    ,        tan  ♦) 
rTsino  jcot  o-  - —  j  • 

The  preceding  question  was  discussed  at  great  length  by  Bordoni,  Mem.  deUa 
Societa  Jtal.,  1816.  See  abo  Walton's  Froblems  on  Theoretical  Meehanicsy 
pp.  262,  263,  3rd  edition. 

15.  In  the  preceding  example  show  that  the  greatest  distances  of  the  body 
from  the  inclined  plane  in  the  successive  parabolic  paths  are  in  geometrical  pro- 
gression, having  e^  as  their  common  ratio. 

16.  If  two  bodies,  of  the  same  elasticity  be  projected  with  the  same  velocity 
from  a  point  on  an  inclined  plane,  and  if  the  directions  of  projection  make  equal 
angles  at  opposite  sides  of  the  perpendicular  to  the  plane,  prove  that  the  series 
of  parabolic  paths  described,  one  up,  the  other  down  the  phme,  will  be  described 
in  times  which  are  respectively  equal  in  pairs. 

17.  An  imperfectly  elastic  ball  falls  from  a  height  h  upon  an  inclined  plane ; 
find  the  range  between  the  first  and  second  rebounds.    Ans,  ieh  sin  i  (1  +  e), 

18.  Prove  that,  in  order  to  produce  the  greatest  deviation  in  the  direction  of 
a  smooth  billiard  ball  of  diameter  a,  by  impact  on  another  equtd  ball  at  rest,  the 

former  must  be  projected  in  a  direction  making  an  angle  sin-^  -  /^ —  with  the 

<?  \  3  —  e 

line  (of  length  e)  joining  the  two  centres ;  e  being  the  coefficient  of  restitution. 

Comb.  Trip.y  1873. 

19.  A  bucket  and  a  coimterpoise,  connected  by  a  string  passing  over  a  pulley, 
just  balance  one  another,  and  an  elastic  ball  is  dropped  into  the  centre  of  t&e 
bucket  from  a  distance  A  above  it ;  find  the  time  that  elapses  before  the  ball 
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ceases  to  rebound ;  and  prove  that  the  whole  descent  of  the  bucket  during  this 

interval  is  r-77 ,- r^  where  m,  if  are  the  masses  of  the  ball  and  the 

2Jf+m   {l  —  ey 

bucket,  and  e  is  the  coefficient  of  restitution.  Camb,  Trip.y  1875. 

Let  V  be  the  velocity  of  the  ball  just  before  the  first  impact.  The  relative 
velocity  after  the  first  impact  is  evy  and  the  relative  acceleration  is  ^,  since  the 
acceleration  of  the  bucket  is  zero. 

Therefore  the  time  during  which  the  ball  rebounds  is 

ff  ^  '      g  I- e        l-eS  g 

Let  Fi,  F3,  Fs, . . .  be  the  velocities  of  the  bucket  between  the  first,  second, 
third,  .  .  .  impacts. 

and  the  space  described  by  the  bucket  is 

2v  ,  „       « ,,       •  T^  V  2»w  v^  itnh  e 

g  ^  g  {2m  ■\- m)  (I  —  ey      2M  +  m  (1  —  «)* 

(This  proof  is  taken  from  Greenhill's  solutions  of  Cambridge  Problems  and 
Biders  for  1875.) 

20.  A  particle  is  projected  with  a  velocity  F,  in  a  direction  making  an  angle 
a  with  the  horizon,  and  strikes  a  vertical  wall,  at  a  distance  a  from  the  point  of 
starting.  Find  when  and  where  it  will  strike  the  horizontal  plane  drawn  through 
its  initial  position. 

Am,  T= .    The  distance  from  the  wall  at  which  it  will  strike 

the  ground  =  el a  J ,  where  e  is  the  coefficient  of  restitution  for  the 

particle  and  the  waU. 

21.  A  large  number  of  equal  particles  are  fastened  at  unequal  intervals  to  a 
fine  string,  and  then  collected  into  a  heap  at  the  edge  of  a  smooth  horizontal 
table,  with  the  extreme  one  just  hanging  over  the  ed^e.  The  intervals  are  such 
that  the  times  between  successive  particles  beiuff  earned  over  the  edge  are  equal : 
prove  that  if  <?»  be  the  interval  between  the  «'*  and  the  (n  +  1)'*  particle,  and 

Vn  the  velocity  just  after  the  («  +  1)**  particle  is  carried  over,  then  —  =  —  =  n. 

ei     vi 

Professor  Wolstenholme,  Edue,  Titnes. 

If  f^  be  the  velocity  acquired  by  the  first  particle  during  its  fall  through  the 
interval  ci,  we  get  immediately,  from  the  conditions  of  the  problem,  the  two  series 
of  relations 

€i  =  Jr,    t?2  =  f  (»i +  t>)  =  }f,    V3  =  }(f2  +  t;)  =fr,  &c. 

2gci  =  r*,    2ge2  =  (vi  +  v)^  -  Vi^  =  2v\     2gei  =  (v2  +  v)»  -  t>a«  =  3i;«,  &e. 

Hence 

t'l :  t;2 :  1^3 :  &c.  :Vn=ci:e2:cz:  &c. :  Cn  =^  1 :  2 :  3 : &e,:  n, 

G2 
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CIRCDLAR   MOTtOK. 

Section  I. — ffarmonic  Motion. 

'.  VnlfiMiM  Circular  HatloH. — If  a  point  P  desoribe  a 
■ole  with  a  uniform  motion,  the  radius  of  the  oircle  ia  called 
e  amplitude  of  the  motion,  and  the  time  of  making  one 
volution  is  called  its  period.  If  the  arcs  are  measured  from 
Bxed  point  A,  and  tiie  time  counted  from  the  instant  the 
oving  point  passed  through  a  fixed  point  E,  then  the  angle 
OE 18  oalled  the  angle  of  epoch,  or  oriefly,  the  epoch.  Also 
o  ratio  which  the  arc  F£!,  at  any  instant,  bears  to  the  oir- 
mference  of  the  circle  is  oalled  the  phase  of  the  moving  point 
that  iuBtant. 

The  arrowheads  on  the  figure  denote  the  direction  in  whioh 
6  motion  is  supposed  to  take  place, 
id  such  a  rotation  as  there   repre-  b 

ated,  i.e.  in  the  opposite  direction  to 
at  of  the  hands  of  a  clock,  is  cou- 
lered  ^positive  rotation :  that  in  the 
>posite  direction,  or  clockKtee,  heiug 
nsidered  negative. 
liot  (ti  be  the  angular  velocity  of 
,  or  the  circular  measure  of  the  arc 
isoribed  in  one  second,  t  the  circular 
easure  of  the  epooh  A  OE,  and  0  that 
AOP,  we  have 

fl  =  w<  +  £.  (1) 

2jr 
Again,  if  T  denote  the  period,  we  get  u  =  -=^,  and  hence, 
desirable,  we  should  write 


/^ 

L 

& 

o 

-  1 

\^ 

y 

it  we  shall  generally  employ  the  form  £ 
ore  compendious. 


wt  + 


,  being 
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88.  Harmonic  Hlotion. — If  PM  be  drawn  perpendi- 
cular to  the  diameter  AA\  then  as  P  moves  uniformly  round 
the  circle,  the  point  Jf  moves  backwards  and  forwards  along 
the  line  AA\  and  is  said  to  have  a  simple  harmonic  motion. 
The  amplitude,  period,  epoch,  and  phase  of  the  harmonic 
motion  are  the  same  as  those  of  the  corresponding  circular 
motion. 

If  OM  =  ic,  then  the  position  of  M  at  any  instant  is  given 

by  the  equation  a?  =  a  cos  [wt  +  c),  (2) 

where  a  represents  the  amplitude,  and  6  the  epoch  of  the 
motion.  The  angle  cd^  +  6  is  called  the  argument  of  the 
motion,  and  the  distance  x  is  said  to  be  a  simple  harmonic 
function  of  the  time. 

Again,  if  PN  be  perpendicular  to  OBy  and  y  =  ONj  we 

have  y  =  a  sin  [tat  +  c)  =  a  cos  (cu^  +  c  -  iw). 

Hence  the  point  N  has  also  a  harmonic  motion,  and  we 
infer  that  a  uniform  circular  motion  is  equivalent  to  two 
simultaneous  rectangular  harmonic  motions,  of  the  same 
amplitude  and  period,  but  differing  one- fourth  in  phase: 
and  conversely. 

Again,  if  the  point  M  be  projected  on  any  line,  the  pro- 
jected point  plainly  has  a  harmonic  motion  of  the  same 
period  and  phase,  but  having  for  amplitude  the  projection 
of  the  amplitude  of  M. 

If  we  differentiate  equation  (2)  we  get 

!?  =  —  =  -  aw  sin  {tijt  +  e). 
at 

Consequently  the  velocity  of  a  point  which  has  a  simple  har- 
monic motion  is  a  simple  harmonic  function  of  the  time ;  and 
its  maximum  value  is  equal  to  the  velocity  in  the  circle. 
Again,  the  acceleration /is  given  by  the  equation 

/a  —  =  -  ti)^a  cos  {iiit  +  e)  =  -  w^x. 
at 

Consequently  the  acceleration  at  any  instant  is  propor- 
tional to  the  distance  from  the  middle  point  of  the  motion, 
and  is  always  directed  towards  that  point.  The  acceleration 
at  either  extremity  of  the  motion  is  -  cu^a. 
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Any  nuinber  of  hannonio  motions  of  equal  periods  in  the 
same  luxe  are  equivalent  to  a  single  harmonic  motion. 

For  let    X'^a  cos  {wt  +  c)  +  a'  cos  {wt  +  f')  +  &o. 

Then  a;  =  ^  cos  cn^  -  £  sin  wtf 

where  A^'Saoos  c,    and    £  =  2a  sin  €. 

Hence    x  =  Coos  (a>^  +  7),    where 

B 


C--\/A^^-B',  and  tany--. 

This  result  admits  also  of  a  simple  geometrical  demon- 
stration. 

89.  Elliptic  Harmoiilc  llotloii. — If  a  circle  be  pro- 
jected orthogonally  on  any  plane  its  projection  is  an  ellipse, 
and  the  projection  of  any  point  which  moves  uniformly  on 
the  circle  is  said  to  have  an  elliptic  harmonic  motion. 

An  elliptic  harmonic  motion  may  be  resolved  into  two 
simple  harmonic  motions,  of  the  same  period  but  differing  in 
amplitude,  along  any  two  conjugate  diameters  of  the  ellipse, 
these  motions  differing  one-fourth  in  phase.  This  follows 
immediately  from  the  property  that  rectangular  diameters 
in  the  circle  are  projected  into  conjugate  cGameters  in  the 
ellipse.  Conversely,  any  two  simple  harmonic  motions,  in 
different  lines,  of  the  same  period  and  differing  one-fourth 
in  phase,  compound  an  elliptic  harmonic  motion,  having  the 
lines  for  conjugate  diameters. 


Examples. 

1 .  A  point  P  desoribes  a  circle  with  uniform  velocity.  If  Jf  be  its  projecture 
on  any  fixed  diameter,  prove  that  the  velocity  of  M  varies  as  FM,  and  that  its 
acceleration  varies  as  OJf ;  0  being  the  centre  of  the  circle. 

2.  If  two  harmonic  motions  in  the  same  line  have  equal  amplitude  (a)  and 
equal  periods,  but  different  epochs,  e,  c',  find  the  amplitude  of  their  resultant 
motion.  Ana.  2a  cos^  (e  ~  c'). 

3.  If  the  difference  of  phase  in  the  last  passes  continuously  from  0  to%r,  find 
the  mean  value  of  the  square  of  the  amplitude  of  the  resulting  vibration. 

Ana,  2a'. 
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The  mean  Tulue  is  represented  by  the  definite  integral  {Int.  Cole,,  Art.  238), 

T  Jo 

This  result  is  of  importance  in  the  Wave  Theory  of  Light,  as  it  shows  that  the 
intensity  of  light  is  proportional  to  the  square  of  the  amplitude  of  the  vibration 
which  constitutes  the  light. 

4.  If  two  or  more  harmonic  motions  in  different  directions  have  the  same 
periods  and  phases,  show  that  their  resultant  is  also  a  simple  harmonic  motion 
of  the  same  phase. 

6.  Proye  that  the  resultant  of  any  number  of  simple  harmonic  motions,  dif- 
fering in  directions  and  phases,  but  having  the  same  period,  is  an  elliptic  har- 
monic motion. 

6.  In  elliptic  harmonic  motion  prove  that  the  areal  velocity  of  the  moving 
point,  round  the  centre,  is  constant. 

7.  Prove  that  any  simple  harmonic  motion  is  equivalent  to  two  circular 
vibrations,  in  opposite  directions. 

8.  A  horizontal  shelf  moves  vertically  with  simple  harmonic  motion,  the 
complete  period  being  one  second.  Find  the  greatest  amplitude  in  centimetres 
that  objects  resting  on  the  shelf  may  remain  in  contact  with  it  when  at  its 
highest  point:  assuming  ^=  981.  Ans.  2^'S6. 

9.  In  elliptic  harmonic  motion,  being  given  the  difference  of  phase,  and  the 
ratio  of  the  amplitudes  of  the  components  along  two  given  right  lines,  perpen- 
dicular to  each  other,  determine  the  position  and  l^e  ratio  of  the  axes  of  the  ellipse. 

If  k  be  the  ratio  of  amplitudes,  --  the  difference  of  phase,  /ithe  ratio  of  axes, 

and  a  the  angle  made  by  the  axis  major  with  the  direction  of  greater  amplitude, 
then  

l  +  k'i-  'v/l  +  2A«co8  2€  +  A*    ^     ^       2k  cos  c 

u^= — ■ ,  .  tan2o= . 

l+F+\/l  +  2A2cos2e  +  A*  1-**^ 

10.  Show  that  two  simple  harmonic  motions,  in  rectangular  directions,  of  the 
same  epoch,  and  whose  periods  are  as  1 :  2,  compound  a  parabolic  vibration. 

In  this  case  the  motion  may  be  represented  by  the  equations 

x  =  a  cos  2wt,    y  ^b  cos  ott, 

X     2y* 
Hence,  eliminating  *,  we  get     -  =  -77  -  !• 

11.  In  the  same  case,  if  the  vibrations  differ  in  epoch,  show  that  the  har- 
monic motions  compound  a  curve  of  the  fourth  degree. 

The  motion  is  represented  by  the  equations 

x^a  cos (2«^  -  c),    y  =  h  cos »t. 
Hence,  eliminating  ty  we  get 


5*¥(S-')*7(-¥) 


COS  c  +  cos'e  =  0. 
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Section  IL — Centrifugal  Force. 

90.  Centiifagal  and  Centiipetel  Force. — A  heavy 
particle  may  be  made  to  move  in  a  circle,  either  by  having* 
it  attached  to  a  fixed  point  by  an  inextensible  string,  and 
made  to  move  on  a  plane  passing  through  the  fixed  point,  or 
by  its  being  constrained  to  move  in  a  fixed  circular  groove. 
During  the  motion  in  the  former  case  the  string  sustains  a 
strain  or  tension :  in  the  latter,  the  moving  particle  presses 
outwardly  against  the  groove.  This  tension,  or  pressure, 
is  called  the  centrifugal  force  of  the  particle,  and  is  always 
directed  outwards  from  the  centre  of  the  circle  described. 

The  groove,  or  string,  exerts  at  the  same  instant  an  equal 
and  opposite  reaction,  inwards  on  the  particle.  This  latter  is 
called  the  centripetsd  force  which  acts  on  the  particle.  If 
m  be  the  mass  of  the  particle,  and  Fits  velocity  at  any 
instant,  then,  by  Art.  25,  we  infer  that  the  centripetal  force 

is  represented  by  m  — ,  where  r  is  the  radius  of  the  circle. 

This  result  can  also  be  established  otherwise  in  the  fol- 
lowing manner.  Let  P  be  the  position  of  the 
particle  at  any  instant ;  then  if  it  were  free,  and  ^ 
acted  on  by  no  force,  it  would  move  along  the 
tangent  at  P  with  the  velocity  F,  which  it  has  at 
the  instant ;  and  at  the  end  of  the  time  A^  would 
arrive  at  the  point  iV,  where  PiV=  Fx  A^ :  accord- 
ingly QN  denotes  the  space  through  which  it 
has  moved,  in  the  time  A^,  owing  to  the  centri- 
petal force.  This  force  is  directed  towards  the 
centre  of  the  circle,  and  may  be  regarded  as 
constant  in  magnitude  and  direction,  during  the  indefinitely 
short  time  A^. 

Hence,  if /denote  its  acceleration,  we  have,  by  Art.  36, 

QN^ifiAtf. 
But,  in  the  limit,    PN'^2QN.PC, 
where  C  is  the  centre  of  the  circle ; 

.-.    Tr{Atf^2QN.PC. 
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Hence  /=  — .  (1) 

Or,  the  centrifugal  acceleration  f  is  a  third  proportional  to  the 
radius  of  the  circle  and  the  velocity  of  the  particle. 

The  centrifugal  force  is  accordingly  represented  by  • . 

If  it  be  required  to  calculate  the  pressure  in  pounds  due 

to  the  centrifugal  force,  we  substitute  —  for  m,  and  the  pre- 

W  F* 
^ceding  expression  becomes . 

if 

Since  the  centripetal  force  is  always  directed  to  the  centre 
of  the  circle,  and  is  consequently  atrightangles  to  the  direction 
of  motion,  it  has  no  effect  in  altering  the  velocity  of  the  mov- 
ing particle.  Hence,  if  no  other  force  act  on  the  particle,  its 
velocity  will  be  constant  during  the  motion. 

Conversely,  if  a  particle  m  describe  a  circle  of  radius  r, 
with  a  uniform  velocity  F,  we  infer  that  the  resultant  of  all 
the  forces  which  act  on  it  passes  through  the  centre  of  the 

-circle,  and  is  represented  by . 

r 

Again,  as  the  velocity  in  the  circle  is  uniform,  if  Tdenote 

the  number  of  seconds  in  which  the  circumference  is  described, 

we  have  F=-=7- 

Hence,  in  this  case,  we  have 

/=4,r'^.  (2) 

•Consequently,  in  uniform  circular  motion,  the  centrifugal 
force  varies  directly  as  the  radius  of  the  circle,  and  inversely 
as  the  square  of  the  time  of  revolution. 

Again,  if  w  be  the  angular  velocity  of  the  radius  CP,  we 

have  o>  =  -^ :  accordingly,  in  torms  of  the  angular  velocity 
•and  the  distance,  we  have 

/=  01 V.  (3) 
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Examples. 

1.  Calculate  the  centripetal  acceleration  of  a  particle  which  mores  in  a 
circle  of  5  feet  radius  with  a  velocity  of  10  feet  per  second.  An9.  20. 

2.  A  particle  performs  20  revolutions  per  minute  in  a  circle  of  1  foot  cir» 
cumference:  find  its  centrifugal  acceleration.  Ant,  *698I. 

3.  A  body  of  1  lb.  mass  revolves,  in  a  horizontal  plane,  at  the  extremity  of 
a  string  10  feet  long,  so  as  to  make  a  complete  revolution  in  2  seconds ;  find  the 


tension  of  the  string  in  pounds. 


Ant. 


10»» 


4.  A  railway  carriage  of  1  ton  weight  is  moving  at  the  rate  of  60  miles  an 
hour  round  a  curve  of  1210  feet  radius :  find  the  centrifugal  pressure  on.  thm 
rails.  Ant.  448  lbs. 

5.  In  the  last  example,  find  how  much  the  outer  rail  should  be  raised  in 
order  that  the  total  pressure  should  be  equally  distributed  between  both  the  rails^. 
the  distance  between  the  rails  being  4  feet.      Ant.  9 J  inches,  approximately. 

91.  €irciilar  Orbits. — In  the  case  of  uniform  ciroular 

motion,  since  the  centrifugal  force  acting  on  the  particle  at 

each  instant  is  directed  from  the  centre  of  the  circle,  we  may 

suppose  the  particle  to  be  kept  in  its  circular  orbit  by  the- 

action  of  an  attractive  force  always  directed  to  the  centre 

r 
of  the  circle,  and  whose  acceleration  is  47r'  -^.     Hence^ 

if  the  magnitude  of  the  acceleration  directed  to  a  fixed 
centre  of  force  be  known,  we  can  determine  the  conditions 
that  a  particle  should  describe  a  circle,  having  the  fixed 
point  as  its  centre.  For,  if/ be  the  acceleration  caused  by 
the  central  force  at  the  distance  r  of  the  particle,  we  have- 

y  =  — ,  and  therefore  v  =  \/fr.    This  determines  the  velocity 
r 

at  each  point  in  the  circle. 

Conversely,  if  the  particle  be  projected  at  the  distance  r 

from  the  centre  of  force,  at  right  angles  to  the  radius  vector, 

with  a  velocity  v  =  -v/^,  it  will  proceed  to  describe  a  cirole^ 

freely  round  the  centre  of  force. 

2irr 
Also,  the  time  T  of  describing  the  circle  will  be  — ,  or 


T.  2,6 
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For  example,  if  the  attractive  force  be  directly  proper* 
tional  to  the  distance,  we  have/=  \ir^  where  [i  is  some  con- 
stant ;  and  consequently,  in  this  case, 

r  =  ^.  (4) 

Hence,  for  this  law  of  attraction  the  time  of  revolution 
in  a  circular  orbit  is  independent  of  the  distance ;  and  we 
infer  that  the  times  of  revolution  for  all  circular  orbits  round 
the  same  centre  of  force  are  equal. 

Again,  let  the  attraction  vary  inversely  as  the  square  of 

the  distance  from  the  centre,  that  is  to  say  let/=  — . 

In  this  case  the  velocity  in  the  circular  orbit  is  represented 

by  /-,  and  the  time  of  revolution  by  27r  /— .    Hence  we  see 

that  in  different  circular  orbits  round  the  same  centre  of 
force  (which  varies  as  the  inverse  square  of  the  distance),  the 
squares  of  the  periodic  times  vary  as  the  cubes  of  the  distances 
from  the  centre  of  force. 

This  establishes  Kepler's  Third  Law  for  circular  orbits. 

The  preceding  are  particular  cases  of  general  results  con- 
nected with  the  problem  of  Central  Forces,  which  will  be 
treated  of  in  a  subsequent  Chapter. 

92.  Centrlfagal  Force  at  Bartb's   ISqnator. — ^We 

now  proceed  to  consider  the  centrifugal  force  arising  from 
the  rotation  of  the  Earth  on  its  axis. 

Let  r  be  the  number  of  feet  in  the  Earth's  radius ;  T  the 
number  of  seconds  in  the  time  of  a  complete  rotation  on  ita 
axis;  /the  acceleration  due  to  centrifugal  force  at  the  Equa* 
tor ;  then  we  have 

r 

/=  ^tt'^'jJ* 

The  most  convenient  method  of  determining /is  by  compar- 
ing its  value  with  that  of  g  at  the  Equator :  thus 


/^4^V 

'g    ~gi 


^.  (5) 
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Substituting  their  numerical  values  for  Vj  r,  Qy  and  T,  we 
find,  to  the  nearest  integer, 

g  -  288/ 

Again,  as  the  centrifugal  force  tends  to  diminish  the  action 
of  gravity,  it  should  be  added  to  the  observed  value  of  ^  to 
obtain  the  true  acceleration  due  to  the  Earth's  attractiou  at 
the  Equator. 

Hence  we  have      (?  =  ^  +/=  289/, 


.-.    /= 


289* 


(6) 


or,  the  centrifugal  force  at  the  Equator  is  the  289th  part  of 
the  Earth's  attraction  at  the  same  place,  approximately. 

It  is  easy  from  this  result  to  determine  what  the  time  of 
the  Earth's  rotation  should  be  in  order  that  bodies  should 
Tiave  no  weight  at  the  Equator. 

For  let  T'  be  the  time  required,  then  the  corresponding' 

47rV 
•centrifugal  acceleration  would  be 


hence 


47rV 

p2 


=  (?  =  289  . 


47rV 


13    J 


T 
..1  -j^. 


(7) 


Accordingly,  if  the  Earth  were  to  rotate  17  times  faster  than 
it  does  bodies  would  lose  all  their  weight  at  the  Equator. 

Hence  also  we  infer  that  if  a  body  revolve  around  the 
Earth  in  a  circle,  near  its  surface,  and  subject  to  its  attrac- 
tion solely,  it  should  travel  round  the  circumference  of  its 
-circular  orbit  in  the  17th  part  of  a  day. 

93.  Verification  of  the  liaw  of  Attraction. — The 
last  result  can  be  applied  to  verify,  by  a  rough  calculation, 
the  fact  that  the  Moon  is  retained  in  her  orbit  by  the  attrac- 
tive force  of  the  Earth ;  the  law  of  force  being  the  inverse 
-square  of  the  distance  from  the  Earth's  centre;  and  the 
Moon's  path  being  assumed  to  be  a  circle  having  the  centre 
of  the  Earth  as  its  centre. 
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9a 


For  let  R  denote  the  distance  of  the  centre  of  the  Moon 
from  the  Earth's  centre ;  T  her  periodic  time  expressed  in 
days ;  T'  that  of  a  body  revolving  round  the  Earth  close  to 
its  surface. 

Then,  by  Art.  91,  we  have 

T':T'^  =  R' :  r».  (8) 

Now,  assuming  the  Moon's  distance  from  the  Earth's 
centre  to  be  60  times  the  Earth's  radius,  as  found  approxi- 
mately by  observation,  we  have  iZ  =  60  r. 

Hence  T  =  J'  60*  =  60TV60  ; 

(since  the  times  T,  T'  are  ex- 


but,  by  the  last  Article,  ^'=17 
pressed  in  days). 
Hence 


rn     60      _ 

^=  17  v^60. 


This,  when  calculated,  gives  approximately 

T=  27-3387  days. 

The  near  agreement  (within  24  minutes)  of  this  result  with 
the  mean  value  of  T  as  obtained  by  observation,  viz., 
27*3216  days,  affords  a  strong  confirmation  of  the  Law  of 
Ghravitation.  When  more  accurate  values  are  substituted, 
and  all  the  circumstances  of  the  problem  taken  into  account,, 
the  calculated  agrees  completely  with  the  observed  result. 
94.  Tangential  and  RTormal  Components, — Let  O 

represent  any  place,  of  latitude  A,  on 
the  Earth's  surface,  supposed  spheri- 
cal: OiV  the  perpendicular  drawn  from 
O  to  the  Earth's  axis,  PP". 

Then  the  centrifugal  acceleration 
at  0  is  in  the  direction  NO  pro- 
duced ;  and  its  amount  is  represented 


47r^  NO       4irVoosX 
,  or- 


=/oosA, 


where /denotes  the  centrifugal  acceleration  at  the  Equator. 
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The  centrifugal  foroe  along  NO  can  be  resolved  into  two 
components ;  one  along  CO  produced,  the  other  in  the  tan- 
gential direction. 

These  are  plainly  represented  by /cos 'A,  and/cosX  sin  A, 

..    -            ,      Gcos'A       ,(?cosAsinA    mi      n.    ^     # 
respectively;   or  by  ,  and ^^ .   The  effect  of 

the  former  is  to  diminish  the  Earth's  attraction  as  before. 

Hence  for  the  actual  value  of  g  at  any  latitude  A,  assum- 
ing the  Earth  an  exact  sphere,  we  get 


^     G^cos'A      ^Z-      cos*  A' 

g  =  O ;^777r-   =  (?( 1  - 


289 


289 


(9) 


This  result  has  to  be  modified  when  the  spheroidal  form  of 
the  Earth  is  taken  into  acooimt. 

The  tangential  component  of  the  centrifugal  force  vanishes 
at  the  Equator  and  also  at  the  poles.  For  ii^ermediate  places 
it  varies  as  sin  2A,  and  has  its  greatest  value  at  45^  latitude, 
where  it  is  equal  to  half  the  centrifugal  acceleration  at  the 
Equator. 

Examples. 

1.  Calculate  the  diminution  of  grayity  due  to  centrifugal  force  at  a  latitude 
of  45°. 

2.  Calculate  the  tangential  component  for  the  same  case. 

3.  Calculate  the  centrifugal  acceleration  at  the  equator  of  the  planet  Mer- 
cury, its  radius  heing  1670  miles,  and  time  of  revolution  24^  5™.     Ans.  '0435. 

95.  Rotation  of  a  Rigid  Body. — If  a  rigid  body  be 
conceived  to  turn  round  a  fixed  axis,  each  of  its  points  will 
describe  a  circle,  having  its  centre  on  the  axis  of  revolution. 
Also,  since  every  line  in  the  body  that  is  perpendicular  to  the 
axis  turns  through  the  same  angle,  the  angular  velocity  of 
each  point  of  the  rigid  body  will  be  the  same  at  any  instant. 
This  instantaneous  angular  velocity  is  called  the  angular 
velocity  of  the  hody^  and  it  is  plainly  the  same  as  the  velocity 
of  any  point  in  the  body  which  is  at  the  unit  of  distance  from 
the  fixed  axis. 

If  the  angular  velocity  at  any  instant  be  represented  by 
01,  the  velocity  of  a  point  whose  distance  from  the  axis  is  ^  is 
represented  by  ^w. 
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96.  If  a  plane  lamina  rotate  about  a  fixed  axis  at  right 
Singles  to  its  plane^  the  centrifugal  forces  of  the  different  elements 
of  the  lamina  are  equivalent  to  a  single  force^  parsing  through  its 
•centre  of  masSy  and  which  is  the 
same  as  if  the  entire  mass  were  con' 
-centrated  at  that  point. 

Let  the  plane  of  the  paper 
represent  that  of  the  lamina ;  and 
take  the  point  0,  in  which  the 
£xed  axis  meets  the  plane,  as  the 
origin  of  a  pair  of  fixed  reotaiigu- 
lar  axes  OX  and  OY. 

Suppose  toi  to  be  the  angular  velocity  of  the  lamina  at 
any  instant ;  then,  since  each  point  in  the  lamina  describes 
a  circle  round  0,  the  centrifugal  forces  for  all  its  elements 
pass  through  that  point ;  these  forces  accordingly  are  equiva- 
lent to  a  single  force.  To  find  the  value  of  this  single 
resultant;  let  OP  =  r^  and  let  dm  denote  the  mass  of  an 
element  at  the  point  P;  then  the  centrifugal  force  of  the 
element  is  ia?rdm^  acting  along  the  line  OR  produced.  This 
force  can  be  decomposed  into  two,  ta^xdm  and  cD*y(/w,  parallel 
to  the  axes  of  x  and  y  respectively. 

Suppose  the  centrifugal  forces  of  the  other  elements  re- 
solved in  like  manner,  then  the  entire  system  is  equivalent 
to  the  forces  mf'^xdm  and  ^^ILydm^  parallel  to  OX  and  OY. 
But 

S^  dm  =  Mxj    Sy  dm  »  My, 

where  x,  y  are  the  coordinates  of  the  centre  of  mass  of  the 
lamina. 

Hence  the  resultant  of  the  entire  system  of  centrifugal 
forces  is  the  same  as  that  of  the  two  forces 

w^Mx    and    tn^M^i 

or  to  the  single  force  w^Md,  where  d  denotes  the  distance  of 
the  centre  of  mass  of  the  lamina  from  the  fixed  axis. 

97.  A  sinular  theorem  holds  for  any  uniform  rigid  body 
turning  round  a  fixed  axis,  provided  the  body  has  a  plane  of 
symmetry  passing  through  the  axis. 

For  the  body  may  be  conceived  divided  into  a  number  of 
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indefinitely  thin  parallel  plates,  by  planes  perpendicular  to 
the  fixed  axis,  and  the  preceding  theorem  holds  for  each  of 
these  plates  or  laminae. 

Again,  if  ^i,  m^,  ms,  .  .  .  &c.,  denote  the  masses  of  the^ 
plates;  andjOi,  j?2,  Pzi  •  • »  &c.,  the  distances  of  their  respective 
centres  of  mass  from  the  fixed  axis;  then  as  the  body  is 
supposed  uniform  and  symmetrical,  the  centres  of  mass  of  each 
of  the  plates  all  lie  in  the  plane  of  symmetry  ;  therefore  the 
forces  (jo^fHipi,  w^m2p29 . . .  &c.,  form  a  system  of  parallel  forces. 
They  consequently  have  a  single  resultant,  equal  to  their 
sum,  or  to  w^Md,  where  -3f  denotes  the  mass  of  the  body,  and 
d  the  distance  of  its  centre  of  mass  from  the  axis  of  rotation. 

Hence,  the  stress  on  the  fixed  axis  produced  by  the  cen- 
trifugal force  is  in  this  case  represented  by  J^Md. 

S  the  fixed  axis  pass  through  the  centre  of  mass,  the 
stress  on  the  axis  becomes  a  momental  stress  or  a  couple  :  as 
will  be  shown  also  in  the  following  Article. 

98.  Centrifugal  Forces  arising  from  Rotation  for 
a  Rigid  Body. — Next  let  us  consider  the  case  of  any  rigid 
body  rotating  round  a  fixed  axis.  Suppose  a  plane  drawn 
through  the  centre  of  mass,  per- 
pendicular to  the  fixed  axis,  and 
meeting  it  in  the  point  0.  Take 
0  as  the  origin,  the  fixed  axis  as 
that  of  2,  and  two  rectangular  axes 
as  those  of  x  and  y,  respectively. 
Let  dm  denote  an  element  of 
mass  at  the  point  P,  whose  co- 
ordinates are  x,  i/^  z;  then,  by 
Art.  96,  the  centrifugal  force  for 
the  element  dm  is  equivalent  to 
the  forces,  i»?xdm  and  to^ydm^ 
acting  at  P,  parallel  to  OX  and  z' 
OTy  respectively. 

Transferring  these  forces  to. the  point  JV,  they  are  equiva- 
lent to  the  forces  w^xdm^  ijs^ydmy  parallel  to  OJand  OF; 
along  with  the  couples  lo^xzdmy  tj^yzdmy  parallel  to  the  planes 
XZ  and  YZy  respectively.  The  resultant  of  the  forces 
ui^xdm,  w^f/dm,  acting  at  Ny  is  obviously  directed  to  0 ;  and 
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oonseqnently  if  it  be  transferred  to  0,  it  can  be  resolved  into 
^^xdm  and  in^ydmy  acting  along  O^and  OF",  respectively. 

If  each  centrifugal  force  be  resolved  in  like  manner,  the 
whole  system  is  equivalent  to  the  forces 

io^^xdm    and    ia?^ydmy 
or  to  i3?Mx        and    w^My, 

acting  along  OX  and  OF,  respectively;  together  with  the 
couples  iMi^^Sazdm^  (o^^yzdm,  acting  in  the  planes  of  XZ  and 
FZ,  respectively. ' 

If  the  fixed  axis  be  a  principal  axis  relative  to  the  point  0 
{Int.  Calc.y  Art.  214),  we  have 

'Stxzdm  -  0,    and    ^yzdm  =  0. 

Hence,  in  this  case  the  strain  on  the  axis  produced  by  the 
rotation  is  the  same  as  if  the  entire  mass  was  concentrated  at 
the  centre  of  mass  of  the  rigid  body. 

If,  further,  the  fixed  axis  be  one  of  the  principal  axes 
passing  through  the  centre  of  mass  of  the  body,  the  cen- 
trifugal forces  arising  from  the  rotation  produce  no  strain  on 
the  fixed  axis.  And  accordingly,  if,  from  any  cause,  a  rigid 
body  commence  to  rotate  about  such  an  axis,  it  will  continue 
to  rotate  permanently  round  the  axis,  provided  the  only 
external  force  be  that  of  gravity. 

For  example,  if  we  suppose  a  homogeneous  sphere,  whose 
centre  is  fixed,  to  receive  any  impulse,  it  will  commence  to 
rotate  around  some  one  of  its  diameters ;  and,  as  every  dia- 
meter is  in  this  case  a  principal  axis,  it  foUows,  from  the 
preceding,  that  it  will  continue  to  revolve  permanently  round 
that  axis,  if  we  suppose  no  external  force  but  gravity  to  act 
on  it. 

On  account  of  the  property  established  above,  it  is  of  im- 
portance, in  order  that  any  machine  should  work  smoothly, 
that  the  centre  of  mass  of  any  wheel,  or  portion  which  ro- 
tates rapidly,  should  lie  on  the  axis  of  rotation,  which  should 
be  a  principal  axis ;  for  otherwise  the  centrifugal  forces  would 
cause  strong  disturbing  vibrations. 

The  theorems  of  tins  section  are  particular  cases  of  im- 
portant general  results,  which  will  be  discussed  in  a  subse- 
quent chapter. 
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ExAKPLBS. 

1.  A  Btringof  GfeetlengUiU  ja*t  c«p«bl»ofrai>portiiif;  B  weiglit  of  lOltw.  : 
find  the  greatmt  number  of  rsToIutiinii  per  minute  tnat  a  weight  of  1 1bi.  ittachMl 
to  the  extremity  of  the  atringu  capable  of  makiog  in  ahorixontalpUne  vithont 
breaking  the  string.  Am.  38. 

2.  Anu«sof  Slbs.  ii  mapended  from  tlie  extremity  of  a  strins  10  feet  long: 
find  the  leait  Telocity  that  thould  be  given  to  it  in  otder  to  break  the  itrinc,  if 
ita  breaking  tension  be  12  lb«.  Aiu.  12-6i  feet  per  eecoDd. 

3.  Two  balli  weighing  6  Ibe.  each  are  fixed  at  th*  extremitiee  of  a  rod  fif 
10  feet  length,  which  revolvee  100  timea  in  a  minute  around  a  central  Tertical 
axis  ;  find  the  tenaion  of  the  oonneoting  rod.  Am.  1021b«. 

4.  If  two  equal  bodies  moving  on  a  rough  horiiontal  plane  be  connected  by 
8  etring  of  invariable  length  a,  but  without  weight ;  find  the  longest  time  that 
one  can  continue  to  move  after  the  other  hai  been  iliqiped  by  friction. 


Am. 


Vw' 


where  /i  i*  the  coefficient  of  friction. 


5.  A  body  m  sliding  on  a  perfectly  imooth  hotiiontal  table  ia  connected  by  a 
string  paaaing  tirough  a  smooth  hole  in  the  table,  with  another  body  m'  which 
banga  freely  ;  find  the  condition  that  m'  should  remain  at  reat,  and  atiso  the  time 
□f  revolution  of  m  in  its  circular  path,  inpposed  of  radius  a. 

e  of  revolution  = 


I.  Velocity  of  m  ahoold 


"J^ 


!./". 

•^-v 


6.  If  a  body,  attached  at  ita  centre  of  mass  to  one  end  of  a  string  of  length 
r,  the  other  end  of  which  is  attached  to  a  fixed  point  on  a  smooth  horizontal 
plane,  makes  n  revolutions  per  second ;  prove  that  the  tension  of  the  string  ii  to 
the  pressure  on  the  plane  as  ix'nVlo  j. 

Prove  that  at  the  Equator  a  shot  fired  westward,  with  velocity  8333,  or  eaat- 
ward,  with  velocity  7*07  metres  per  aeoond,  will,  if  unresisted,  move  horiion- 
tally  round  the  eaitb  in  one  hour  and  twenty  minutes,  and  one  hour  and  a-ha]f 
respectively.  Cami.  Trip.,  1878. 

7.  A  rigid  body  of  any  form  revolves  freely  round  an  axis  flied  in  space : 
required  the  conditions  under  which  the  centrifu^  forces  of  ita  several  elements 
will  have — (a)  no  resultant ;  (b)  a  resultant  pair ;  (e)  a  reaultant  single  force ; 

,  K«ultant  pur  and  single  force.  Lhyd  BxMb.,  1872. 


(1) 


Section  III. — Motion  in  a  Vertical  Circle. 


99.  Telocity  In  m,  Smooth 
Tertical  Corre. — Before  the  dis- 
ousaion  of  motion  in  a  circle  we  ° 
Bhall  oonader  some  properties  of 
the  motion  of  a  partiole,  under  the 
action  of  gravity,  on  any  vertioal 
curve. 

Take  OX  a  horizontal,   and 
OF  a  vertioal  Ime  in  the  plane  as 
axes  of  coordinates ;  and  suppose  o 
X,  y  the  ooordinatea  of  P,  the  position  of  the  particle  at  the 
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end  of  any  time  t.  Let  A  be  its  position  when  ^  =  0,  and  let 
AP  =  B ;  then,  by  Art.  43,  the  acceleration  along  the  curve  at 
jP  is  represented  by 

.    .  dy 

Hence  we  have  -rs  =  -  5'  3^«  (1) 

air  as 

Multiply  by  2(fe,  and  integrate ;  then 

«?'=f^j  =  -2^y  + const. 

Let  yo  =  ABf  and  f?o  =  velocity  at  -4,  then 

«?o*  =  -  2gyo  +  const. ; 

therefore  t?^  -  f?o*  =  2g  {t/o  -  y).  (2) 

Again,  if  Alt  be  measured  upwards  ==  A,  the  height  due 
to  the  velocity  Vo^  and  ED  be  drawn  parallel  to  the  axis  oix; 
then 

^^2g{h  +  y,-y)^2gPL.  (3) 

Consequently  the  velocity  at  any  point  P  is  the  same  as  that 
acquired  in  falling  from  the  horizontal  line  DM. 

This  is  an  extension  of  the  result  given  in  Art.  49,  and  is 
itself  a  case  of  the  general  principle  of  work  which  shall  be 
treated  of  in  the  next  chapter  {see  Art.  132). 

100.  Motion  in  a  ITertlcal  €lrcle. — ^If  a  particle  be 
constrained  to  move  in  a  vertical  circle  under  the  action  of 
gravity,  its  velocity  at  any  point,  by  (2),  is  the  velocity  due  to 
falling  through  a  certain  height  from  a  certain  horizontal  line, 
or  level.  The  motion  will  be  one  of  complete  revolution  if 
this  right  line  lies  altogether  outside  the  circle.  If  the  line 
<nit  the  circle  the  motion  will  be  oscillatory.  We  proceed  to 
consider  the  latter  case  in  the  first  instance.  Li  this  case 
we  may  either  consider  the  particle  as  moving  in  a  smooth 
oircular  tube,  or  as  attached  by  an  inextensible  string  to  a 
fixed  point  in  the  centre  of  the  circle,  the  weight  of  the  string 
being  neglected. 

H2 
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When  the  are  in  which  the  osoillation  has  plaoe  is  but  a 
small  portion  of  the  oiroumferenoe  we  get  vhat  is  dblled  a 
simple  pendulum.  From  this  statemeat  the  student  will 
see  that  a  simple  pendulum  can  only  be  approximately  repre- 
sented. However,  a  smaU  leaden  ball  suspended  from  a 
fixed  point  by  a  very  fine  wire  may  be  re^LTded  approxi- 
mately aa  a  simple  pendulum. 

101.  Simple  Pendolnm. — Let  (7  be  the  centre  of  the 
(nrdle ;  0  its  lowest  point ;  A  the  point 
from  whioh  the  partiole  may  be  sup' 
posed  to  start ;  F  its  position  at  the 
end  of  any  time  t ;  v  the  oorresponding 
velooity, 

B=lPCO,    a-lACO, 
estimated  in  droular  measure, 
s  =  AP,    1=  00. 

Then,  since  the  velooity  at  P  ia  that  due  to  falling  from 
a  hoiisontal  line  drawn  through  A,  we  have 

«'  =  2(?/(oo8fl-coso); 


Again,  since  in  the  motion  from  Aio  0,  B  diminishes  as 
/  increases,  -^  is  negative.    Accordingly  we  have 
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Hence  we  get      ^  Jf  . -j* -=^==_.  (4) 

102.  Time  of  a  Small  Oscillation. — The  preceding 
definite  integral,  which  represents  the  time  of  describing  a 
circular  arc,  cannot  be  expressed  in  finite  terms  by  means  of 
the  ordinary  algebraic  or  trigonometrical  functions ;  however, 
when  the  amplitude  of  the  oscillation  is  small  we  can  easily 
get  an  approximate  value  for  ty  as  follows : — ^When  a  is  so 
small,  that  we  may  neglect  powers  of  a  and  0  beyond  the 
second,  we  have 

4rsin»g-sin»|)-a*-e'. 
Hence  (4)  becomes 

No  constant  is  added  as  0  -  a  when  t^O.  Consequently 
we  have 

e  =  a  cos   k  t.  (5) 

Aocordingly  d  is  a  simple  harmonic  function  of  the  time 
(Art.  88). 

Again,  when  0  =  0,  we  have  Jj  ^  =  h  5  hence  the  time  of 

descent  to  the  lowest  point  is  represented  by  ^  /-. 

The  particle,  after  arriving  at  the  lowest  point,  plainly 
moves  up  the  other  side  of  the  arc,  and  if  the  whole  time  of 
a  small  oscillation,  expresmd  in  seconds^  be  denoted  by  jT,  we 
have 


r-/. 

\.<; 


(6) 
9 

Since  ibis  expression  is  independent  of  a,  it  follo'ws  that 


J^ 
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the  time  of  a  tmall  oteillation  is  the  same  for  all  arcs  of  vibra- 
tion in  the  same  circle.  From  tliis  property  the  Tibrationfi  of 
a  peDdulum  are  said  to  be  isockrotious.  Also  the  time  of  a 
small  oBcillatioQ  at  any  place  Taries  as  the  square  root  of  the 
length  of  the  pendulum, 

103.  The  Seconds  PendnltiBi. — A  pendulum  which 
oscillates  once  in  eveiy  second  is  called  a  seoonds  pendulum. 
If  L  be  its  length,  since  the  correspoDding  value  of  7^  is 
unity,  we  have 

S.„-i.  (7) 

Hence  the  value  of  g  can  be  determined  for  any  place 
whenever  the  corresponding  value  of  X  ia  obtained. 

This  gives  the  most  accurate  method  of  finding  the  value 
of  ff  at  any  place,  since  that  of  L  can  be  determined  with 
great  accuracy  by  observation. 

Any  rigid  body  made  to  vibrate  about  a  fixed  horizontal 
axis  is  called  a  compound  pendulum .  It  will  be  shown  sub- 
sequently (see  Art.  135)  that  in  every  such  case  there  is  an 
equivalent  simple  pendulum  which  would  vibrate  in  the  same 
time  as  the  acttiu  pendulum  under  conaideration.  This  oir- 
cumstance  renders  the  consideration  of  the  ideal  pendulum 
above  discussed  of  the  utmost  practical  importance. 

The  length  of  a  seconds  pendulum  at  London  is  found  to 
be  391416  mches,  approximately;  henoe  the  oorresponding 
value  of  ir  is  32-1908  feet. 

Pendulum  observations  furnish  the  most  accurate  proof  of 
the  fact  that  the  force  of  gravity  acts  with  equal  intensity 
on  all  substances,  as  it  will  be  seen  that  the  length  of  the 
simple  pendulum  equivalent  to  any  compound  one  depends 
merely  on  the  shape  of  the  latter,  but  not  on  it«  material, 
provided  it  be  homogeneous. 

AgMn,  if  7*,  2"  be  the  times  of  tsnsSX  oscillation  for  two 
pendulums  of  different  lengths,  I  and  /';  and  if  n  and  n'  be 
the  number  of  their  respective  vibrations  in  the  same  time 
(a  day  suppose),  we  shaU  have 

M^  =  /r  <«> 

Hence,  if  the  length  I  of  any  simple  pendulum  be  known, 
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and  also  the  number  n  of  its  vibrations  in  a  day,  the  length 
L  of  the  seconds  pendulum  at  the  place  can  be  calculated. 
Por,  since  the  number  of  seconds  in  a  day  is  86400,  we  have, 
from  formula  (8), 

The  time  T  of  vibration  of  a  pendulum  varies  either — 
(1)  by  altering  the  length  /  of  the  pendulum,  or  (2)  by 
changing  the  place  of  vibration.  We  shall  consider  these 
causes  independently. 

104.  Change  of  IJength. — ^Adopting  the  same  notation 
as  before,  we  get 


= 
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hence         — 7^ —  =  — r—  :    .*.  n  -  n  = ?  — 7—. 

When  the  change  in  length  is  a  very  small  fraction  of 
the  whole  length,  n  and  it!  are  nearly  equal,  and  we  have, 
approximately, 

n'^        n 


n^-vl     2* 
Accordingly,  in  this  case, 

w-n=2y;  (10) 

where  A/  denotes  the  change  of  length  of  the  pendulum. 

If  the  pendulum  be  lengthened,  i.e.  if  A/  be  positive, 
n  -  n'  is  positive,  and  hence  the  nimiber  of  vibrations  in  a 
^ven  time  is  diminished  when  the  length  of  the  pendulum  is 
mcreased,  as  is  otherwise  evident. 

In  the  case  of  a  seconds  pendulum  we  substitute  L  for  / 
in  the  preceding ;  and  since  n  =  86400,  we  get  for  the  dimi- 
nution in  the  number  of  vibrations  in  a  day, 

43200  ^. 

1j 
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Henoe  we  can  determine  the  number  of  Beconds  gained 
or  lost  by  a  seconds  pendulum  in  a  day  when  its  length  is 
slightly  altered. 

As  bodies  in  general  expand  slic^htly  with  an  increase  of 
temperature,  an  ordinary  clock  should  go  slower  in  hot 
weather,  and  faster  in  cold.  The  different  methods  of 
compensation  for  correcting  the  error  arising  from  this 
cause  will  be  found  in  practical  treatises  on  the  subject. 
The  amount  of  expansion  for  an  increase  of  temperature  for 
different  substances  has  been  accurately  determined,  and 
registered  in  Tables. 

If  AX  denote  the  change  in  the  length  of  a  seconds  pen- 
dulum arising  from  this  cause,  the  corresponding  loss  or  fi^ain 
can  be  determined  by  (10). 

We  add  a  few  examples  for  illustration. 

Examples. 

1.  Calculate  tlie  len^  of  a  pendulum  beating  seconds  in  London,  assuming 
^  =  3219. 

2.  If  the  bob  of  a  seconds  pendulum  be  screwed  up  one  turn,  the  serew 
being  32  threads  to  the  inch ;  find  the  number  of  seconds  it  should  gain  in  t^e 
day  in  consequence,  assuming  X  =  39*14  inches.  Ana.  34*7  seconds. 

3.  A  heavy  ball,  suspended  by  a  fine  wire,  makes  885  oscillations  in  an 
hour.  Find  l^e  length  of  the  wire  approximately,  assmning  the  length  of  the 
seconds  pendulum  to  be  39*14  inches.  Ans,  54  feet. 

4.  Find  the  error  in  one  day  produced  by  an  increase  of  15"^  F.  of  tempera- 

Am,  4*15  seconds. 

5.  A  seconds  pendulum  is  lengthened  i^th  of  an  inch ;  find  the  number  of 
seconds  it  will  lose  in  one  day.  Ana,  110*4. 

105.  Change  of  Place. — The  acceleration  g  varies* 
from  place  to  place,  and  consequently  the  number  of  vibra- 

*  For  places  at  the  sea  level,  this  arises  from  two  causes — one,  the  variation 
of  centrifugal  force  already  considered  (Art.  94) ;  the  other,  that  the  Earth  is 
not  an  exact  sphere,  but  is  more  nearly  an  oblate  spheroid  of  revolution  round 
its  axis  of  rotation.  From  each  of  these  it  arises  that  the  value  of  g  diminishes 
in  proceeding  from  the  pole  to  the  equator.  It  was  from  the  observation  by 
Richer,  in  1672,  that  a  clock  lost  two  minutes  daily  when  taken  to  Cayenne, 
lat.  5°  N.,  and  that  when  the  corrected  pendulum  was  brought  back  to  Paris 
it  gained  an  equal  amount,  that  the  variation  of  the  force  of  gravity  on  the 
Earth's  surface  was  first  established.    The  explanation  is  due  to  Huygens. 
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tions  in  a  given  time  will  vary  with  the  place  for  the  same 
{>endulum. 

Suppose  n  and  n'  to  represent  the  number  of  vibrations 
made  in  one  day  by  the  same  pendulum  at  two  places,  at 
-which  (/  and  /  are  the  corresponding  accelerations,  we  have 

"L^L^    k     or  ^-^ 

n      T     Sg'         n"     g' 
Hence,  ks  before,  for  one  and  the  same  pendulum, 

"-"■=2 "7"'  ^  ^ 

From  this,  if  L  and  L^  be  the  lengths  of  the  seconds 
pendulum  at  the  two  places,  we  get 

It  is  shown  by  theory,  and  verified  by  observation,  that 
the  variation  in  the  length  of  £,  and  consequently  in  ^,  at 
the  sea  level,  is  proportional  to  the  square  of  the  sine  of 
the  latitude  (compare  Ait.  94).  Thus,  if  L  denote  the  length 
of  the  seconds  pendulum  at  the  equator,  L'  that  at  latitude  A^ 
we  have 

i'-Z  +  msinU'.  (13) 

Hence,  if  Li  be  the  length  of  the  seconds  pendulum  at 
45°  latitude,  we  have  Zi  =  i  +  -jj. 

Eliminating  Z,  we  get 

Z'  =  Zi-|cos2X'.  (14) 

Again,  if  II'  be  the  length  corresponding^  to  the  latitude 
A",  and  /'  the  corresponding  value  of  ^,  we  have 

^^-^,  (oos2A"-oos2A0 

MA 

=  —  sin  (X'  +  X")  sin  (X'  -  X"),  approximately. 
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By  accurate  obBervation  of  the  number  of  vibrations  lost 
by  a  pendulum  which  beats  seconds  at  the  latitude  A,  "when 


m 


taken  to  a  latitude  A^  the  value  of  y~  ^^^^  ^  determined. 


m 


195 


,  approximately,    and 


Such  observations  give  y  « 

Xi  =  39-118  inches. 
Hence,  we  get 

i'=  39-118 -tVoos2A'. 

Again,  suppose  a  pendulum,  beating  seconds  at  any 
place,  taken  to  the  height  h  above  the  Earth's  surface  at  that 
place ;  and  let  /  be  the  value  of  g  for  the  new  position ; 
then,  since  the  force  of  gravity  varies  as  the  inverse  square 
of  the  distance  from  the  Earth's  centre,  we  have 

^^^JTThy  "  ^(^  "  7")  appro^^ately, 

where  r  denotes  the  length  of  the  Earth's  radius ;  therefore 

g  r' 

Hence,  when  -  is  a  very  small  fraction,  the  number  of 

r 

seconds  lost  in  a  day  by  the  seconds  pendulum  is  86400  -. 

r 

Suppose,  for  example,  A  =  1  mile,  and  r  =  3956  miles,, 
then  the  number  of  seconds  lost  in  a  day  will  be  22,  approxi- 
mately. 

In  this  investigation  the  attraction  on  the  pendulum  of 
the  part  of  the  Earth  above  the  sea  level  has  been  neglected. 


Examples. 

1.  If  a  pendulum,  beating  seconds  at  the  foot  of  a  mountain,  lose  10  seconds 
in  a  day  when  taken  to  its  summit ;  find  approximately  the  height  of  the^ 
mountain,  assumiug  the  radius  of  the  Earth  4000  miles,  and  neglecting  the 
attraction  of  the  mountain.  Am,  2444  feet. 

2.  How  much  would  a  clock  gain  at  the  equator  in  24  hours  if  the  length  of* 
the  day  were  doubled.  Ans,  112^  seconds,  approximately. 
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106.  Alry*8  Investlgatloii  of  the  Mean  Density  of 
the  £arth. — A  series  of  important  penduluin  experiments 
were  undertaken  by  Sir  G.  B.  Airy,  in  the  Harton  coal  mine, 
for  the  purpose  of  determining  the  mean  density  of  the  Earth. 
He  found  that  a  pendulum  beating  seconds  at  the  surface 
gained  2J  seconds  a-day  when  taken  to  the  bottom  of  the 
mine,  1260'feet  deep.  The  calculations  employed  in  arriving 
at  this  result,  and  in  determining  from  it  the  Earth's  mean 
density,  are  very  intricate ;  they  will  be  found  in  the  Eoyal 
Society's  Transactions  for  the  year  1856. 

The  following  is  a  method  of  arriving,  approximately,  at 
the  result : — 

Let  gy  g'  denote  the  accelerations  due  to  gravity  at  the^ 
surface  and  at  the  bottom  of  the  mine ;  then,  by  equation  (11),. 
we  have 

g        43200     19200 ' 

Again,  let  r  and  /  denote  the  distances  of  the  upper 
and  lower  stations  from  the  centre  of  the  Earth,  supposed 
spherical. 

Suppose  a  concentric  sphere  described  through  the  lower 
station,  then  the  attraction  of  the  Earth  at  the  upper  station 
may  be  regarded  as  consisting  of  two  parts — one  due  to  the^ 
interior  sphere,  the  other  to  the  conche  or  shell,  bounded  by 
the  two  spheres.  Again,  if  we  suppose  this  shell  to  be  of 
uniform  density,  it  exercises  no  attraction  on  the  pendulum 
at  the  bottom  of  the  mine.  This  can  be  easily  seen  from 
elementary  geometrical  considerations  (Minchin,  Statics^ 
Art.  319).  Hence  the  part  of  g  due  to  the  attraction  of  the 
inner  sphere  is  represented  by 

If /denote  the  acceleration  at  the  upper  station  due  to- 
the  attraction  of  the  shell,  we  have 

Again,  let  h  represent  the  depth  of  the  mine,  then  /»  r  -  A  ^ 
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and,  since  -  is  very  small,  we  have  -j  =  1 1  approxi- 

mately. 
Accordingly  we  get,  from  the  preceding  equation, 


/ 


f2h        1    \ 


In  order  to  get  another  expression  for/,  let  My  F,  D  de- 
note respectively  the  mass,  volume,  and  mean  density  of  the 
Earth ;  and  m,  Vy  p  the  corresponding  quantities  for  the  shell. 
We  assume  that  the  Earth  and  the  shell  each  attract  as  if 
their  whole  mass  was  concentrated  at  their  common  centre ; 
in  this  case  we  have,  approximately, 

^^^M^^DV^^D-? 3^5r- 

Substituting  3956  miles  for  r,  and  1260  feet  for  A,  we  get 

D  =  2-625 /a.  (15) 

The  determination  of  the  mean  density  of  the  Earth  is 
thus  reduced  to  finding  the  value  of  p  ;  but  this  is  a  matter 
of  extreme  practical  difficulty. 

From  an  accurate  examination  of  the  mineral  components 
of  the  stratum  of  the  Earth  in  the  neighbourhood  of  the 
mine,  p  was  calculated  by  Airy  to  be  2^  tmies  the  density  of 
water.  This  would  give  the  mean  density  of  the  Earth 
about  6'66,  assuming  that  of  water  as  unity. 

Professor  Haughton  calculated  2*059  as  the  value  of  p 
{Phil.  Tram.y  July,  1856),  adopting  as  his  basis  Humboldt's 
investigations  of  the  mean  heights  of  Continents  on  the  Earth's 
surface,  and  Eigault's,  on  the  relative  areas  of  land  and 
water.  This  would  give  5*405  as  the  value  of  the  mean 
density  of  the  Earth. 

107.  Time  of  OstciUatloii  In  General. — ^The  ampli- 
tude of  the  vibration  has  hitherto  been  considered  so  small 
thatjpowers  of  a  higher  than  the  second  have  been  neglected. 
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We  now  proceed  to  find  a  general  expression  for  the  time  T 
of  Tibrations  for  any  amplitude. 

From  (4),  since  J  T  represents  the  time  to  the  lowest  point 
on  the  circle^  we  get 


\l^  dB 


J 


^*2~"^'2 


5'  (16) 


0  a 

Now,  assuming*  sin  -  =  sin  ^  sin  ^,  we  get 
dO  2d(t>  2d(p 


Jsm'g  -  sm'g     oosg     Jl  -  sm^^  sm^^ 
Also,  when  0  «  0  we  have  0  -  0 ;  and  when  d  ==  a  we  have 

TT 

°2* 

Coneequently       T  =  2^^^^-==M==.  (17) 

Again,  substitute  k*  for  sin*^ ;  then,  since 

(l-A»sin»0)"^=l+^FsinV+|^>t*sinV 

+  n'  A  \^^sin*^  +  &o., 
2.4.6  ^ 

and  {Int.  Calc.j  Art.  93), 


I 


'  •  .-   J      1.8.5...(2»t-l)ir 
^    »'^°2.4.6...    2m      2' 


we  get 

*  ThiB  assumption  is  obyiously  a  legitimate  one,  because  B  during  the  motion 
can  neyer  be  greater  than  a. 


110 


Circular  Motion. 


If  h  be  the  vertical  height  of  the  point  from  whioh  the 
pendulum  commences  to  descend  above  the  lowest  point  in 
the  circle,  we  have 

1.3        •    a**  „  1  -OOStt       A 

a,nd  the  preceding  result  becomes 

The  first  term  gives  the  value  already  arrived  at  for  a 
«mall  oscillation,  and  is  independent  of  the  amplitude. 

The  second  approximation,  which  is  the  one  commonly 
adopted  when  the  lowest  powers  of  the  amplitude  are  taken 
into  account,  gives 


In  tenns  of  the  semi-amplitude  a,  this  is 

T 


(20) 


=  '^>f^^^!' 


(21) 


in  which  a  is  taken  in  circular  measure. 

The  general  equation  (16)  is  immediately  integrable  in 
one  case,  viz.,  when  the  velocity  at  any  point  on  the  circle  is 
that  due  to  a  fall  from  its  highest  point ;  for  in  this  case  we 


a 


have  a-  TTf  and  therefore  sin  ^  =  1.    Equation  (4)  becomes 
in  this  case 


d0 


cos^d 


=  2pt; 


hence  we  get 


2ij  t  =  log  tan  J  (tt  +  0)  +  const. 


It  may  be  observed  that  in  this  case,  since  log  0  =  -  oo , 
the  particle  would  take  an  infinite  time  to  reach  uie  highest 
point  on  the  circle. 


d^x 


Integration  of  -^  ±pLX-0. 


Ill 


Examples. 


1.  How  is  tlie  yalue  for  the  time  of  vibration  of  a  pendulum  to  be  corrected 
when  the  length  of  the  arc  of  vibration  is  taken  into  account  ? 

2.  Apply  to  the  case  where  the  amplitude  of  vibration  is  120°. 


Here,  since  —  =  7,  we  have 
21     4 


-J[('4 


9 


1024 


+  &C 


■) 


3.  If  a  pendulum,  which  beats  seconds  for  very  small  oscillations,  be  made 
to  vibrate  through  an  arc  of  10° ;  find,  approximately,  the  number  of  seconds 
it  should  lose  in  a  day.  Am,  41. 

108.  Hotioit  in  a  Tertieal  Cycloid. — ^Let  a  paxtiole 
be  supposed  to  move  along  a  smooth  y 
cycloid,  having  its  vertex  0  at  its  lowest 
point,  and  its  axis  OF  vertical. 

Calling  OP  ^  8,  FN  ^  y,  and 
a  =  diameter  of  generating  circle. 

Then  {Biff.  Cak.,  Art.  276),  we  have 

«*  =  4ay. 


Also,  from  (1), 


rf»« 


dy 


g 


or 


(22) 


We  shall  next   consider  the  method  of  integrating  this 
equation. 

cPx 
109.  Integratloii  of  ^^  ±  fca?  =  0. — ^As  differential  equa- 

cPx 
tions  of  the  form  ^  ±^a?  =  0  are  of  frequent  occurrence  in 

physical  problems,  we  proceed  to  consider  their  solution. 


Tliere  are  two  oases,  according  as  the  apper  or  lover  aigii 
is  taken. 

lei. — Let  -r-^  +  fix  =  0. 

Uoltipljing  bj  2dx,  and  integrating,  we  get 

To  determine  the  constant,  suppose  x  =  a  when  —  =  0, 
then  the  constant  is,  plainly,  fia* ;  *** 

therefore 
Hence 


or  sin"'-  -ivfi  +  a, 

where  a  denotes  an  arbitrary  constant. 

Consequently     a;  -  a  sin  {ty^  +  a),  (23) 

where  a,  a  are  arbitrary  constants,  to  be  determined  in  each 
case  by  the  conditions  of  the  problem. 

It  may  be  observed  that  a:  is  a  simple  harmonio  function 
of  the  time  {Art.  88). 

The  preceding  solution  admits  of  being  also  written  In 
the  form 

x=  Coos  t^n  +  Can  t^fi,  (24) 

where  C  and  0"  are  two  arbitrary  constants. 

Either  of  the  latter  equations  may  be  regarded  as  the 
complete  integral  of  the  differential  equation 


_m!Mkk^ 
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cPx 
2nd.-  ^  =  ^. 

Frooeeding  as  bef ore>  we  get 


(: 


|)-M(^-A- 


in  which  a  is  an  arbitrary  constant ; 

therefore,  Vm  +  «  "Jy==  =  ^^^(^  ^V^i^^^, 

in  which  a  is  arbitrary. 

Hence  x  +v/^^  =  ^*^m=  Aef^i^ 

where  A  is  arbitrary. 
Again,  since 


(a?  +  y^a:*  -  0*)  (a?  -  v^a?*  -  a')  =  «% 


a» 


we  get  a? -v^a:*- a'-^^'''** 

Adding,  we  obtain 


fl» 


2a?  =  ^^'*  +  -T^^ 
which  may  be  written  in  the  form 

X  =  C^^  +  C^^^J^,  (25) 

when  C  and  C  are  two  arbitrary  constants,  to  be  determined, 
as  before,  by  the  conditions  of  the  problem  in  each  particular 
case. 

I 
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110.  The  equation 


+  /iia?  +  V  «  0 


is  immediately  reducible  to  the  preceding, 
written 


If  we  substitute  s  f or  a?  +  -,  this  becomes  ^  +  ^*  ^  ®  J 
consequently  we  have 


V 

a?  =  — 


+  C7  cos  ^  v^M  •^O'mxit  v^. 
In  like  manner  the  solution  of 


df 


-/ufl?  +  V  -  0 


18 


ip «  -  +  Cfe^  +  (7  V*^. 


^turning 


equation(22),  Art.  108,  andsubstituting«  foro;,  cuid^  for  /u  in 
equation  (24),  we  find  for  its  integral 


«  s  c  oos 


tjl^^f^tji. 


(26) 


In  order  to  determine  the  constants  c  and  (f,  suppose  the 
particle  to  start  from  rest,  at  the  distance  «'  from  the  ver- 
tex 0  (measured  along  the  curve)  ;  then  we  have  «  =  «' 

and  --  »  0,  when  ^  »  0.    Making  these  substitutions  in  (26), 

dt 
as  well  as  in  the  equation  derived  from  it  by  differentiation, 

we  get. 

c  =  «',    and    e  -  0 ; 


therefore 


8 


'& 


(27) 
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Again,  when  «  »  0,  we  get 

this  g^ves  the  time  of  descent  to  the  lowest  point.    If  T  de- 
note the  time  of  an  oscillation,  we  have 


fia 

y  g 


(28) 


Since  this  result  is  independent  of  the  length  of  the  aro  of 
vibration,  it  follows  that  the  time  of  vibration  is  the  same  for 
all  arcs  of  the  cycloid;  aooordingly  the  property  of  tautochro* 
nism,  which  in  the  circle  holds  only  for  very  small  arcs,  holds 
in  all  cases  for  the  cycloid  (compare  Art.  88). 

The  foregoing  value  of  T  is  the  same  as  that  for  a  small 
oscillation  in  a  vertical  circle  of  radius  2a.  Moreover,  as  2a 
is  the  radius  of  curvature  at  the  vertex  of  the  cycloid  (Diff. 
Calc.f  Art.  276),  the  duration  of  an  oscillation  in  a  vertical 
cycloid  is  the  same  as  that  of  a  small  oscillation  in  the  circle 
which  osculates  it  at  its  lowest  point ;  as  is  manifest  also  from 
other  considerations. 

It  is  readily  seen  that  the  time  of  an  indefinitely  small 
oscillation  about  the  lowest  point  in  any  plane  vertical  curve  is 
the  same  as  that  in  the  osculating  circle  at  the  lowest  point ; 

And  its  duration  is  accordingly  represented  by  irj -,  where  p 

denotes  the  radius  of  curvature  at  the  point* 

112.  Conical  Pendalam. — ^Suppose  the  pendulum,  in* 
stead  of  moving  in  a  vertical  plane,  to  describe 
a  right  cone  around  a  vertical  axis;  and  let 
P  be  the  position  of  the  revolving  particle  at 
any  instant;  0  the  point  of  suspension ;  PiVthe 
perpendicular  let  fall  on  the  vertical  axis. 

Also  let  OP -'I,    lPON^B. 

Then  the  motion  of  P  may  be  considered  as  n 
taking  place  in  a  horizontal  circle,  whose  centre 
is  Ny  and  radius  PN  or  /sin  d. 

i2 
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Now,  in  order  that  this  motion  should  take  plaoe,  it  is 
neoessaiy  that  the  resultant  of  the  tension  of  the  string*  and 
the  weight  of  the  particle  should  aot  alonff  Plf,  and  be  equal 
and  opposite  to  the  centrifugal  force ;  i.e.  uiat  the  resultant  of 

the  weight  Wy  and  the  centrifugal  force,  —     .     ,  should  aot 

g  Ismu  ^ 

in  the  line  OP.    This  gives 


W    f^ 

g 


Wx—Y^^ONiPN, 

lemO 


or 


therefore 


VoosO 


(29) 


This  gives  the  velocity  in  terms  of  0  and  /. 

Again,  if  T  be  the  time  of  revolution,  we  have 


T- 


%rPN 


■^4 


oosO 


9 


(30) 


This  determines  the  time  of  revolution  when  the  angle  9, 
which  the  pendulum  makes  during  the  motion  with  the  ver- 
tical, is  known.  It  is  evidently  the  same  as  that  of  a  double 
oscillation  in  a  simple  pendulum  of  length  /cos0  or  OIT. 
The  tension  of  the  string  is  represented  by  JFsec  0.  The 
preceding  is  a  particular  case  of  the  motion  of  a  particle  on 
a  smooth  sphere,  a  problem  which  will  be  considered  in 
Chapter  Vm.. 

113.  IHTatrs  GoTemor.— The  principal  of  the  conical 
pendulum  was  employed  by  Watt,  in  the  instrument  called  a 
governor,  for  the  purpose  of  regulating  the  supply  of  steam 
80  as  to  maintain,  approximately,  a  steady  motion  in  a  steam- 
engine.  Its  construction,  under  a  form  which  is  commonly 
employed,  is  as  follows : — 
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Ijet  AB  represent  a  vertical  spindle  rotating  with  an 
angular  velocity,  whose  speed  is  so 
regulated  as  to  be  always  propor- 
tional to  that  of  the  machine.  CP 
and  C'jP'  are  rigid  rods,  jointed  at  C 
and  C  npon  me  revolving  spindle, 
and  having  massive  equal  balls,  P  and 
P\  fixed  attheir  extremities.  FD  and 
F^iy  are  two  rods  also  jointed  at  D 
and  2/  to  the  rigid  rods,  and  jointed 
at  F  and  F'  to  a  collar^  movable 
freely  on  the  spindle.  The  collar  at 
F,  sliding  freely  up  and  down  the 
fipindle,  is  united  to  a  lever  which 
opens  or  closes  the  valve  that  regu- 
lates the  supply  of  steam  to  the 
cylinder  of  the  en^e.  When  the  shaft  AB  turns  too  fast, 
the  balls  P  and  2^  fly  from  it,  raising  the  collar  F^  and 
thus  diminishing  the  supply  of  steam,  and  consequently  re- 
ducing the  speed.  For  a  more  complete  discussion  the 
student  is  referred  to  works  on  practical  mechanics. 

114.  RcToliitloii  tn  a  Tertlcal  €ircle. — ^We  now  re- 
turn to  the  question  of  the  revolution  of  a  particle  in  a  vertical 
circle  imder  the  action  of  gravity. 

Suppose  DR  to  be  the  horizontal  line 
to  the  distance  below  which  the  velocity 
atanypointis  due,  andlet  AD-h;  then, 
by  Art.  99,  the  velocity  at  any  point  P 
is  given  by  the  equation 

f^^2g{h''AN)m2g{h'^2afan^e), 
where  PCA  =  0. 


Hence,  denoting  —  by  **,  and  substituting  »' f^j  fort?*, 


we  get 


D'.^(l-»-»n-W, 
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therefore  ^  -  -  ?  ^yi-it».«m«i«, 

in  which  k  is  less  than  unity. 

li^^  L  PBA  "  ^09  the  time  of  desoribing  any  aro  of  the 
cirole  is  represented  by  the  definite  integral 


■4i 


'*  (81) 


V^l  -  A;*8in'^' 


where  a  and  3  &re  the  values  of  ^  corresponding  to  the  ex- 
tremities of  the  arc. 

CompariQg  the  result  here  given  with  Art.  107,  we  see 
that  the  time  of  desoribing  any  aro  of  a  oirde  is  in  this  case 
in  a  constant  ratio  to  the  time  of  describing  a  corresponding 
arc  of  a  second  circle,  in  which  the  motion  is  oscillatory. 

The  time  of  describing  any  arc  of  the  circle  is,  in  general, 
an  elliptic  function.  There  is  one  case,  however,  in  which  it 
admits  of  a  simple  expression,  viz.,  where  BR  is  a  tangent  to 
the  circle,  as  in  Art.  107. 

In  this  case  we  have  A;  »  1,  and  the  definite  integral  be- 
comes 

tan 


J^cos^      ^^^     (ft    fi\ 


tan 

The  time  of  motion  from  anv  point  to  the  highest  point 
in  the  circle  becomes  infinite  in  this  case,  as  already  observed 
in  Art.  107 ;  accordingly  the  particle  would  continually  ap- 
proach the  lughest  point  without  ever  reaching  it. 

115.  Premiire  on  €ar¥e. — ^Ifm  denote  the  mass  of  the 
particle,  then  the  normal  pressure  It  on  the  circle  consists  of 
two  parts — one  arising  from  the  centrifugal  pressure,  the  other 
from  the  weight — Whence  we  get 

a 


where  CD  =  d. 


mg  (^-^  3  ooboX  (32) 
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At  the  lowest  point  this  becomes  mcr  (  —  +  3  ],  at  the 
highest  point,  m^f 3  j;  and  when  the  string  is  horizontal, 

mg — . 
a 

If  the  particle,  instead  of  moving  in  a  tube,  is  attached  by 
a  string,  of  length  a,  to  a  fixed  point  C7,  and  thus  constrained 
to  move  in  a  vertical  cirde,  the  preceding  expression  gives 
the  tension  of  the  string  for  any  position.  As  long  as  the 
tension  is  positive  the  string  remains  stretched.  At  the  point 
where  22  »  0  the  tension  vanishes,  and  the  particle  will  leave 
the  circle  and  proceed  to  describe  a  parabola.  It  is  immediately 
seen  that  the  distance  of  this  point  from  the  line  DIt  is  one- 
third  of  CD  (see  fig.  of  last  Article). 

These  results  will  be  illustrated  by  the  following  ex- 
amples : — 

Examples. 

1.  A  particle  slides  down  the  conyex  side  of  a  vertical  circle ;  determine  the 
point  at  which  it  will  leave  the  curve. 

Here,  since  the  velocity  at  tiie  highest  point  on  the  circle  is  zero,  we  have 
d  =  0;  accordingly  the  point  at  which  JS  =  0  is  given  by  the  equation 
cos  0  s  .  f .    The  geometrical  construction  is  evident. 

2.  A  particle  is  projected  from  the  lowest  point  along  the  inside  of  a  smooth 
vertical  circle ;  find  the  least  velocity  of  projection  in  order  that  the  particle 
should  make  a  complete  revolution  in  the  circle.  ^^,  Vs^. 

In  this  case  the  pressnre  at  the  highest  point  is  zero,  and  at  every  other  point 
is  positive. 

3.  If  the  initial  velocity  be  less  than  that  in  the  preceding  example,  find 
the  point  P  at  which  the  particle  will  leave  the  circle,  and  where  it  will  strike 
it  again. 

The  construction  for  the  point  Pin  question  has  been  given  aboTO.  After 
leaTin^  the  circle  the  particle  describes  a  parabola,  and  the  point  Q  in  which 
it  agam  meets  the  cirde  is  found  bv  drawing  PQ,  making  with  the  vertical 
direction  an  angle  equal  to  that  which  the  tangent  at  P  makes  with  the  vertical. 
This  result  follows  immediately  from  the  principle  that  the  vertical  circle 
osculates  the  parabolic  trajectory  at  P. 

4.  In  the  same  case  find  the  direction  of  motiosn  of  the  particle  at  the  infltant 
it  returns  to  the  circle. 

An»,  tan  iS  =  i  tan  a,  where  iS  is  the  angle  which  the  required  direction  of 
motion  makes  with  the  vertical ;  and  a  is  the  corresponding  angle 
at  the  point  P,  where  the  particle  leaves  the  circle. 
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5.  Find  the  velocity  of  projection  from  the  lowest  point  on  the  circle,  in 
order  that  the  particle  after  leaving  the  circle  should  meet  it  again  at  its  lowest 

6.  Show  that  the  solution  of  the  general  problem  of  finding  the  initial  velo- 
city, in  order  that  the  particle  after  leaving  the  circle  shall  meet  it  again  at  a 
given  point,  depends  on  the  trisection  of  an  arc. 

7.  A  material  particle  moves  in  a  circular  groove  on  a  smooth  inclined  plane  ; 
if  it  be  ]projected  irom.  its  point  of  rest  with  a  velocity  just  sufficient  to  carry  it 
to  the  highest  point  in  the  groove,  find  the  time  of  its  motion. 

116.  I^emma  on  Coaxal  Circles. — ^A  ohord  PQ  of  a 
circle  touches  a  second  circle  at  0; 
and  PLj  QM  are  drawn  perpen- 
dicular to  the  radical  axis  of  the 
two  circles :  to  prove  that 

PO':Q(?=PL:QM. 

Let  P  be  the  point  of  intersec- 
tion of  PQ  with  the  radical  axis ; 
then,  since  the  tangents  from  P  to 
the  circles  are  of  equal  length,  we 
have  jBO*  = -BP . -BQ ; 


therefore 


RQ:PO^PO:EP. 


Consequently     QO  :  OP--EQ:  PO, 

QO'iOP'^PQ'iPQ.PP 


or 


RQiRP^QMiPL. 


(33) 


If  now  we  suppose  a  particle  to  describe  the  outer  circle 
with  a  velocity  due  to  the  level  LMy  and  P'Q'  be  drawn 
indefinitely  near  to  PQ,  touching  the  inner  circle,  these 
tangents  may  be  regarded  as  intersecting  in  0,  and  we 
accordingly  have 

PyiQQ^^POiQO^yTL.^QM. 

Again,  let  <?,  v'  be  the  velocities  of  the  particle  when  at  P 
and  Q  respectively ;  then  t?*  =  2^  Pi, «?'» =  2g  Qif ; 


therefore        vitf^^/PL  :  ^QM^  PP:  QQ'. 
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Henoe  the  time  of  deaoribin^  PP^  is  the  same  as  that  of 
describing  QQ';  consequently  the  time  of  motion  from  P  to 
Q  is  the  same  as  that  from  P'  to  Q',  and  hence  we  readily 
infer  that  the  time  is  the  same  for  the  description  of  all  arcs 
out  ofi  by  tangents  drawn  to  the  inner  circle. 

Examples. 

1.  A  particle  is  moving  in  a  smooth  yertical  circle  under  the  action  of 
^rayity :  the  time  of  description  of  a  yariable  arc  of  the  circle  being  supposed 
constant,  show  that  the  envelope  of  its  chord  is  another  circle. 

2.  Show  that  if  the  time  of  motion  from  P  to  Q  be  the  same  as  that  from 
the  highest  to  the  lowest  point  on  the  circle,  the  line  FQ  always  passes  through 
■a  fixed  point. 

3.  Two  particles  are  projected  from  the  same  point,  in  the  same  direction, 
4md  with  the  same  velocity,  but  at  different  instants,  in  a  smooth  circular  tube, 
of  smaU  bore,  whose  plane  is  vertical.  Prove  that  the  line  joining  them  always 
touches  a  circle. 

4.  In  the  same  case,  if  the  particles  be  projected  in  opposite  directions,  the 
•other  circumstances  being  unaltered,  prove  that  the  line  joining  their  positions 
always  touches  a  circle ;  and  find  when  the  circle  becomes  a  fixed  point. 

5.  A  particle  is  moving  in  a  vertical  circle  under  the  action  of  gravity.  If 
three  points  X,  Jf,  i\rbe  taken  on  the  circle,  find  a  fourth  point  P,  such  that  the 
time  of  motion  from  ^  to  P  shall  be  equal  to  that  from  Z  to  M, 

6.  In  the  same  case  find  P,  so  that  the  time  of  describing  iVT shall  be  double, 
<ar  any  given  multiple  of  that  of  describing  ZM, 

7.  A£  is  the  vertical  diameter  of  a  fine  circular  tube  in  which  move  three 
'equal  particles  P,  Q,  Q'  (modulus  of  restitution  =>  1  for  any  pair) ;  P  starts  from 
A,  and  Q,  Q',  in  opposite  senses  from  S  with  such  velocities  that  at  the  first 
impact  all  three  have  equal  velocities ;  prove  that  throughout  the  motion  the 
line  joining  any  pair  is  either  horizontal  or  passes  through  one  of  two  fixed 
fK)int8,  and  that  the  intervals  of  time  between  successive  impacts  are  all  equal. 

Comb.  Trip.f  1874. 

117.  Application  to  Elliptic  Fanctions. — Since  the 
time  of  description,  under  the  action  of  gravity,  of  any  arc  of  a 
vertical  circle,  is  expressible  by  a  definite  integral  of  the  form 


I 


v/l-A'sin»^' 


the  lesnlts  of  the  last  Article  have  important  applications  in 
the  theory  of  elliptic  functions.  For  example,  they  furnish 
us  with  simple  methods  for  the  addition,  subtraction,  and 
multiplication  of  such  functions,  depending  on  elementary 
properties  of  coaxal  circles.  This  connexion  was  first  pointed 
out  by  Jacobi  {Crelle^s  Journal^  1828 ;  Liouville^s  Journal, 
1845). 
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EXAHPLES. 

1.  Trove  that  the  time  of  descending  any  small  arc  terminated  at  the  lowest 
point  of  a  vertical  circle  is  to  the  time  down  its  chord  as  v :  4. 

2.  If  the  length  of  a  seconds  pendulum  be  39*14  inches ;  find  the  corre- 
sponding value  of  ^  to  two  places  of  decimals. 

3.  A  clock  loses  4  minutes  in  a  day ;  find  how  much  its  pendulum  should 
he  shortened  in  order  that  it  may  keep  correct  time.        Ana,  Its  riifth  part. 

4.  Assuming  the  length  L  in  inches  of  a  seconds  pendulum  at  the  latitude  A. 
to  be  given  by  &ie  formula 

Z  =  39-118 -^tf  cos  2a; 

find  the  ratio  of  the  difference  between  the  values  of  polar  and  equatorial  gravity* 
to  equatorial  gravity.  Ans.  xdhys* 

6.  Find  the  correction  in  the  time  of  vibration  of  a  circular  pendulum  when 
the  amplitude  of  the  vibration  is  30"*. 

6.  If  two  particles  be  connected  by  an  ineztensible  string,  and  if  one  be 
made  to  move  as  if  under  the  action  of  a  constant  force ;  prove  that  the  relative- 
motion  of  the  other  is  that  of  a  simple  pendulum. 

7.  A  series  of  smooth  circles  in  a  vertical  plane  have  a  common  highest 
point ;  a  particle  starting  at  this  point  slides  down  the  convex  side  of  each  circle  ; 
find  the  locus  of  the  point  where  the  particles  leave  the  circles. 

8.  A  mass  m,  after  sliding  down  the  inner  surface  of  a  smooth  hemispherical 
bowli  strikes  a  mass  m'  placed  at  the  lowest  point  of  the  bowl.  If  both  bodies 
be  perfectly  elastic,  find  the  heights  to  which  they  respectively  ascend  after 
coUiaion. 

9.  If  the  length  of  a  conical  pendulum  be  1  foot,  and  the  weight  attached 
to  its  extremity  be  1  lb. ;  find  approximately  the  tension  of  the  connecting  wire 
when  the  time  of  its  revolution  is  one  second.  Find  also  approximately  the- 
angle  which  the  revolving  wire  makes  with  the  vertical  spindle. 

An$,  Tensions — lb.;  oos^=-^. 

ff  4ir* 

10.  Investigate  the  motion  of  a  cydoidal  pendulum  when  acted  on  by  a 

constant  force/,  always  in  a  direction  opposite  to  that  of  its  motion,  in  addition. 

to  the  force  of  gravity. 

d^t      g 
Here  the  equation  of  motion  is         -n^  +  ^  «  »/» 
^  dv     ^ 

and  we  get,  by  Art.  110,       t=— ^  +«ooBJ^t  +  (ftanJ-^t, 
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14  when    ^=3  0,    *=«*    and    —  =  0,    we  get 

at 

•-T*('-TO-Ji''-i-('-TOJi^J£'- 

This  Tanishes  when  J— <  =  v ;  accordingly  the  time  of  an  oscillation  is  »a/—  ; 
the  same  as  when  imresisted. 

11.  A  beayy  particle  is  connected  hy  an  inextensible  string,  3  feet  long^ 
to  a  fixed  iK>int,  and  describes  a  circle  in  a  vertical  plane  about  that  pointy 
nuAJTig  600  reyolutions  per  minute ;  find,  approximately,  the  ratios  of  the  ten- 
sbns  of  the  string  when  the  particle  is  at  the  highest  and  lowest  points,  and 
when  the  string  is  horizontal. 

12.  A  body  hangs  freely  from  a  fixed  point  by  an  inextensible  string  2  feet 
in  length.  It  is  projected  in  a  horizontal  direction  with  a  yelocity  of  20  feet 
per  second.  Compare  the  tensions  at  the  highest  and  lowest  points  of  the  circle 
which  is  described,  assuming  g  =  32.  Ana,  29 :  5. 

13.  Show  that  the  time  of  a  small  oscillation  of  a  pendulum  which  yibratea 
in  the  air  is  unaffected  by  its  resistance. 

The  resistance  is  usually  assumed  to  vary  as  the  square  of  the  yelocity.    It 

—  J  ,  where /u is  ayery 
small  fraction;  hence  in  this  case  the  equation  of  motion  may  be  written 


S-?-(S} 


7  ■ 

Since  ik  is  small,  as  also  •--,  we  get  as  a  first  approximation  9  3  a  cos  w  7  <, 

--I  ,  in  accordance  with  th& 
method  of  successiye  approximations,  the  differential  equation  becomes 

g.?.-^f.in.(4)  =}/-,.(!- CO.  2.  Jf). 

d0 
The  integral  of  this,  subject  to  the  condition  that  0  »  a,  and  -jr^^f  when 

««0,  is 

«=}/«»+  (a  -  ifia^)  COS  <^|+ JaVco82<^j  • 
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Also  g=-JfBin<Jf(«-t/«i»  +  iM«'co8<Ji). 

Hence,  since  ^  =  0  at  the  end  of  one  yibration,  if  Tbe  the  conesponding 

Talue  of  t,  we  have  ainTJjas  0,  or  T=  irJ-.  Accordingly,  the  duration  of 
the  oscillation  is  not  affected  by  the  resistance.  Also,  since  we  have  in  this 
•case,  cos  t  J-  =  —  1,  the  corresponding  value  of  ^  is  —  (a—ifia^) ;  accordingly 

the  resistance  of  the  air  reduces  the  amplitude  of  the  oscillation  by  ifia^.  The 
tsuccessiye  angles  of  osciUation  diminish  according  to  the  same  law,  but  the  time 
•of  oscillation  remains  the  same  for  each. 


(    125    ) 


CHAPTER  VI. 

WORK    AND    EKBRGY. 

118.  ^Work. — In  all  oases  where  force  is  employed  in  over* 
ooming  resistance  so  as  to  produce  motion,  work  is  said  to  be 
performed.  Hence  the  conception  of  work  involves  both 
motion  and  resistance ;  and  therefore  a  corresponding  effort 
or  force  to  overcome  the  resistance.  In  general,  work  may 
be  defined  as  the  act  of  producing  &  change  in  the  configu* 
ration  of  a  system  in  opposition  to  forces  which  resist  that 
change.  We  proceed  to  consider  how  the  amount  of  work 
performed  in  any  case  is  to  be  estimated. 

119.  Measure  of  'Work. — The  simplest  idea  of  work 
is  derived  from  raising  a  weight  through  a  vertical  height; 
in  which  case  the  attracting  force  of  the  Earth  is  the  resistance 
overcome.  The  amount  of  work  in  such  cases  evidently  in- 
creases in  proportion  to  the  weight  of  the  body  raised  and  to 
the  height  to  which  it  is  raised.  For  example,  the  work  done 
in  raising  one  ton  through  a  height  of  10  feet  is  ten  times 
that  of  raising  it  one  foot,  or  twenty  times  that  of  raising  one 
cwt.  through  10  feet ;  and  so  on  in  all  cases.  Hence  it  is 
readily  seen  that  the  work  performed  in  such  cases  is  measured 
by  the  product  of  the  weight  into  the  height^  i.e.  by  Wh^  where 
IF  represents  the  number  of  imits  in  the  weight,  and  h  that 
in  the  height. 

In  general,  if  we  confine  our  attention  to  a  single  point 
which  is  moved  in  direct  opposition  to  a  constant  resisting 
force,  the  work  done  is  estimated  by  the  product  of  the  force 
and  the  distance  through  which  the  point  is  moved,  i.e.  by  Ppy 
where  P  represents  the  force,  which  overcomes  the  equal  and 
opposite  resisting  force,  and  p  the  distance  passed  over. 

120.  OraTitatloii  Unit  of  'Work. — From  the  ordi- 
nary units  adopted  in  this  country  we  derive  the  unit  of 
work  called  2k  foot-pound^  i.e.  the  work  performed  in  raising 
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one  pound  through  one  foot  in  height.  This  is  the  unit 
usuaUy  adopted  in  practical  local  application  of  work,  and  is 
<}alled  the  Gravitation  Unit  of  Work  (Art.  65).  The  oorro- 
«ponding  unit  in  the  metric  system  is  called  the  kilogram^ 
metrej  or  kgm.  That  is  the  work  of  raising  a  kilogramxoe 
through  the  height  of  a  metre.  A  kilogrammetre  is  7*233 
foot-pounds.  The  unit  of  work  in  this  system  varies  slightly 
from  place  to  place  with  the  value  of  g^  and  this  should  be 
Temembered  if  numerical  or  scientific  accuracy  were  required 
<Art.  39). 

121.  Absolute  Unit  of  IV'ork. — ^In  the  absolute  sys- 
tem the  unit  of  resistance  is  that  already  adopted  (Art.  64) 
as  the  unit  of  force.  Thus,  if  we  take  a  poundal  as  the  unit 
of  force,  the  corresponding  unit  of  work  is  that  done  by  a 
poimdal  acting  through  a  foot.  This  is  sometimes  called  the 
foot-poundal.  It  is  obvious  that  a  foot-pound  is  g  times  a 
f oot-poundal :  accordingly,  any  result  in  the  former  system  is 
xeducible  to  the  latter  at  any  place  by  multiplying  by  the 
corresponding  value  of  g. 

Again,  adopting  the  definition  of  a  dyne  given  in  Art.  64, 
the  tpork  done  by  a  dyne  in  working  through  a  centimetre^ia 
-called  an  erg  ;  and  a  foot-poundal  is  421,394  ergs. 

In  such  measurements  as  are  required  in  electrical  and 
magnetic  investigations,  the  absolute  imit  of  work  is  always 
adopted,  and  the  erg  is  the  unit  usually  employed. 

122.  Horse-power. — ^Although  in  oiir  definition  of 
work  we  have  taken  no  account  oi  the  time  occupied  in  its 
performance,  yet  time  becomes  a  necessary  element  when  we 
come  to  compare  the  efficiency  of  different  agents.  For  in- 
stance, if  one  agent  working  uniformly  performs  an  amount 
of  work  in  one  hour  which  it  requires  another  5  hours  to 
accomplish,  the  former  is  said  to  be  five  times  as  efficient. 
In  comparing  the  work  done  by  a  steam-engine  or  other 
agent  we  usually  adopt  as  our  unit  the  horse-power  defined 
by  Watt. 

Thus  an  engine  is  said  to  be  of  one-horse-power  when  it 
is  capable  of  performing  33,000  foot-pounds  of  work  in  one 
minute  of  time,  or  550  loot-poimds  in  one  second,  and  so  on 
in  proportion. 
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Continental  writers  employ  horse-power  as  75  kgm.,  that 
is,  542*475  foot-pounds,  per  second. 

123.  Again,  the  work  performed  in  raising  a  body  of 
weight  W  to  any  height  h  is  the  same  whether  the  body 
be  raised  Tertioally  np  or  brought  up  by  any  other  course. 
The  whole  work  is  still  represented  by  Wh^  where  h  is  the  space 
through  which  the  weight  has  been  moved,  estimated  in  the 
YerticdL  direction,  »•  e.  in  that  in  which  the  resistance  of 
gravity  acts.  And,  generally,  the  work  done  by  any  uniform 
effort  or  f  oroe,  acting  in  a  constant  direction  against  an  equal 
and  opposite  force  P,  is  measured  by  the  product  of  the  force 
into  the  space  through  which  its  point  of  application  is  moved, 
estimated  in  the  direction  in  which  the  force  acts. 

Thus,  if  a  force  P  be  supposed  to  act  at  u4,  and  to  move  its 
point  of  application  to  B ;  then  if  BM  be  _ 

drawn  perpendicular  to  -4P,  the  work 
done  is  estimated  by  Pj»,  or  by  P  A« .  cos  ©, 


where i)  =  AMj  As  =  -4i?,  and  Q  =  lBAM.  A     M 

The  work  done  is,  therefore,  regarded  as  positive  or 
negative  according  as  the  angle  fl,  which  the  direction  of  the 
force  makes  with  that  of  the  motion,  is  acute  or  obtuse. 

If  0  =  iir,  the  direction  of  the  motion  is  perpendicular  to 
that  of  the  force,  and  the  work  done  is  zero. 

If  two  or  more  forces  act  on  a  system,  the  whole  work 
done  is  the  sum  of  the  works  done  by  each  force  separately. 

If  any  number  of  forces  be  in  equilibrium,  it  can  oe  readily 
seen  that  the  total  work  done  by  them  for  any  small  dis- 
placement is  zero :  from  this  the  statical  principle  of  virtual 
velocities  can  be  immediately  deduced. 

EZAMPLBS. 

1.  Proye  that  the  whole  work  done  in  raising  a  system  of  heavy  bodies,  each 
through  a  different  height,  is  the  same  as  that  of  raising  their  entire  weight 
through  a  height  equal  to  tiiat  through  which  their  centre  of  inertia  is  raised. 

2.  Find  the  work  performed  in  moying  a  ton  along  100  yards  on  a  uniformly 
rough  horizontal  road,  the  coefficient  of  hiction  being  ^, 

Am,  67,200  foot-pounds. 

3.  Show  that  the  same  work  is  expended  in  drawing  a  body  up  an  inclined 
phme,  subject  to  friction,  as  would  be  expended  upon  drawing  it  first  along  the 
hase  of  the  plane  (supposing  the  coefficient  of  friction  the  same),  and  then  raising 
it  up  the  height  of  the  plane. 
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4.  What  time  will  10  men  take  to  pump  tiie  hold  of  a  ship  which  contains 
30,000  cubic  feet  of  water;  the  centre  of  inertia  of  the  water  being  li  feet 
below  the  point  of  discharge,  and  each  man  being  supposed  to  perform  1500  foot* 
pounds  per  minute ;  assuming  the  weight  of  a  cubic  foot  of  water  to  be  62^  lbs.  ? 

Ans,  29  brs.  10  mins. 

124.  IMTork  done  by  a  ITarlable  Force. — If  the  force 
be  not  oonstant,  we  may  suppose  the  path  described  by  its 
point  of  application  divided  into  portions  so  small  that  for 
each  the  force  may  be  considered  constant.  Hence,  for  the 
displacement  da  of  its  point  of  application,  Pda  is  the  corre- 
sponding element  ofwork^  and  the  total  work  in  moving  through 

any  space  s  is  represented  by  the  definite  integral    Pda. 

If  the  direction  of  P  makes  an  angle  9  with  e^,  the  cor- 
responding element  of  work  is  P  cos  Ods^  and  the  total  work 
is  represented  by 


1 


» 

PooBOds. 


Again,  let  Xj  y,  2,  be  at  any  instant  the  coordinates  of  the 
point  of  application  of  the  force  P,  referred  to  a  system  of 
rectangular  axes ;  and  let  X,  F,  Z,  be  the  components  of  P 
parallel  to  the  coordinate  axes  respectively ;  then  we  have 

P(iO80d8  =  Xdx  +  Ydp  +  Zd%. 

Hence  the  total  work  done  by  P  in  moving  its  point  of 
application  from  one  point  to  another  is  represented  by 


\' 


(Xdx  +  Ydy  +  Zdz) 


taken  between  the  two  points. 

If  the  expression  Xdx  +  Tdy  +  Zdz  be  an  exact  diffe- 
rential, t.  e.  if 

Xdx  +  Tdy  +  Zdz  =  rfw, 

where  t«  is  a  function  of  Xy  y,  ^,  then  the  integral 

[{Xdx  +  Ydy  +  Zdz), 

taken  between  any  two  points,  is  a  function  of  the  coordinates 
of  those  points ;  and  the  work  done  is  accordingly  a  function 


a 
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of  the  exfareme  coordinates  solely.  When  this  is  so,  the 
matual  forces  between  the  parts  of  a  system  always  perform 
or  always  consume  the  same  amount  of  work  during  any 
motion  whatever  by  which  it  can  pass  from  the  one  particular 
configuration  to  the  other;  hence  such  a  system  is  called  a 
conservative  system  of  forces.  In  general,  for  any  system  of 
foroes  acting  at  different  points,  the  total  work  W  done  for 
any  finite  displacements  is  represented  by 

Tr=  ^Pdp  =  ^\iXdx  +  Ydy  +  Zdz),  (1) 

where  the  sunmiation  extends  to  all  the  forces  of  the  system. 
125.  Forces  directed  to  Fixed  Centres.    Potential. 

—If  the  force  -P  be  directed  to  a  fixed  centre,  and  if  r  be  the 
distance  of  its  point  of  application  from  the  centre,  then  the 
oorresponding  element  of  work  is  represented  by  Fdr;  and 
the  total  work,  when  the  point  is  moved  from  a  distance  /  to 

distance  r",  is  represented  by    ^  Fdr. 

If  -P  be  a  function  of  r  represented  by  fiji^r),  tiien  the 
value  of  this  integral  wiU  be 

In  the  law  of  attraction  which  holds  in  nature  we  have 

1^=  -  -^ ;  and  the  expression  /a(  -??  — 7]  represents  the 
f*  \r       r ) 

spending  work  in  moving  a  unit  of  mass  from  the  distance 

r  to  the  distance  r'\    Hence  the  work  done  in  the  motion 

of  a  unit  mass  from  an  infinite  distance  to  the  distance  r  is 

represented  by  -. 

T 

The  function  S  —  in  the  case  of  the  ordinary  law  of  gravi- 

T 

tation  is  called  the  potential  of  the  system  of  attracting 

masses.     This  potential  function  is  usually  represented  by 

F;  and  if  dm  be  the  element  of  attracting  mass,  and  r  its 

distance  from  a  point  P,  then  F*,  the  potential  at  P,  is 

denoted  by  _      dm 

r^^-^  (2) 

extended  through  all  points  in  the  attracting  system. 

K 


corre- 
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Again,  if  a  number  of  foroes  JP,  jP',  F\  &o.,  be  directed 
to  fixed  centres,  and  if  r,  /,  /\  &o.,  be  the  corresponding 
distances,  then  the  total  work  is  represented  by 

IFdr  +  IFd/  +  i^'dr"  +  &c., 

taken  between  the  limiting  positions. 

If  the  forces  be  each  a  known  function  of  the  distance 
from  the  corresponding  centre  of  force,  the  result  can,  in  ge- 
neral, be  immediately  integrated,  and  the  work  is  a  function 
of  the  initial  and  final  positions  of  the  points  of  application 
solely.  Consequently  such  a  system  of  forces  is  always  a 
conservatiye  system. 

Example. 
If  mt  m'  be  the  masses  of  two  particles  attractixig  each  oiher  with  a  foroe 

^  --^y  where  r  is  their  distance  apart,  show  that  the  work  done  when  they  haye 
moyed  from  an  infinite  distance  apart  to  the  distance  r  is  /* 


r 

126.  Potential  of  an  Attracting  Spberlcal  Mass. — 

If  each  element  of  the  surface  of  a  sphere  he  divided  by  its 
distance  from  an  external  point,  and  the  sum  taken  over  the 
entire  surface,  this  sum  is  readily  shown  by  elementary 
integration  to  be  equal  to 

8 

where  8  is  the  whole  surface  of  the  sphere,  and  R  the  distance 
from  its  centre  to  the  external  point. 

Hence,  if  a  mass  m  be  uniformly  spread  over  the  surface 
of  the  sphere  8^  we  have 

S^  =  5.  (3) 


r 


R' 


From  this  it  follows  at  once  that  in  a  solid  sphere  of  mass 
My  for  which  the  density  is  constant  through  each  concentrio 
couchCj  we  have 

That  is,  the  potential  is  the  same  as  if  the  whole  mass 
were  concentrated  at  the  centre  of  the  sphere. 

Consequently  the  work  done  by  an  attracting  sphere  M^ 
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in  moYing  a  Tmit  of  mass  from  the  distance  JR^  to  the  distance 
i2,  measured  from  the  centre,  is 


'^-'^l^-i]'  <^) 


It  may  be  remarked  that  it  can  be  readily  seen  from  (4) 
that  a  homogeneous  sphere  attracts  an  external  mass  as  if 
the  whole  mass  of  the  sphere  were  concentrated  at  its  centre. 
127.  ^ITork  done  by  a  Stress. — ^If  two  equal  and  oppo- 
site forces,  each  represented 
by  JP,  act  respectively  at  the 
pointe  A  and  B^  along  the 
line  connecting  these  points, 
to  find  the  element  of  work 

for  a  small  displacement.  Suppose  A'  aud  JB'  to  be  the  new 
positions  for  an  indefinitely  small  displacement,  and  let  fall 
the  perpendiculars  A'M  and  JB'iV  on  the  line  AB ;  then  the 
elements  of  work  are  represented  by  F.  AM  and  F.  BN. 
Hence  their  sum  is  F{AM-^BN)  =  FiA'B"  -  AB),  or  FAs, 
where  As  denotes  the  indefinitely  small  change  in  the  distance 
between  the  points  of  application  of  the  forces. 

Hence,  if  the  points  A  and  B  be  rigidly  connected,  as  the 
distance  AB  is  invariable,  the  total  work  done  by  the  forces 
for  any  displacement  is  zero. 

Also  the  point  of  application  of  a  force  maybe  transferred 
from  any  one  point  to  any  other  on  its  line  of  action  without 
altering  the  work  done,  provided  the  distance  between  the 
two  points  is  invariable. 

The  pair  of  equal  and  opposite  forces  that  two  bodies 
exert  on  one  another  in  accordance  with  the  general  prin- 
ciple of  action  and  reaction  is  called  in  modem  treatises  a 
stress.  "When  the  forces  act  away  from  each  other,  as  in  the 
figure,  the  stress  is  called  a  tension;  when  they  act  towards 
each  other  it  is  called  a  pressure. 

Hence  the  work  done  by  a  stress  is  positive  or  negative 
according  as  the  change  of  distance  between  the  points  of 
application  is  in  the  direction  of  the  mutual  action  of  the 
forces  or  in  the  opposite  direction. 

Also  in  the  case  of  a  rigid  body  it  follows  that  the  total 
work  done  by  the  internal  forces  of  stress  is  always  zero* 

k2 
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128.  Body  with  a  Fixed  Axis.— To  find  the  work 
done  by  a  force  acting  on  a  rigid  body  which  is  capable  of 
turning  round  a  fixed  axis. 

Suppose  the  force  jB  resolved  into  two  components — one 
parallel,  the  other  perpendicular  to  the 
fixed  axis.     The  former  does  no  work, 
since  it  is  perpendicular  to  the  direction 
of  motion  of  every  point  in  the  body. 

Let  the  latter  component  be  repre- 
sented by  P,  and  suppose  it  to  act  in  the 
plane  of  the  paper ;  the  fixed  axis  being 

Eerpendicular  to  that  plane,  and  meeting  it  in  the  point  O^ 
let  N  be  the  foot  of  the  perpendicular  drawn  from  0  to  the 
line  of  action  of  P ;  then  by  the  last  Article  we  may  take  iV'as 
the  point  of  application  of  P. 

Suppose  now  the  body  to  receive  a  small  angular  displace- 
ment A0  round  the  fixed  axis  in  the  direction  of  the  arrow; 
then,  if  ON  -p^  the  displacement  of  N  wiU  be  j»Afl,  and  the 
corresponding  element  of  work  is  Pp^O^  or  A0  multiplied 
by  the  moment  of  the  force  It  with  respect  to  the  fixed  axis. 
Again,  if  we  suppose  a  pair  of  equal,  parallel,  and  opposite 
forces  to  act  on  the  rigid  body  ;  then,  provided  the  plane  of 
the  pair  is  perpendicular  to  the  fixed  axis,  the  work  done  by 
the  pair  is  evidently,  from  what  precedes,  represented  by  the 
moment  of  the  pair  multiplied  by  the  small  angle  of  rotation. 
And  if  the  pair  continue  to  act  on  the  body,  the  work  done  by 
it  during  any  rotation  is  represented  by  the  product  of  the 
moment  of  the  pair  by  the  angle,  in  circidar  measure,  through 
which  the  body  has  rotated. 

Example* 

A  pivot  or  screw  turns  round  a  central  axis  and  presses  against  a  rough 

plane  ;  find  an  expression  for  the  work  expended  on  the  friction  which  acts  oa 

the  circular  end  of  the  pivot  in  one  revolution  round  its  axis. 

Let  Q  denote  the  entire  normal  pressure  between  the  pivot  and  the  plane, 

/4  the  coefficient  of  friction,  supposed  constant,  a  the  radius  of  the  end  of  the 

pivot.    This  end  may  be  regarded  as  consisting  of  an  indefinitely  great  number 

of  concentric  circular  rings.     If  r  be  the  radius  of  one  of  the  rings,  dr  its 

.  breadth,  then  the  area  of  the  ring  is  2nrdr,  and  the  corresponding  friction, 

2ttQ 
taken  over  .the  entire  ring,  is  represented  by — ^rdr.   Hence  the  corresponding: 

u 
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vark  f<»  one  revolution  is  — -r-r^dr.    Integrating,  we  get  firitQa  for  the  en- 

tire  work  expended.     In  this  investigation  the  normal  pressure  Q  has  been  sup- 
posed to  be  uniformly  distributed  over  the  end  of  the  pivot. 

129.  Knergy. — ^Energy  is  the  capacity  of  doing  work. 
For  instance,  a  spring  when  bent  by  pressure  contains  a  cer- 
tain amount  of  energy  stored  up  in  it;  thus  the  mainspring 
of  a  watcli,  by  the  energy  which  it  possesses,  maintains  the 
motions  of  the  works  imtil  that  energy  has  been  expended. 
Again,  a  qufiintity  of  air,  when  compressed  into  a  smaller 
volume,  possesses  energy,  and  can  perform  work  when 
occasion  requires;  for  example,  in  projecting  a  buUet  from 
an  air-gun.  Also  a  raised  weight  is  capable  of  doing  work, 
and  is  therefore  said  to  possess  energy.  For  instance,  the 
motion  of  a  clock  is  maintained  by  the  energy  of  its  descend- 
ing weights.  The  energy  of  a  weight  JF  raised  to  a  height  h 
above  the  ground  is  measured  by  TFX,  that  is,  by  the  work  it 
is  capable  of  performing  by  its  descent  to  the  ground.  In 
general,  when  the  configuration  of  a  system  is  altered,  it  has 
a  tendency  to  return  to  its  former  state,  and  in  effecting  this 
return  is  capable  of  doing  a  certain  amount  of  work.  This 
capacity  of  doing  work,  arising  from  change  of  configuration 
or  of  relative  position  in  a  system,  is  called  potential  energy  ; 
the  work  employed  in  producing  this  change  being  in  a  sense 
accumulated.  For  example,  if  two  bodies  which  attract  one 
another  are  separated,  they  have  a  tendency  to  rush  together, 
and  in  so  doing  are  capable  of  overcoming  a  certain  amount 
of  resistance. 

Again,  a  body  in  motion  possesses  a  certain  amount  of 
energy  which  is  measured  by  the  work  it  is  capable  of  per- 
forming before  being;  brought  to  rest.  This  latter  is  called 
the  Kinetic  energy  of  the  body.  We  proceed  to  consider  how 
its  amount  is  measured. 

130.  Measure  of  Hinetle  Energy. — The  measure  of 
the  kinetic  energy  of  the  mass  m  moving,  without  rotation, 
^th  the  velocity  t?,  is  easily  found.  For,  suppose  the  mass 
acted  on  by  a  uniform  resistance  R  in  the  direction  of  its 
motion,  and  let  R  =  mf\  then,  if  t?  be  the  initial  velocity 
and  B  the  space  described  before  coming  to  rest,  we  have,  by 
Alt.  37,  t'^2f8;  hence  iwt?"  =  Rs. 
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Aooordingly,  the  work  whicli  a  mass  m  moving  with  the 
velocity  v  is  capable  of  performing  before  being  brought  to 
rest  is  ^  m^.  Hence  its  kinetic  energy  is  equal  to  half  its  vis 
vivtty  and  is  represented  by  ^mt^. 

Examples. 

1.  A  train  of  60  tons,  moving  at  the  rate  of  15  miles  an  hour  on  a  horizontal 
railway,  runs,  when  the  steam  is  shut  off  and  the  breaks  applied,  through  a 
quarter  of  a  mile  before  stopping.  Find  in  lbs.  the  mean  resistance,  and  its 
time  of  action.  Ana,  770  lbs.;  2  minutes, 

2.  The  breadth  of  a  river  at  a  certain  place  is  100  yards,  its  mean  depth  is 
8  feet,  and  its  mean  velocity  3  miles  an  hour.  Calculate  its  horse-power,  as- 
suming a  cubic  foot  of  water  to  weigh  62^  lbs. 

Here  the  quantity  of  water  which  passes  per  minute  is  633,600  cubic  feet  ; 
and  the  required  answer  is  easily  seen  to  be  363  horse-power. 

3.  A  shot  of  1000  lbs.,  moving  at  1600  feet  per  second,  strikes  a  fixed  target. 
How  far  will  the  shot  penetrate,  the  target  exerting  on  it  an  average  pressui-e 
equal  to  the  weight  of  12,000  tons?  Am.  l\  ft.,  approximately. 

4.  Determine  in  ergs  the  kinetic  energy  of  a  mass  of  one  himdred  pounds 
moving  with  a  velocity  of  one  foot  per  minute.  Ana.  5853. 

^  5.  A  heavy  particle  restmg  on  a  rough  inclined  plane,  and  attached  by  a 
string  to  a  fixed  point  on  the  plane,  is  projected  from  the  lowest  point  of  the 
circle  in  which  it  moves  in  the  direction  of  the  tangent,  (a)  Find  the  velocity 
necessary  to  cairy  the  string  to  a  horizontal  position;  (h)  If  the  particle 
descending  from  this  position  reach  the  lowest  point  and  remain  there,  deter* 
mine  the  coefficient  of  friction. 

6.  A  ball  moving  with  a  velocity  of  1000  feet  per  second  has  its  velocity 
reduced  by  100  feet  in  passing  through  a  plank.  Through  how  many  such 
planks  would  it  pass  before  being  stopped ;  assuming  the  same  amount  of  work 
to  be  performed  in  overcoming  the  resistance  of  each  plank  ?  Ana.  6^. 

131.  Energy  due  to  a  Tariable   Force. — If  a  ya« 

liable  force  F  act  at  the  centre  of  inertia  of  a  mass  m^  in 
the  direction  of  its  motion,  we  have,  by  Art.  68, 

-,        dv         dv 
dt  ds 

or  Fd8^mf)dv\ 

accordingly,  if  Vq  and  V\  be  the  initial  and  final  yelooitiea 
of  m^  we  have 


iw(ri'-ro»)=|Vrfa.  (6) 
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IVom  this  we  infer  that  if  a  variable  force  F  act  on  a 
mass  my  in  the  direction  of  its  motion,  the  work  done  by  it  is 
measured  by  half  the  corresponding  change  in  the  vk  viva  of 
the  moving  body,  or  by  the  change  in  its  kinetic  energy. 

In  general,  let  X,  F,  Zy  as  before,  denote  the  components, 
parallel  to  the  axes  of  Xy  y,  2,  of  the  force  acting  on  the  mass 
m ;  then,  by  Art.  68,  we  have 

Multiply  the  first  by  dx^  the  second  by  dy^  and  the  third 
by  dz^  and  add ;  then 

Xdx+  Tdy  +  Zdz  =  ^(3^^  +  ^^^ +  ^  ^«  ) 

Hence,  if  Fo  and  Vi  be  the  initial  and  final  velocities, 

im(Fi»  -  FoO  'Uxdx  +  Tdy  +  Zdz),         (7) 

the  integral  being  taken  from  the  initial  to  the  final  position 
of  the  oentre  of  inertia  of  m.  Hence  we  infer  that  in  this  case 
also  the  work  done  by  the  forces  during  any  motion  is  measured 
by  half  the  change  in  the  kinetic  energy  of  the  moving  mass. 

If  after  the  lapse  of  any  time  the  velocity  of  m  become 
equal  to  its  original  value,  the  work  done  in  that  interval  by 
the  forces  which  accelerate  the  motion  is  equal  to  that  done 
by  the  forces  which  retard  it. 

In  the  case  of  a  central  force,  represented,  as  in  Art.  125, 
by  /u^^(r),  we  readily  obtain  the  equation 

im(i;«-O-;i{*(r)-«(r0),  (8) 

where  if  denotes  the  velocity  at  the  distance  /  from  the  oentre 
of  force.    For  the  law  of  nature,  this  becomes 

im(t;«-f^)»iu(F-FO,  (9) 

where  F  and  V[  are  the  potentiab  of  the  attraction  at  the 
distances  r  and  /,  respectively. 
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Again,  in  any  oonservative  system  of  forces  the  change  in 
the  kinetic  energy  of  the  motion  under  the  action  of  the  forces, 
from  any  one  point  to  any  other,  is  a  function  of  the  coordi- 
nates of  the  points,  and  is  independent  of  the  path  described. 

132.  XSqaatlon  of  £nergy. — In  general,  if  we  suppose 
any  free  rigid  body  acted  on  by  external  forces,  then  the 
total  work  done  by  the  external  forces  during  any  time  is 
equal  to  the  corresponding  change  of  the  kinetic  energy  of 
the  body. 

For  each  particle  of  the  body  moves  in  the  same  manner 
as  if  it  were  free  and  acted  on  by  forces  equal  to  those 
which  result  from  its  connexion  with  the  other  particles. 
Hence,  by  what  precedes,  the  change  in  the  kinetic  energy 
of  the  particle  is  equal  to  the  work  done  on  it  by  the  external 
forces,  together  with  the  work  due  to  the  stresses  which  arise 
from  the  action  of  the  other  particles  of  the  body  on  it. 
Accordingly,  the  total  change  in  the  kinetic  energy  of  the 
rigid  body  in  any  time  is  measured  by  the  work  done  by  the 
external  forces  in  that  time ;  since,  by  Art.  127,  the  internal 
stresses  in  this  case  do  no  work,  and  equation  (7)  may  be 
written  in  the  generalized  form 

i  Sm  (f  -  f?o*)  =  S|(X(fe  +  Tdy  +  Zdz),         (10) 

taken  between  proper  limits,  in  which  the  sign  of  summation, 
2,  is  extended  to  each  element  in  the  body. 

EXODPLES. 

1.  A  locomotive  of  10  tons,  setting  out  from  rest,  acquires  a  Telocity  of 
20  miles  an  hour  on  a  horizontal  railway,  after  running  through  a  mile  under 
the  action  of  a  constant  pressure.  Calculate  in  pounds  the  dinerence  between 
the  moving  and  retarding  forces,  approximately.  Ana*,  67. 

2.  A  60  lb.  ball,  after  traversing  the  barrel  of  a  gun  of  6  feet  length,  leaves 
it  with  a  velocity  of  600  feet  per  second.  Find  approximately  the  difference 
between  the  mean  explosive  force  of  the  powder  and  mean  resistance  which  acts 
on  it.  Ana,  39062*6  lbs. 

^  3*  A  uniform  block  of  given  dimensions  stands,  with  one  face  perpendicular 
to  the  direction  of  motion,  on  a  railway  truck,  which  is  suddenly  stopped.  If 
the  block  be  prevented  sliding  upon  the  truck,  determine  the  speed  of  the  train 
so  that  the  block  shall  be  just  overturned. 

Here  the  kinetic  energy  of  the  block  is  expended  in  raising  its  centre  of 
gravity  until  it  is  vertically  over  the  edge  round  which  the  block  turns.  Accord- 
ingly, if  a  be  the  height  of  the  block,  and  h  the  length  of  its  edge  which  lies  in 
the  direction  of  motion,  the  required  velocity  v  is  given  by  the  equation 
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4.  A  catapiilt  is  formed  by  fixing  the  ends  of  an  elastic  string  (natural  length 
2Q  at  points  ^  and  A.\  at  a  short  distance  apart  on  a  horizontal  plane.  A  bullet 
placed  at  the  middle  point  of  the  string  is  drawn  back  at  right  angles  to  AA' 
(stretched  length  =  2^),  and  let  go  when  the  string  is  on  the  point  of  breaking. 
FroYe  that  the  velocity  V  of  the  bullet  when  it  leaves  the  string  is  independent 
•of  the  distance  ^^',  and  is  to  the  velocity  V  it  would  have  acquired  in  falling 
through  the  Tertical  space  V  ^lin  the  sub-duplicate  ratio  of  the  greatest  strain 
W  the  string  can  bear  to  the  weight  W  of  the  bullet.  Mr.  Whitworth,  Educ, 
Times. 

Let  V  be  the  velocity  of  the  bullet,  and  2r  the  length  of  the  string  at  any 
instant  during  the  motion;  then  adopting  Hooke's  law,  that  the  tension  of 
the  string  yaries  directly  as  its  extension,  &e  equation  of  work  becomes 


g  ii  I  —I 
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or  WV^  =  2^ (r -  0  W=  W'T\ 

6.  The  following  extension  of  the  last  question  is  given  by  Mr.  Townsend. 
If  in  place  of  a  single  cord  there  be  n  uniform  cords,  of  the  common  unextended 
length  2/,  attached  to  as  many  pairs  of  diametrically  opposite  points  on  the  cir- 
•cumference  of  a  fixed  circle,  and  all  drawing  the  buUet  along  the  axis  of  the  cone 
of  which  the  circle  is  the  base,  and  the  bullet  at  the  vertex ;  then  we  shall  have 

wv^  =  2»^?r  (r-  0  =  w*v'\ 

•where  y  is  the  velocity  due  to  the  height  n  {V  -  I). 

133.  Energy  of  Rotation. — To  find  the  kinetic  energy 
of  a  rigid  body  revolving  round  a  fixed  axis  with  an  angtdar 
Telocity  (i>. 

Let  p  be  the  distance  from  the  fixed  axis  of  any  element 
dm  of  the  body ;  then  put  will  be  the  velocity  of  rfm,  and 
Accordingly  the  entire  vis  viva  of  the  body 

^^dm  =  w'  ^p^dm  =  w%  (11) 

where  I  represents  the  moment  of  inertia  of  the  rigid  body 
relative  to  the  fixed  axis  {Int.  Calc,  Art.  196).  Thus  the 
kinetic  energy  required  is  i/oi*. 

Examples. 

,  1.  The  rim  of  a  fly-wheel,  sp.  gr.  7*26,  performing  6  revolutions  per 
ininute,  is  6  inches  thick,  and  its  inner  and  outer  radii  are  4  and  6  feet  respec- 
"^▼ely;  calculate  its  kinetic  energy  in  foot-pounds. 

Here  m  »  -r,  and  Jf,  the  mass  of  the  fly-wheel  =  7*25  x  )  x  62} .  ir .  Ihs. 
5 

Also  (Int.  Cale.,  Art.  201),  /»  jr(V) ;  heuae  the  required  answer  is  805  foot- 
pounds, approximately* 
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2.  A  rod  of  uniform  density  can  turn  freely  round  one  end ;  it  is  let  fall 
from  a  horizontal  position ;  find  its  angular  yelocity  when  it  is  passing  througb 

the  vertical  position.  Ans.     /_£,  ^here  a  is  the  length  of  the  rod. 

r  3.  Two  masses  M  and  M'  are  connected  as  in  Atwood's  machine  (Art.  78) ; 
find  the  acceleration  when  the  mass  /i  of  the  revolving  pulley  is  tfiken  into* 
account.  If  v  be  the  common  velocity  of  M  and  M'  at  any  instant,  and  ftjfi  the- 
moment  of  inertia  of  the  pulley;  then  the  entire  vis  viva  of  the  system  is  repre- 
sented by  (Jf  +  M')  t»2  +  /AJt2««. 

Hence,  if  2  be  the  distance  fallen  through  from  rest,  we  have 

(if  +  Jf')  »2  +  ^««  =  2y  (if  -  M')  z. 
Also  0  =  av ; 

.-.  v»  [{M-\-  M')  a«  +  /xk^}  =  2ga^  (if  -  if')  g. 

dv        dv 
Again,  the  acceleration  /=  37  =  <*  "3-  J 

»t         az 

therefore  /=     ^"'(^-^f) 


(if  +  if ')  a2  +  AtJfc* 


a« 


If  the  pulley  be  supposed  a  homogeneous  cylinder,  ^^  --r-i  and /becomes  ; 


4.  Find  in  the  same  case  the  tensions  of  the  strings. 


„       2if'a»4-M*'  ^        2Ma^  +  uJ(^ 


For  a  homogeneous  pulley  these  become 

_4Jr+^;__  4if+/t 

^2(if+if')  +  /t'  ^2(if  +  if')  +  /** 

5.  A  homogeneous  cylinder,  of  weight  TF*,  is  rotating  round  its  axis,  sup- 
posed horizontal,  with  an  angular  velocity  ai ;  find  to  what  height  it  is  capable 
of  raising  a  given  weight  P,  before  coming  to  rest. 

Ant,  — =-,  where  r  is  the  radius  of  the  cylinder. 

4y     jr 

134.  TIs  Tiva  of  any  System. — If  ^,  ^,  i  be  the  00-^ 
ordinates  of  the  centre  of  gravity  of  any  moving  system  of 
masses  at  any  instant,  Xj  y^  z  the  coordinates  of  the  element 
dm  at  the  same  instant ;  also,  if  C,  i|,  ^  be  the  coordinates 
of  dm  relative  to  a  system  of  parallel  axes  drawn  through  the 
centre  of  gravity;  then,  as  in  Art.  14,  we  have,  adopting 
Newton's  notation, 


/ 
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consequently, 

Again,  if  F  be  the  velocity  of  the  centre  of  gravity,  and 
if  the  velocity  of  dm  relative  to  the  centre  of  gravity,  we  have 

F'=(^)'  +  (y)'  +  (2)%    f/'-g^  +  i'  +  T; 
alfio 

SSrfm  =  0,     S^rfw  =  0,    ^tdm  «  0. 

Hence  we  get 

^v'dm^  PS  dm  +  ^v'^  dm.  (12) 

Accordingly,  the  vis  viva  of  the  system  at  any  instant  con* 
sists  of  two  parts,  one  of  which  is  the  vis  viva  of  the  entire  mass 
supposed  concentrated  at  the  centre  of  gravity ;  the  other  is 
the  vis  viva  of  the  system  relative  to  the  centre  of  gravity 
regarded  as  a  fixed  point.  This  result  obviously  holds  good 
also  for  the  kinetic  energy  of  the  motion. 

Examples. 

1.  A  homogeneous  cylinder  rolls,  without  slipping,  down  a  rough  inclined 
plane,  under  the  action  of  gravity ;  investigate  the  motion. 

Since  the  motion  is  one  of  pure  rolling,  the  line  of  contact  of  the  cylinder 
and  plane  at  any  instant  may  be  regarded  as  fixed ;  accordingly  the  mction 
acting  along  the  plane  does  no  work.  Also,  by  Art.  133,  the  kinetic  energy  at 
any  instant  is  represented  by  icci^I,  where  I  is  the  moment  of  inertia  of  the 
cylinder  with  respect  to  the  edge  in  contact  with  the  plane.  But  /=  Jf  f  a^  +  k^), 
where  a  is  the  radius  of  the  cylinder,  and  Mk^  its  moment  of  inertia  relative  ta 
the  axis  through  its  centre.    Hence  the  equation  of  work  gives 

if»»  (««  +  *«)  =  2^  Jf«  sin », 
where  s  is  the  space  down  the  plane  described  from  rest.    Gonsequentlyy 

2g8  sin  t       . .      d* 
^^-^^ — 75"*    Also,  —  =  V  8=  «« ; 
a*  +  *»  ^  dt  * 

V  /ds\  '    2ga^s  sin  i 

therefore,  by  differentiation, 
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This  shows  that  the  acceleration  down  the  plane  is  constant*  Hence  the 
velocity  acquired,  and  the  space  described  in  any  time,  can  at  once  be  determined. 
If  the  cylinder  be  homogeneous,  we  have  A?*  =  Ja*  {Int,  Cale.j  Art.  201),  and 
the  acceleration /in  this  case  is  iff  sin  ♦.  This  shows  that  the  velocity  of  the 
<5entre  of  gravity  of  the  cylinder  is  f  that  acquired  by  a  particle,  in  the  same 
time,  in  sliding  down  a  smooth  inclined  plane  of  the  same  inclination.  If  the 
cylinder  be  hollow,  k  =  a,  and  accordingly /=  J^sin  »• 

2.  A  mass  M  draws  up  another,  M',  on  the  wheel  and  axle ;  find  the  motion. 
Let  a  be  the  radius  of  the  wheel,  a'  tiiat  of  the  axle ;  then,  aa  in  £x.  3, 
Art.  133,  it  is  easily  seen  that  we  get 


(S)(- 


2  +  ifV»  +  /tife2)  =  2ff{Ma  -  M'a')e  +  const. 


Hence,  by  differentiation, 

dH         g{Ma  -  Jf  V) 

dd 
Accordingly,  if  a  =  0,  and  ^r-  =  0,  when  <  =  0,  we  get  for  the  angle  turned 

dt 

through  in  the  time  t^ 

,    ^       Ma-M'a* 


3.  Find  the  tensions  of  the  strings  in  the  same  case. 

M'a'ia  +  a')  ^-  ^k^  Ma  {a  +  a')  +  filfi 

^*^'         ^^Ma^  +  M'a'^  +  ^*    ^  ^jSf^TlfV^T^*- 

4.  Find  the  velocity  acquired  by  the  centre  of  a  hoop  in  rolling  down  an  in- 
-clined  plane  of  height  X.  Ans,  y/Z^^ 

135.  IMTork  done  by  an  Impnlse.^If  a  mass  M 
moving  with  a  velocity  Freceives  an  impulse  in  the  direction 
of  its  motion,  and  if  V^  be  its  velocity  after  the  impulse,  then 
the  change  in  its  kinetic  energy  is 

iM{r'  -  V)  =  M{r  -  F)  .i(F'  +  F). 

But  M{  V  -  F)  measures  the  impulse.  Hence  the  work 
done  by  the  impulse  is  measured  by  the  product  of  the 
momentum,  which  measures  the  impulse,  by  half  the  sum  of 
the  velocities  before  and  after  the  impulse. 

For  example,  a  bullet  m  in  passing  through  a  plank  expe- 
riences a  definite  amount  of  resistance,  measured  by  the 
thickness  and  by  the  resisting  force ;  but  this  equals  hsdf  the 
loss  of  vis  viva  of  the  bullet,  or 

im{v'-v'')  =  m{v  -  v') .  i{v  +  t?'), 


Compound  Pendulum. 
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where  v  and  tf  are  the  velocities  with  which  it  meets  and 
leaves  the  plank.  Hence  the  momentum  m  («?  -  v)  commu- 
nicated to  the  "plank  varies  inversely  as  t?  +  «?' :  consequently 
the  greater  the  velocity  of  impact  the  less  the  momentiun 
impjffted.  This  explains  how  a  bullet  with  a  high  velocity 
can  pass  through  a  door  without  moving  it  on  its  hinges. 

136.  Componiid  Pendalnm. — A  solid  body  oscillating 
under  the  action  of  gravity,  around 
a  fixed  horizontal  axis,  is  called  a 
compound  pendulum.  The  motion  of 
such  a  body  is  readily  reduced  to 
that,  of  the  corresponding  simple 
pendulnni,  as  follows : 

Liet  the  plane  of  the  paper  re- 
present that  in  which  the  motion  of 
G,  the  centre  of  inertia  of  the  body, 
takes  place,  and  let  0  be  the  point 
in  wluch  the  fixed  axis  intersects 
that  plane.  Draw  OT  vertically 
downwards,  and  let  00  =  a,  M  =  mass  of  the  body.  Also 
letzGOF=0. 

Suppose  the  pendulum  to  start  from  rest,  when  0  =  a  j 
then,  in  the  time  ty  the  point  O  will  have  descended  through 
the  vertical  height  a  (cos  0  -  cos  a).  Also  the  via  viva  of  the 
body  at  the  same  instimt  (Art.  133)  is  represented  by 


(: 


S)"— (S- 


Hence,  by  the  principle  of  work,  Art.  132,  we  have 

jf-jTj  =  2Mga{QOB  0  -  cos  a). 

If  the  moment  of  inertia  /be  represented  by  ME?,  the 
latter  equation  becomes 


li? 


f  -^  j  =  2ga  (cos  0  -  cos  a). 


where  ^is  the  radius  of  gyration  of  the  body  {Int.  Calc.y 
Art.  197),  relative  to  the  axis  of  suspension. 
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Hence,  by  differentiation, 

f.^d.«.0.  (13) 

Comparing  this  with  the  corresponding  equation  for  the 
motion  of  a  simple  pendulum  (Art.  101),  we  see  that  the 
motion  is  the  same  as  that  of  a  simple  pendulum  of  length 

a 

Again,  if  Mif  he  the  moment  of  inertia  relative  to  an  axis 
through  the  centre  of  inertia  parallel  to  the  axis  of  suspension, 
we  have  [Int.  Calc,^  Art.  196), 

JP-a'^  +  F; 

hence  1  =  —  =  a  +  — •  (14) 

a  a  ^    ' 

The  point  0  is  called  the  centre  of  suspefision.  If  OG  be 
produced  until  OC  -  /,  since  the  body  moves  as  if  its  entire 
mass  were  concentrated  at  the  point  (7,  that  point  is  called 
the  centre  of  oscillation.  Again,  if  through  C  a  right  line  be 
drawn  pandlel  to  the  axis  of  suspension,  all  the  points  of  this 
line  move  like  the  point  C,  i.  e.  as  if  they  were  freely  sus- 
pended from  the  axis  of  rotation.  This  line  is  called  the  axis 
of  oscillation. 

Again,  since  OG  .  GC  «  k\  the  axes  of  suspension  and 
oscillation  are  interchangeable,  t .  e.  the  time  T  of  an  oscilla- 

I  a*  +  k^ 

tion  is  the  same  for  both,  viz.,  T^ir  \ . 

/4     ag 

By  varying  the  axis  of  suspension,  the  time  of  a  small 

oscillation  will  also,  in  general,  vary. 

For  parallel  axes,  T  obviously  is  a  Tnim'mnTin  when  a^k^ 

f2k 
and  the  corresponding  time  of  a  small  osdllation  =  tt    / —  • 

In  order  that  this  should  be  the  smallest  possible,  the 
axis  of  suspension  must  be  parallel  to  that  axis  round  which 
the  moment  of  inertia  is  least  {Int.  Calc.^  Art.  217). 
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If  the  axis  of  suspensioii  of  a  oompound  pendulum  be 
inolmed  at  an  angle  a  to  the  vertical,  it  is  readily  seen  that 
the  preoeding  investigation  holds  good,  provided  ^  sin  a  be 
sabstituted  for  g  throughout. 

Again,  as  in  Art.  101,  the  time  of  any  motion  of  a  com- 
pound pendulum  is  represented  by  an  elliptic  integral. 

Also,  if  a  solid  body  make  a  complete  revolution  round  a 
horizontal  axis,  the  time  of  revolving  through  any  angle  can 
be  reduced  to  that  for  the  corresponding  oscillatory  motion 
of  a  particle. 

EXAHPLES. 

1 .  A  uniform  circular  plate,  of  radius  a,  makes  small  oscillations  about  a  Hori- 
zontal tangent ;  find  the  length  of  the  equivalent  simple  pendulum.    Ans.  {a. 

2.  Find  the  position  of  the  axis  with  respect  to  which  a  uniform  circular 
plate  wiU  oscillate  in  the  shortest  time. 

An9,  The  axis  is  at  a  distance  of  half  the  radius  from  the  centre.    Length  of 
the  equivalent  pendulum  =  a. 

3.  Find  the  centre  of  oscillation  of  a  homogeneous  sphere,  of  radius  a,  oscil- 
lating round  a  horizontal  tangent  to  its  surface. 

Afu.  At  a  point  fa  below  the  centre. 

4.  Find  the  ratio  of  the  times  of  oscillation  of  a  homogeneous  solid  sphere, 
and  of  a  spherical  shell  of  equal  diameter,  each  being  taken  with  reference  to  a 
horizontal  tangent.  Jns.  V21  :  6. 

5.  A  sphere  of  radius  a  is  suspended  by  a  fine  wire  from  a  fixed  point,  at  a 
distance  I  from  its  centre ;  prove  that  the  time  of  a  small  oscillation  is  repre- 

sented  by  ir  / — — (1  +  J  sin' Jo),  where  a  represents  the  amplitude  of  the 

'Vibration. 

6.  If  the  semiaxes  of  a  uniform  elliptic  disc  be  2  feet  and  1  foot,  and  it  be 
suspended  from  an  axis  perpendicular  to  its  plane  through  one  of  its  foci,  find 
the  time  of  a  complete  oscillation  under  gravity. 


Aru, 


2V3 


l^g 


137.  Determlnatloii  of  the  Force  of  CfraTlty. — We 

have  already  seen  (Art.  103)  that  the  value  of  g  at  any  place 

can  be  determined  from  the  length  of  the  seconds  pendulum 

at  the  place.    To  apply  this  it  is  necessary  to  know  the  nu- 

a*  +  yfc* 

merical  value  of • 

a 

Two  methods  have  been  devised  for  this  purpose — one 

employed  by  Borda,  Axago,  Biot,  and  others ;  tiie  other  first 
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used  by  Bohnenberger,  and  afterwards  brought  to  great  per- 
f ection  by  Captain  Kater. 

In  the  first  method  the  compound  pendulum,  supposed 
made  of  a  material  of  uniform  density,  has  such  a  shape  that 
its  radius  of  gyration  can  be  calculated  mathematicEdly,  a& 
also  the  distance  of  its  centre  of  inertia  from  the  fixed  axis. 

The  second  method  depends  on  the  reciprocity  of  the 
centres  of  suspension  and  oscillation. 

Eater's  compound  pendulum  consisted  of  a  heavy  bar 
having  two  apertures  at  opposite  sides  of  the  centre  of  inertia^ 
through  which  knife  edges  passed,  on  either  of  which  the 
body  could  be  supported.  On  the  bar  was  placed  a  ring^ 
capable  of  being  moved  up  or  down  by  means  of  a  screw. 
Kater  moved  the  ring  until  the  times  of  oscillation  round  the 
two  axes  were  equal ;  in  which  case,  by  the  preceding,  the 
distance  between  the  axes  is  equal  to  the  length  of  the  equi- 
valent simple  pendulum.  The  distance,  /,  between  the  axes 
having  been  accurately  measured,  the  value  of  g  was  calcu- 

lated'from  the  formula  g  =  ^,  where  T  denotes  the  time  of 

an  oscillation. 

Kater  published  an  account  of  his  observations  in  the 
Philosophical  Transactions^  1818,  1819.  For  a  more  detailed 
account  of  this  method  the  reader  is  referred  to  Eouth's  Rigid 
Dynamics^  Arts.  100-108. 

138.  motion  of  a  Rigid  Body  round  a  Fixed  Axis. 

— In  general,  let  a  force  P,  in  a  direction  which  is  at  right 
angles  to  the  fixed  axis,  act  on  a  body;  then  for  a  small 
angular  motion  dO  the  work  done  by  P  is,  by  Art.  128,  re- 
presented by  Ppdd.  Again,  as  this  work  is  equal  to  the 
corresponding  change  in  the  kinetic  energy  of  the  body,  we 
have 

PpdO  =  iMk'df^X^  Mk'^  dd. 

Hence  we  get 

d^Q  _  Pp      Moment  of  impressed  force         ,-  - 
rf^"]^  Moment  of  inertia        '        ^    ^ 
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Examples. 

1.  A  uniform  circular  plate  of  1  foot  radius  and  1  cwt.  revolves  round  its 
axis  5  times  per  second ;  calculate  its  kinetic  energy  in  foot  pounds. 

Ana,  863,  approximately. 

2.  A  bent  loYetACB  rests  in  equilibrium  whsnACis  inclined  at  the  angle  a 
to  the  horizontal  line ;  show  that  when  this  arm  is  raised  to  the  horizontal  posi- 
tion it  will  fall  through  the  angle  2a,  C  being  supposed  fixed. 

3.  A  homogeneous  cylinder,  of  mass  My  and  radius  a,  turns  round  a  hori- 
zontal axis ;  a  fine  thread  is  wrapped  round  it,  and  has  a  mass  M'  attached  to  its 
extremity.  Find  the  angular  velocity  of  the  cylinder  when  M'  has  descended 
through  the  height  h, 

.         ,  4.M'gh 

-^^""^°a3(.lf+2ifr 

4.  A  right  cone  oscillates  round  a  horizontal  axis,  passing  through  its  vertex 
and  perpendicular  to  the  axis  of  the  cone ;  find  the  length  of  the  equivalent 
simple  pendulum. 

Ana.    —Ti — }  where  h  is  the  height  of  the  cone,  and  h  the  radius  of  its  base. 
on 

5.  If  in  the  last  example  the  cone  be  let  fall  from  the  position  in  which  its 
axis  is  horizontal,  find  its  angular  velocity  when  in  the  lowest  position. 

lOA^ 


Ana,  ul^  = 


4A2  +  ^* 


6.  In  the  same  case  find  the  pressure  on  the  fixed  axis,  at  the  lowest  position 
of  the  body,  arising  from  centrifugal  force  (Art.  98). 

Ana.  —  ?r    j^        ,  where  »^  represents  the  weight  of  the  cone. 

7.  A  thin  beam,  whose  mass  is  M  and  length  2a,  moves  freely  about  one  ex-> 
tremity  attached  to  a  fixed  point  whose  distance  from  a  smooth  plane  iab,{b<  2a) : 
the  odier  extremity  rests  on  the  plane,  the  inclination  of  which  is  a.  If  the 
beam  be  slightly  displaced  from  its  position  of  equilibrium  determine  the  time 
of  its  small  oscillations. 

Indian  Civil  Service  Exam.,  1860. 

In  this  case  the  beam  may  be  regarded  as  turning  round  the  perpendicular 
on  the  plane. 

8.  A  bullet  weighing  50  grammes  is  fired  into  the  centre  of  a  target  with  a 
velocity  of  600  metres  a  second.  The  target  is  supposed  to  weigh  a  kilogramme, 
and  to  be  free  to  move.  Find,  in  kilognunmetres,  the  loss  of  energy  in  the 
impact. 

Land.  Univ.,  1880.  Ana.  635*6. 

9.  When  the  weight  F  of  the  pulley  is  taken  into  account,  show  that  equa- 
tion (9),  Art.  76,  becomes 


in  which,  the  pulley  is  supposed  to  be  of  uniform  density  and  thickness. 

L 
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10.  If  the  motioii  of  a  solid  body  acted  on  bj  attracting  forces  be  a  pure  ro- 
tation, the  velocity  »  of  rotation  at  any  instant  will  be  given  by  the  equation 

lf*»  («»-•;)  =  2  (F- To), 
where  F  represents  the  potential  of  the  attracting  forces. 

11.  A  hollow  cylinder  rolls  down  a  perfectly  rough  inclined  plane  in  10  mi- 
nutes ;  find  the  time  a  imif orm  solid  cylinder  would  take  to  roU  down  the  same 
plane.  Ans.  6  Vs  minutes. 

12.  The  particles  composing  a  homogeneous  sphere  of  mass  If  and  radius  J^ 
were  originally  at  an  infinite  distance  firom  each  other :  find  the  work  done  by 
their  mutual  attraction. 

Suppose  the  sphere  in  question  to  have  been  formed  by  the  condensation  of 
an  indefinitdy  diffused  nebula ;  and  imagine  the  sphere  divided  into  a  number 
of  concentric  spheres.  Let  M*  be  the  mass  contained  in  the  sphere  whose  radius 
is  r ;  then  we  have 

Also,  if  dM'  be  the  mass  bounded  by  the  spheres  r  and  r  +  dr,  then 

.r^dr 


dM'  =  ZM 


-23 


Accordingly  the  work  done  in  condensing  dlT,  in  consequence  of  the  attraction 
of  the  interior  tnass  M',  is,  by  (5)  Art.  126, 

M'  M^  . 

fi—dM'^S/ir^r^dr, 

Hence  the  whole  work  done  in  the  condensation  of  if  is 
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OHAPTEE   VII. 

CENTRAL  FORCES. 

Section  I. — Rectilinear  Motion. 

139.  Centre  of  Force. — We  next  proceed  to  consider 
motion  under  the  action  of  a  force  whose  direction  always 
passes  through  a  fixed  point,  and  whose  intensity  is  a  func- 
tion of  the  distance  from  that  point.  The  fixed  point  is 
called  the  Centre  of  Force;  and  the  force  is  said  to  be  attrac- 
tive or  repulsive  according  as  it  is  directed  towards  or  from 
the  centre. 

If  we  assume  that  two  particles  of  equal  mass,  placed  at 
the  same  distance  from  a  centre  of  attractive  force,  are  equally 
attracted  towards  the  centre,  when  they  are  conceived  placed 
together  J  the  whole  force  acting  on  them^-considered  as  one 
mass — ^will  be  double  that  which  acts  on  one  of  the  particles. 
Similarly,  if  any  number  (n)  of  equal  particles  be  placed 
together,  the  whole  force  will  be  n  times  that  which  acts  on 
a  single  particle.  Hence  it  follows  that  in  such  cases  the 
whole  atixacting  force  is  proportional  to  the  number  of  par- 
ticles, i.  e.  to  the  mass  of  the  attracted  body — provided  the 
attracted  mass  be  of  such  small  dimensions  that  the  lines 
drawn  from  its  several  points  to  the  centre  of  force  may  be 
regarded  as  equal  and  parallel.  Accordingly  the  force,  in 
this  case,  is  proportional  to  the  attracted  mass ;  consequently 
the  acceleration  produced  by  it  is  independent  of  the  mass 
attracted,  and  is  a  function  of  the  distance  from  the  centre 
of  force  only. 

140.  Attraction. — The  acceleration  due  to  an  attractive 
force,  at  any  distance,  is  called  the  attraction  of  the  force, 
and  is,  as  we  have  seen,  independent  of  the  mass  of  the 
attracted  particle.  Consequentiy  the  measure  of  an  attractive 
force  at  any  distance  is  the  velocity  per  second  which  the 

L  2 
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central  force  could  generate  in  one  second,  in  its  own  direc- 
tion, if  it  were  conceived  to  act  uniformly  during  that  time. 
For  instance,  ^,  i.  e.  the  velocity  acquired  in  one  second  by 
a  falling  body  (Art.  38),  measures  the  attractive  force  of  the 
Earth,  at  any  place,  and  is,  as  already  stated,  the  same  for 
all  bodies  at  that  place. 

141.  Rectilinear  llotioii. — ^If  the  particle  acted  on  be 
originally  at  rest,  or  be  projected  in  the  Ime  joining  its  posi- 
tion to  the  centre  of  force,  its  motion  will  take  place  in  that 
right  line. 

Taking  this  line  for  the  axis  of  ^,  and  the  fixed  centre  as 
origin,  we  have  for  the  equation  of  motion  (Art.  21), 

where  J^  represents  the  attraction  at  the  distance  ^,  which  is 
taken  with  the  negative  sign  because  it  tends  to  diminish  the 
velocity. 

We  shall  illustrate  equation  (1)  by  applying  it  to  a  few 
elementary  cases. 

142.  Force  Tarying  as  tbe  Distance. — If  the  force 
be  proportional  to  the  distance  from  the  fixed  centre,  we 
may  assume  F^  fjix;  then,  for  attractive  forces,  the  equation 
of  motion  becomes 

^  =  .^,  or— +  ^  =  0.  (2) 

This  equation  has  been  already  considered  in  Art.  109, 
and  accordingly  we  have 

x=  0  cost  y/  [k  +  C"  sin  f  v^/tc.  (3) 

The  constants  C  and  0'  are  determined  from  the  initial 
circumstances  of  the  motion. 

For  example,  if  the  particle  start  from  rest,  at  the  distance 

a  from  the  centre  of  force ;  then,  when  <  =  0,  we  have  x^a 

due 
and  —  =  0  :    this  gies 

C^a,  and  (7'=0; 
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and  oonsequently  iv  =  a  oost  y^.  This  determines  the  posi- 
tion of  the  partiole  at  any  instant,  and  shows  that  the  motion 
consists  of  a  simple  harmonio  vibration. 

Again,  if  (^  -  ^)  y^  =  Sir,  it  is  evident  that  the  values  of  x 

and  of  ^7  are  the  same  at  the  end  of  the  time  ^  as  at  the 
at 

time  t :  this  shows  that  the  motion  is  oscillatory,  and  that  the 
time  of  a  complete  vibration  is  — ^.     (Compare  Art.  111.) 

For  a  repulsive  force  the  equation  of  motion  is 

Accordingly  (Art.  109),  we  have 

To  determine  the  constants :  suppose,  as  in  the  former 
case,  the  particle  starts  from  rest,  at  the  distance  a ;  then 

a=C7+C",  and  (7-  C"=0.  ^ 

Hence  a?  =  ia  (e^**  +  e*^^) .  (6) 

143.  loTerse  (iqiiare  of  Distance. — In  the  case  of 
the  law  of  nature,  in  which  the  attractive  force  varies  as  the 

inverse  square  of  the  distance,  we  have  F=  4 ;  and  the  dif- 

f  erential  equation  of  motion  is 

df     x'     "• 
Multiplying  by  2dxy  and  integrating,  we  get 

(37) — -  =  const. 
\dtj     X 
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Hence,  if  the  particle  be  supposed  to  start  from  rest,  at 
the  distance  a. 


(JJ-^Ki-^- 


This  equation  determines  the  velooiiy  at  any  distance 
from  the  centre  of  force. 

Again,  extracting  the  square  root,  and  transforming,  we 
get 

y2i:dt '  -^^ .  (7) 


J--- 
yx     a 


The  negative  sign  is  taken  since,  in  the  motion  towards 
the  centre  of  force,  x  diminishes  as  t  increases. 

To  integrate  this  equation,  assume  x  ^  a  cos'0 ;  then 


/ — -=-,  and  dx  =  ''2a«ixi0  cos Qd6\ 

S»     ^      ,/a 

consequently  y/^JTrf^ «  2a"  cos»  9  dO ; 

^  (0  +  ^  con  20)  +  constant. 

Again,  the  constant  vanishes,  since  t  and  0  vanish  when 
X  ^  a; 

.-.  ^=    /|^(0  +  isin20).  (8) 

Hence  the  time  of  motion  from  the  distance  a  to  the 
distance  a?  is  __ 

Also  the  time  of  motion  to  the  centre  of  force  is 

2  V2/i' 
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in,  if  the  body  be  supposed  to  start  from  an  indefi- 
nitely  great  distance  we  have,  making  a  ~  oo  in  (6), 

t^-^-  (10) 

144.  JLppUcatloii  to  the  Earth. — We  have  seen,  in 
Art.  126,  that  the  attraction  of  a  homogeneous  sphere  is  the 
same  as  if  its  mass  were  concentrated  at  its  centre.  Hence, 
the  results  of  the  last  Article  can  be  readily  applied  to  the 
approximate  determination  of  the  motion  of  a  body  falling 
from  any  height  above  the  Earth's  surface,  all  resistance  of 
the  atmosphere  being  neglected. 

In  this  case  g  measures  the  Earth's  attraction  at  its  sur- 
face ;  hence,  if  JB  denote  the  Earth's  radius,  we  have  fi^gR^y 
and  if  this  value  be  substituted  for  /u,  we  can  readily  deter- 
mine the  velocity  and  time  of  motion  in  any  particular  case. 

For  instance,  the  velocity  Fwith  which  a  body  falling 
from  the  height  h  would  reach  the  surface  of  the  Earth  is 
given  by  the  equation 

F>-2,i.  (11) 

Also,  by  (9),  the  time  of  motion  in  seconds  is 


lEThiB^h   .    ,    I    h  Ih) 


where  R  and  h  are,  expressed  in  feet. 
If  i2  » tsA,  this  becomes 


h  (1+w)  (1  +  n   .    ,       1  - 

Jo"  ^ '    —7=^  sm^  "7==  +  1 

When  n  is  a  large  number  this  becomes,  approximately. 


,/f(-i>        <-' 
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If  the  body  be  supposed  to  start  from  an  infinite  distance, 
the  velocity  with  which  it  would  reach  the  Earth  is  given  by 
the  equation 

t?»  =  2gR.  (13) 

145.  €oinparisoo  of  Attraetfon  of  Dlflflerent  (ipbe- 
lical  Bodies. — ^Let  Jf,  M^  denote  the  masses  of  two  spheres ; 
S,  ^  their  mean  densities ;  r,  /  their  radii ;  f^f  their  attrac- 
tions at  their  surfaces,  respectively :  then  we  have 

/  =  /-?:  ^-S-8'''. 

For  example,  if  2)  be  the  mean  density  of  the  Earth,  and 
R  its  radius,  then/,  the  attraction  at  the  surface  of  a  planet 
of  radius  r  and  mean  density  S,  is  given  by  the  equation 

If  the  mean  densities  be  the  same  for  both,  we  have 

If  we  assume  the  mean  density  of  the  Sun  to  be  one- 
fourth  that  of  the  Earth,  and  its  radius  104  times  that  of  the 
Earth,  then  the  velocity  acquired  in  one  second  by  a  falling 
body  at  the  Sun's  surface  is  approximately  represented  by  26^. 

In  the  case  of  the  mutual  attraction  of  two  spheres,  it  is 
often  convenient  to  assume  the  origin  at  their  common  centre 
of  gravity,  which  remains  a  fixed  point  during  the  motion. 
For  instance,  if  two  equal  spheres,  each  of  radius  r,  be  placed 
at  a  given  distance  apart,  and  left  to  their  mutual  attraction, 
this  method  may  be  employed  to  find  the  time  they  would 
take  to  come  together. 

Let  2a  be  the  initial  distance  between  their  centres,  and 
assume  the  origin  0  at  the  middle  point  of  the  line  joining 
the  centres.    If  x  be  the  distance  of  the  centre  of  either 

sphere  from  0  at  any  time ;  then  j-j  represents  the  corre- 
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sponding  attraction,  and  the  time  required  is,  by  (9),  repre- 
sented by  the  expression 

J^(aoo8-J^  +  v^rF^),  (15) 

where  /n  oan  be  determined  by  the  equation 


EXAHPLSS. 


c/^ 


1.  If  A  be  the  height  due  to  the  velocity  Fat  the  Earth's  surface,  supposing 
its  attractioTi  constant,  and  S  the  corresponding  height  when  the  variation  of 
gravity  is  taken  into  account,  prove  that 

2.  If  a  man  weigh  10  stone  on  the  Earth's  surface,  calculate,  approximately, 
his  weight  if  he  were  transferred  to  the  surface  of  the  Sun. 

An8,  1  ton,  13  cwt. 

3.  Calculate,  approximately,  the  velocity  with  which  a  body  falling  from  an 
indefinitely  great  distance  would  reach  the  surface  of  the  Earth,  neglecting  all 
forces  besides  the  Earth's  attraction,  and  assuming  R  =  4000  miles. 

Ans,  7  miles  per  second. 

4.  Calculate,  in  like  manner,  the  velocity  with  which  a  body  falling  from  an 
indefinitely  great  distance  would  reach  the  surface  of  the  Sun. 

Ans.  364  miles  per  second. 

5.  In  a  work  erroneously  attributed  to  Sir  Isaac  Newton,  it  is  stated,  that  if 
two  spheres,  each  one  foot  in  diameter,  and  of  a  like  nature  to  the  Earth,  were 
distant  by  but  the  fourth  part  of  an  inch,  they  would  not,  even  in  spaces  void  of 
resistance,  come  together  by  the  force  of  their  mutual  attraction  in  less  than  a 
month's  time. 

Investigate  the  truth  of  this  statement.  Sch,  Ex,,  1883. 

Equation  (15)  gives  in  this  case  for  the  time,  in  seconds, 


700Vujg.in-.g).^) 


This  gives  about  5  minutes  and  38  seconds. 

If  the  question  be  solved  on  the  assumption  that  the  attraction  is  constant 
during  the  motion,  and  equal  to  that  when  the  spheres  are  touching,  the  time 
required  is  readily  found  to  be,  approximately,  =  100  ^/\i  =  5  m.  32  sees. 

It  may  be  observed  that  the  former  resiJt  follows  from  this  immediately  by 
application  of  formula  (12). 
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Hooke's  law,  the  tension  T  of  the  string  for  the  extension 
a;  -  a  is  represented  by 

r=w^^.  (19) 

Aeoordinglj,  the  equation  of  motion  of  the  particle  is 

^%f(.-a)  =  0.  (20) 

Integrating,  we  have 

a?  =  a  +  Coos  /y^+  C'sinJ^t. 

To  determine  the  constants,  let  a'  denote  the  initial  length 
of  the  string;  then 

a'  =»  a  +  (7,  i. e.  C '^  a^--  a; 

also,  since  tt  =  0>  when  ^  =  0,  we  have 
at 

Oonseqnently,  a?  =  a  +  (a'  -  a)  cos  J^  t.  (21) 

This  gives  the  position  of  the  particle  so  long  as  the  string 
is  stretched,  t.  e.  so  long  as  ^  is  greater  than  a. 

The  velocity  at  any  instant  is  given  by  the  equation 


s--(^-«)ji-j'- 


The  length  x  becomes  equal  to  a,  or  the  string  regains  its 
natural  length,  and  the  tension  ceases  to  act  at  the  end  of 

the  time 


miepr   /— . 
2Sg 


Meanwhile  the  velocity  has  increased  from  zero,  and 
attained  its  maximum  value 


at  the  same  instant. 


-(«'-«)Jf 
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The  paxtiole  will  now  oontiiiue  to  move  unifonnly  along 
the  table  with  this  velocity  until  it  arrives  at  the  same  dis- 
tance a  on  the  opposite  side  of  the  fixed  extremity  of  the 
stringy  when  it  becomes  again  acted  on  by  the  retarding 
tension  of  the  string ;  and  the  same  motion  will  be  repeated. 

148.  ^Weiglit  Suspended  by  an  Elastle  String. — 
We  shall  next  consider  the  vertical  oscillations  of  a  body,  of 
weight  JF",  attached  to  the  end  of  an  elastic  string,  which 
hangs  freely  from  a  fixed  point.  Suppose  the  body  de- 
pressed below  the  position  of  equilibrium,  and  then  set  at 
liberty,  to  investigate  the  subsequent  motion. 

As  before,  let  b  be  the  extension  of  the  string  due  to  the 
weight  JT;  c  its  extension  at  the  commencement  of  the 
motion ;  x  its  extension  at  any  instant ;  T  the  corresponding 
tension  of  the  string :  then,  by  Hooke's  law,  we  have 

T-W"^,  (22) 

and  the  differential  equation  of  motion  is  obviously 


cPx     g 
The  integral  of  this  is 


or  ^  +  I  (<r  -  i)  =  0.  (23) 


Sb 


To  determine  the  constants,  we  have,  when 

^  =  0,  a?  =  (J,  and  -jT  "  ^ ; 
therefore,  C^c-b^  and  0"  =  0. 

Consequently,    a? «  6  +  (c  -  J)  cos  /-^  t.  (24) 

There  are  two  oases  to  be  considered,  .according  as  c  is 
less  or  ^eater  than  2b. 

(I).  Xiet  c  <  26.    In  this  case  the  extension  x^  and  con- 
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sequently  the  tension  T,  can  never  vanisli ;  and  the  body  will 
oscillate  up  and  down  through  the  distance  c  -  by  on  both 
sides  of  the  position  of  equilibrium ;  the  time  of  an  oscilla- 
tion being  represented  by 


IT     /— • 
Sff 


9 

(2).  Next,  let  c  >  2b.    In  this  case  x  vanishes,  and  conse- 
quently T  also,  when 

6  +  ((?-6)cos  /■^^  =  0. 
The  corresponding  velocity  is  easily  found  to  be 


J 


gc  {c  -  26) 
b 


As  the  tension  of  the  string  vanishes  at  this  instant,  the 
body  may  be. regarded  as  projected  upwards  with  the  fore- 
going velocity.  The  height,  A,  to  which  it  would  ascend  is 
given  by  the  equation 

h  =  ±{c-2b).  (25) 

The  body  will  afterwards  fall  to  the  origin,  and  the  subse- 
quent motion  will  be  as  before. 

149.  ^UTeight  Dropped  from  a  Height. — Next  sup- 
pose the  weight  attached  to  the  string,  and  dropped  from  a 
height  A,  vertically  above  the  lower  extremity  of  the  string 
when  hanging  freely  and  unstretched.  The  solution  is  con- 
tained in  the  preceding  investigation :  for  the  maximum  ex- 
tension c  of  the  string  is  given  by  (25),  and  is  represented  by 


<?  =  J  +  v/i(6  +  2A).  (26) 

In  practice  it  is  found  that  Hooke's  law  does  not  hold 
beyond  certain  limits  which  are  attained  long  before  the 
string  is  broken.  It  is  interesting  to  consider  whether  in 
any  particular  case  the  string  will  be  broken  or  not  by  the 
faU,  assuming  Hookers  law  still  to  hold. 

A  given  string  is  capable  of  supporting  only  a  certain 
weight,  called  its  breaking  weight.    Denote  this  weight  by  £ ; 
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then  e,  the  corresponding  extension  of  the  string,  is  found, 
by  Hooke's  law,  from 

W 
B-^e,  (27) 

and  the  string  will  break  or  not  according  as  the  maximum 
extension,  given  by  the  preceding  analysis,  is  greater  or  less 

than  e ;  that  is,  according  as  J  +  y/b{b  -^  2h)  is  greater  or 
less  than  e. 

Again,  if  b  and  e  be  both  given,  the  least  height  of  fall,  A, 
in  order  that  the  string  should  break,  is  got  by  substituting  e 
for  c  in  (25),  and  is 

Suppose  the  weight  W  to  be  the  w**  part  of  5,  i.  e.  let 
e  =  nby  and  we  have  A  =  ^  {^n  -  1). 

Thus,  for  instance,  a  weight  •}-  of  the  breaking  weight, 
dropped  from  the  height  ^,  should  suffice  to  break  the  string. 

The  preceding  analysis  applies  also  to  the  vertical  oscilla- 
tions of  rods  supporting  heavy  weights ;  and  many  interesting 
practical  questions  are  explained  thereby — for  instance,  the 
danger  to  the  stabiKty  of  a  suspension  bridge  arising  from 
the  steady  march  of  troops  over  it. — See  Poncelet,  Micanique 
Industrieliey  Arts.  332-345. 

C>>  Examples. 

1.  A  heaTY  particle  attached  to  a  fixed  point  "hj  an  elastic  string  is  allowed 
to  fall  freely  £:om  this  point.  Show  that  the  elastic  force  at  the  lowest  point  is 
giyen  by  the  equation 

„     ^_        total  fall 

extension  of  string 
where  TTis  the  weight  of  the  particle. 

2.  A  heavy  particle  attached  to  a  fixed  point  by  an  elastic  string  hangs 
freely,  stretching  the  string  by  a  quantity  e.  It  is  drawn  down  by  an  addi- 
tional distance/;  determine  the  height  to  which  it  will  rise  if  /*—  ^  =  4ae, 
a  being  the  unstretched  length  of  the  string.  Ans.  2a. 

f  3.  A  heavy  body  is  attached  to  a  fixed  point  by  an  elastic  string,  which 
passes  through  a  fixed  ring,  the  natural  length  of  the  string  being  equal  to  the 
distance  between  the  ring  and  the  fixed  point. 

(a)  If  the  body  receive  an  impulse,  it  will  describe  an  ellipse  round  the  place 
it  would  occupy  if  suspended  freely. 

(b)  When  does  this  ellipse  become  a  right  line  ? 
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4.  A  particle  is  attached  by  a  straight  elastic  string  to  a  centre  of  repulsiye* 
force,  the  intensity  of  which  varies  as  the  distance  ;  the  string  is  at  first  at  its 
natural  length.  Find  the  greatest  distance  from  the  centre  of  force  to  which 
the  particle  will  proceed,  and  the  time  the  string  takes  to  return  to  its  natural 
length. 

5.  Two  bodies,  TFand  W\  hang  at  rest,  being  attached  to  the  lower  end  of 
a  fine  elastic  string,  whose  upper  end  is  fixed :  supposing  one  of  them,  W ,  to  drop 
off,  find  the  subsequent  motion  of  the  other. 

Let  a  be  the  natural  length  of  the  string ;  b  its  extension  of  length  for  the 
weight  W\  e  that  for  the  weight  W*\  then,  at  the  end  of  any  time  ty  from  the 
commencement  of  the  motion  «,  the  depth  of  W  below  the  fixed  point  is  giyen 


by  the  equation    x  ^  a  +  b  +  e  goa  t  A^' 


6.  Two  particles,  connected  by  a  fine  elastic  string,  are  moving  in  the  direc> 
tion  of  the  line  joining  them  with  equal  velocities,  their  distance  being  the 
natural  length  of  the  string ;  if.  the  hinder  particle  be  suddenly  stopped,  find 
how  far  the  other  will  move  before  it  begins  to  return. 

Section  II. — Central  Orbits . 

150.  Plane  of  Orbit. — If  we  suppose  a  particle  acted 
on  by  a  force  directed  to  a  fixed  centre  to  be  projected  in  any 
direction,  it  is  easily  seen  that  its  subsequent  path  will  lie  in 
the  plane  passing  through  the  centre  of  force  and  the  direc- 
tion of  its  projection.  For,  since  the  force  acts  towards  the 
fixed  centre,  it  has  no  tendency  to  withdraw  the  particle  from 
that  plane  at  the  first  instant,  nor  at  any  subsequent  instant 
during  the  motion ;  because  the  motion  of  the  particle  at  each 
instant  is  got  by  compounding  its  previous  motion  with  that 
due  to  the  central  force. 

We  shall  accordingly  take  this  plane,  called  the  plane  of 
the  orbity  as  the  plane  of  rectangidar  coordinate  axes;  the 
fixed  centre  of  force  being  the  origin  0. 

151.  Differential  Equations  of  motion. — Suppose 
the  force   attractive,  and  P  the   y 

position  of  the  attracted  particle 
at  the  end  of  any  time  t. 
Let 


ON^x,  PN^yy  OP^r,  LXOP^d. 

1-^*^^  \ ^y 

Suppose  F  to    represent    the  o  n 

acceleration  due  to  the  attractive  force ;  then,  by  Art.  68,  we 

have 
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d^x  ri         /I      rn^ 

dr  r 

dr  r 

The  complete  determination  of  the  motion  for  any  law  of 
f  oroe  depends  on  the  solution  of  these  simultaneous  equations. 

In  me  case  of  a  r&pulsive  force  it  is  necessary  to  change 
the  sign  of  F. 

The  path  descrihed  is  evidently  always  concave  to  the 
centre  of  force  for  attractive  forces,  and  convex  for  repuhive. 

152.  ]jai¥  of  Direct  Distance. — There  is  one  case 
in  which  the  differential  equations  can  be  immediately  inte- 
grated, viz.,  when  the  force  varies  directly  as  the  distance 
from  the  fixed  centre. 

Let  F=  fir ;  then,  for  attractive  forces,  we  have 

d^x  ^  \ 


•^■^My  =  0 


The  integrals  of  these  equations,  by  Art.  109,  may  be 
written 

x  =  AooBtx/u  -i-  BsiatA/u ) 
y  =  -4'cos  t^/ii  +  ^'sin^v^/i ) 

The  arbitrary  constants  in  this,  as  in  all  other  cases,  can 
be  found  from  faiowing  the  position,  velocity,  and  direction 
of  motion  at  the  first  instant. 

153.  Kqnatloii  of  Orbtt,  and  Periodic  Time. — ^If 

we  solve  the  preceding  equations  for  cos  t  y/fi  and  sin  t  ^/jiy 
and  add  the  squares  of  the  results,  we  get 

(At/  -  A'xY  +  {Bt/  -  B'xy  =  {AB"  -  BAy        (4) 

This  equation  represents  an  ellipse,  whose  centre  is  at  the 
centre  of  force. 

M 
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Again,  if  2^  +  t^fi  be  substituted  for  t^fi  in  equa- 
tions (3),  the  valiies  of  a?  and  y  remain  unaltered ;  hence,  if 

{f  -  t)y/^  =  27r,  the  body  will  occupy  the  same  position  at  the 
end  of  the  time  f  which  it  occupied  at  the  time  t.  Accord- 
ingly, if  jT  be  the  time  of  a  complete  revolution  in  the  orbit, 
we  have  o 

T  = 


T  is  called  the  periodic  time,  and  is  the  same  for  all 
orbits  round  the  same  centre  of  force,  since  it  depends  only 
on  /i,  the  intensity  of  the  central  force,  i.e.  the  acceleration 
at  the  unit  of  distance,  and  not  on  the  initial  conditions  of 
the  motion. 

154.  Detennlnatton  of  the  Arbitrary  Constants. — 

Let  a,  b  be  the  coordinates  of  the  particle  at  the  instant 
from  which  the  time  is  reckoned,  V  the  initial  velocity,  and 
a  the  angle  which  the  initial  direction  of  motion  makes  with 
the  axis  of  x\  then,  making  ^  =  0  in  equations  (3),  we  get 
-4  -  a,  -4'  =  6. 

Again,  by  differentiation,  we  have 

—  =  B'^  ikQO^t^s/iL  -  ^  v^/usin^-v//Lt, 

^  =  Bs/ yi  cos  ^  v^/i  -  -4'v^/ix  sin  t  ^/Ifi* 

Hence  Fcos  a  =  5  v^>    Fsin  a  =  ff\/fi ; 

__     Fcos  a 
consequently,    a;  =  a  cos  ^  ^//n  +  — y=^~  sin 

Fsing 
.V  =  J  cos  t »/  fk  +      7=^  sin 

thus  the  position  of  the  particle  at  any  instant  is  determined. 

155.  Repulsive  Force. — Next,  if  the  force  be  repulsive 
the  equations  of  motion  are 

(Pa?  6?y 


(5) 
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Hence,  as  before,  >  .  (6) 

If  we  solve  for  (f^^  and  e^^^  and  multiply  the  resulting 
values,  we  get 

{A'x  -  Ay)  {By  -  BTx)  =  {A'B  -  5'^)\  (7) 

This  represents  a  hyperbola,  having  the  lines 

A'x  -Ay=^0,    By-B'x^O 

for  its  asymptotes.  The  constants  A^  jB,  A%  S  can  be  easily 
determined,  as  in  the  former  case,  whenever  the  initial  posi- 
tion, velocity,  and  direction  of  motion  are  given. 

Conversely  to  the  preceding  Articles,  it  can  be  readily 
shown  that  if  a  particle  describe  a  conic  under  the  action  of 
a  force  directed  to  its  centre,  the  force  varies  directly  as  the 
distance ;  and  is  attractive  for  an  ellipse,  and  repulsive  for  a 
hyperbola. 

166.  Several  Centres  of  Force. — The  results  arrived 
at  above  hold  for  the  motion  of  a  body  acted  on  by  any 
number  of  centres  of  force,  each  varying  directly  as  the  dis- 
tance. For  it  is  readily  seen  that,  in  this  case,  the  forces  are 
equivalent  to  a  single  force,  directed  to  the  centre  of  mean 
position  of  the  different  centres  of  force,  whose  intensity  or 
absolute  force  is  equal  to  the  sum  of  the  intensities  of  the  diffe- 
rent centres  of  force  (see  Minchin's  Statics^  Art.  23). 

In  like  manner,  if  we  suppose  each  particle  of  a  body  to 
attract  according  to  the  law  of  direct  distance,  its  total  at- 
traction is  the  same  as  if  its  entire  mass  were  concentrated 
at  its  centre  of  inertia. 

Henoe  it  follows  that  if  two  bodies  mutually  attract,  aocord- 
uig  to  this  law,  their  centres  of  inertia  will  describe  ellipses,  in 
the  same  periodic  time,  round  their  common  centre  of  inertia. 
This  result  holds  good  for  any  number  of  mutually  attract- 
ing bodies.  In  all  cases  the  path  described  by  the  centre  of 
inertia  of  a  body  is  called  the  orbit  of  the  body.  , 

Examples. 

1.  Proye  that  the  velocity  at  any  point  in  a  central  eUiptic  orbit  varies  di- 
f^y  as  the  diameter  drawn  parallel  to  the  tangent  at  the  point. 

M  2 


Hence, 
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2.  In  the  case  of  a  repulsive  force,  yarying  as  the  distance,  find  the  arbi- 
trary constants,  the  initial  conditions  being  supposed  the  same  as  in  Art.  164. 

Making        t  =  0'm  equations  (6),  we  get  0  =  ^  +  ^,  b  =  A'-^-  S*. 

Again,  by  differentiation,  on  maMng  ^  =  0,  we  get 

rcosa  =  (^  -  -B)  VJI,     Tsino  =  (^'-  5')  Vjl. 

3.  Find  the  condition  that  the  orbit  in  the  preceding  should  be  an  equilateral 
hyperbola.  Ans,  r'=(a'*+**)yiA. 

4.  A  body  is  acted  on  by  ;four  e^ual  masses,  attracting  directly  as  the 
distance  ;  find  its  orbit,  and  sho%  that  its  periodic  time  is  one-half  of  that  of  a 
body  acted  on  by  one  of  the  masses  alone. 

5.  A  body  is  attracted  to  one  fixed  centre,  and  repelled  by  another,  of  equal 
intensity,  each  yarying  directly  as  the  distance.    Find  its  path. 

Ans.  A  parabola. 

6.  In  the  ellipse  described  freely  by  a  body,  under  the  action  of  a  central 
force  yarying  directly  as  the  distance,  determine  the  relation  connecting  the 
eccentric  angle  of  position  with  the  time  of  passage  through  any  point  on  the 
ounre. 

7.  A  number  of  bodies,  which  describe  ellipses  about  the  centre  of  force  as 
centre  in  the  same  periodic  time,  are  projected  from  a  given  point  with  a  given 
velocity  in  different  directions  in  a  plane.  Prove  that  their  paths  will  all  touch 
a  fixed  ellipse  with  the  given  point  as  focus.  Comb,  Math.  Trip.,  1875. ' 

8.  Being  given  the  centre  of  force,  a  point  in:the  orbit,  and  the  velocity  and 
direction  of  motion  at  that  point ;  give  a  geometrical  construction  for  the  lengths 
and  positions  of  the  axes  major  and  minor  of  the  orlut.  ^-^^ 

We  now  return  to  the  general  equations  of  motion  under 

Central  Forces,    ^y-^^-  '^     ^  {  ' 


157.  Equable  Description  of  Areas. — In  equations  (1) 
if  the  first  be  multiplied  by  y,  and  the  seoond  by  ;r,  we  get  by 
subtraction 

dP 


^  J,        d^x  d  f  dp        dx\ 


Henoe  a>--y-^h, 

where  A  is  a  constant  independent  of  the  time. 
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Again  (Axt.  105,  Diff.  Cak.)j  we  have 

dy       dx      ^dO 
dt     ^  dt        dt' 

therefore  r*  —  =  A.  (8) 

Hence,  if  A  denote  the  area  desoribed  in  the  time  t  by  the 
radius  vector  r  drawn  to  the  particle,  we  have 

therefore  ^  =  i(AO.  (9) 

No  constant  is  added  since  we  suppose  A  and  t  to  vanish 
together. 

If  we  suppose  ^  =  1,  we  infer  that  h  is  douhU  the  area 
described  hy  the  radim  vector  in  the  unit  of  time. 

Conversely,  if  a  particle  move  in  a  plane,  and  describe 
equal  areas  in  equal  times  around  a  fixed  point  in  the  plane, 
then  the  entire  force  acting  on  it  at  each  instant  passes  through 
the  fixed  point  (compare  Art.  28). 

158.  ¥elocit7  at  any  Point.— Again  (Art.  183,  Diff. 
Calc.)y  we  have 

ds^dB 

^dt^'^dt' 

where  d%  denotes  the  element  of  the  path  described  in  the 
time  dty  and  p  is  the  length  of  the  perpendicular  from  the 
centre  of  force  on  the  tangent  at  the  point.    Hence 

dB     .     .    ,d% 

where  v  denotes  the  velocity  at  the  instant ;  therefore 

t?  =  -.  (10) 

P 

Accordingly  the  velocity  varies  inversely  as  the  perpen- 
dicular j?. 
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The  constant  h  can  be  determined  from  (10)  whenever  the 
velocity  F,  the  distance  JS,  and  the  direction  of  motion  at  any 
point  of  the  path  of  the  particle,  are  known. 

For,  let  0  denote  the  angle  which  the  direction  of  motion, 
at  the  instant,  makes  with  the  radius  vector  E ;  then  the  per- 
pendicular on  the  tangent  «  i2  sin  ^,  and  hence 

A  =  FjB  sin  0.  (11) 

Equation  (10)  admits  of  another  form ;  for,  squaring,  it 
becomes 

therefore  *'°*'j"'"^(S)l' 

where u=-  {Biff.  Cak.,  Art.  183).  (12) 

r 

159.  STewton's  Proof. — On  account  of  the  importance 
of  the  preceding  results  we  shall  give  the  method  by  which 
the  equable  description  of  areas  was  originally  established  by 
Newton. 

Let  the  whole  time  be  divided  into  a  number  of  equal  in- 
tervals. Then,  supposing 
no  force  to  act  on  the  body 
during  the  first  interval, 
it  would  describe  a  right 
line  ABy  uniformly,  in 
that  interval.  Likewise 
during  the  next  interval, 
if  no  force  act  on  it,  it 
would  describe  the  right  ^ 
line  Bcy  in  the  direction  of, 
and  equal  to,  AB.  But  when  the  body  arrives  at  By  suppose 
a  force  directed  to  8  to  act  on  it,  with  a  single  sudden  and 
great  impulse^  so  as  to  cause  the  body  to  deviate  from  the  right 
line  Bcy  and  to  proceed  along  the  line  BC.  To  find  the 
position  of  the  body  at  the  end  of  the  second  interval,  we 
draw  from  c  the  line  cC  parallel  to  BS  (the  direction  of  the 
force),  and  meeting  BOm  C;  then  the  body  will  be  found  at 
C  at  the  end  of  this  interval.    Join  80  and  8c ;  then,  since 
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SB  and  Cc  are  parallel,  the  triangle  SBC  is  equal  to  8Bc^  and 
therefore  equal  to  the  triangle  SAB.  In  like  manner  i),-B,  &o. 
the  positions  at  the  end  of  the  next  intervals,  can  be  deter- 
mined. Also  it  is  obvious  that  the  right  lines  AB^  BG^  CD,  &c., 
all  lie  in  the  same  plane,  and  the  triangles  SCDy  SDEy  &o., 
will  be  each  equal  to  SAB. 

Therefore  equal  areas  round  S  are  described  in  equal 
intervals  of  time;  and,  componendOy  the  sum  of  the  areas 
described  are  proportional  to  the  time  of  their  description. 

n  now  we  suppose  the  number  of  intervals  of  time  in- 
creased, and  their  length  diminished  indefinitely,  the  path 
described  becomes  a  curved  line;  the  centripetal  force  by 
which  the  body  is  perpetually  deflected  from  the  tangent 
to  the  curve  vnR  act  continuously ;  and  the  areas  described 
round  S,  being  always  proportional  to  the  time  of  their  de- 
scription, will  be  so  in  this  case  also. 

The  other  results  of  the  preceding  Article  follow  likewise 
(Newton,  lib.  I.,  Sec.  ii.,  Prop,  i.,  Principia). 

160.  ITeloclty  at  any  Distance. — In  equations  (1) 
if  we  multiply  the  first  by  2dxy  and  the  second  by  2t^y, 
and  add,  we  get 

Integrating,  we  get 


=  -  2\Fdr  +  const., 

or  «?» =  -  2\Fdr  +  const.  (13) 

By  aid  of  this  equation,  when  the  law  of  force  is  given, 
the  velocity  at  any  point  in  the  orbit  can  be  determined. 

Thus,  let  the  acceleration  jFbe  any  function  of  the  dis- 
tance represented  by  /i^'(0>  ^'^'^ 

t?*  =  -  2/iJ^'(r)  d/r  +  const.  =  -  2/i^(r)  +  const. 

Again,  let  V  be  the  velocity  at  the  distance  22,  and  we 

get 

F*  =  -  2/i0(jB)  +  const. ; 

th^efore         «?'  -  F"  =    2/i {0(i2)  -  ^(r) ) .  (14) 
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For  instanoe,  for  the  law  of  nature,  we  have 


^.jn.2,{l-^).  (15) 


Hence  we  see  that  the  velocity  at  any  distance  from  the 
centre  of  force  is  independent  of  the  path  described,  and  is 
the  same  as  if  the  body  had  been  projected,  with  the  initial 
velocity,  directly  towards  the  centire  of  force  (compare  Art. 
131). 

Again,  if /=  ^,  we  have 

K  F  =  0,  when  12  =  oo ,  i.e.  if  the  velocity  at  any  point  in 
the  path  is  that  which  the  body  would  acquire  in  moving  from 
rest  from  an  infinitely  great  distance  towards  the  centre  of 
force,  we  have 

.^  =  _2^1  (17) 

For  instance,  if  the  force  vary  as  the  inverse  square  of  the 
distance,  we  have  in  this  case 

^  =  ^.  (18) 

r 

Again,  if  the  force  be  repulsive^  and  vary  directly  as  the 
w'*  power  of  the  distance,  we  have  J'=  -  /ur^,  and  (14)  be- 
comes 

^^r^^  -^  (r~«  -i2»«).  (19) 

w+ 1^  ' 

Ji  V=Q  when  JK  «  0,  i.e.  if  the  velocity  at  any  point  be  the 
same  as  that  acquired  in  moving  from  the  centre  offorce^ 

t?*  =  -^  i^\  (20) 

n  +  1 


h^  dp 
To  prove  the  Relation  -F  =  -r  "r-  169 

p  dr 

161.  Iiaw  of  InTerse  Square. — If  F-  3,  equations  (1) 


l>eoome 


^  =  "5'    y--Mj.  (21) 


1  d 

Also  from  (8),  we  have,         -==  i\ 

'  r*  h 

hence,  equations  (21)  beoome 

nr  h 

A  r  h 
Integrating,  we  get. 


i  =  -  ^sinO  +  a 
n 

y  =     ^  cos  0  +  P 

IV 


(22) 


in  whicli  a  and)3  are  constants,  whose  values  can  be  found  by 
the  aid  of  the  initial  circumstances  of  the  motion. 

Again,  substituting  these  values  of  x  and  y  in  the  equa- 
tion xy  -yx  =  hy  we  get 

Jr  +px-ay-h=0.  (23) 

From  this  it  follows  that  the  orbit  is  a  conic  section  having 

the  centre  of  force  at  its  focus. 

Further  discussion  of  this  law  of  force  is  postponed  to 

Art.  166,  in  which  will  be  given  another  demonstration  that 

the  orbit  is  a  focal  conic. 

h^  dp 
162.  To  proTe  the  Relation  F^-z-r^. 

p^  dr 

Equation  (13)  gives,  by  differentiation, 


F^^\ 


dr 


-*»-i(?)=?i-  <^> 
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This  result  admits  of  a  useful  transformation ;  for,  if  y 
denote  the  semichord  of  curvature  drawn  through  the  centre 
of  force,  we  have 

7=P^'      iW'  Oak., Art. 235.) 
Hence  the  previous  equation  becomes 


i^=-.  (25) 

y 

This  result  can  also  be  readily  deduced  from  the  conside- 

ration  that  the  centrifugal  acceleration,  — ,  at  any  point  in  the 

P 
orbit,  must  be  equal  and  opposite  to  the  component  of  the  cen- 
tral acceleration  taken  in  the  normal  direction  (Arts.  25, 90). 


Examples. 

1.  Prove  that  the  yelooity  at  any  point  in  a  central  orbit  is  the  same  as  that 
acquired  in  moving  from  rest  along  one-fourth  the  chord  of  curvature  at  the 
point,  under  the  action  of  a  constant  force,  equal  in  intensity  to  that  of  the 
central  force  at  the  point. 

2.  A  particle  describes  a  circle  freely  under  the  action  of  a  force  whose 
direction  is  constant;  determine  the  law  of  force. 

Taking  the  centre  of  the  circle  as  origin  of  rectangular  axes,  the  axis  of  y 
being  parallel  to  the  constant  direction  of  the  force,  we  have 

di^      '  dfi    "'   *^"»-y     «  ' 

dx  d»        dy     ^ 

hence,  ^  =  -  «  - ; 

dt  y' 

,  ^     d^y      a   i    dy        dx\         o'a* 

hence.  Y  =  — ~  =  —  la;-— •  —  v  —  i  = r-  • 

'  d^      ya   V   '^^         <*</  y^ 

3.  Apply  equation  (24)  to  find  the  law  of  force  directed  to  a  focus  in  an 
ellipse. 

In  this  case  we  have 


d^u  F 

To  prove  the  Equation  -^  +  w  =  rrj-^ .  171 


I  dp      a    I  ah* 

p*  dr      b^  r^  6'r* 

4.  Find  the  law  of  force  in  the  curve 

f^ss  a^  COB  nu0. 

Here  we  have  (JHf,  Cah,^  Art.  190)  r»^^  =  <r»jp. 

(m  +  1)  A»a»« 


Hence,  F= 


l>2m+S 


6.  Prove  that  the  force  under  whose  action  a  hody  P  revolves  in  any  orbit, 
about  a  centre  of  force  i9,  is  to  the  force  under  whose  action  the  same  body  P 
can  revolve  in  the  same  orbit,  in  the  same  time,  round  another  centre  of  force  Ry 
as  8F.  BF^  :  80^,  where  SGia  the  straight  line  drawn  from  S  parallel  to  EF, 
meeting  in  6^  the  tangent  at  P  to  the  orbit.  iVificipta,  Sect,  ii.,  Prop,  vii.,  Cor,  3. 

loo.  To  proTe  the  EquaHon  -^^  +  u  = 


In  the  equation 
if  we  regard  r  as  a  function  of  0,  we  have 

/  dr  du  dO 

/  'W        d9 


Moreover,  from  (12) ,  we  have 


=  2h 


du  /      d  V 


(^0 
Substituting  in  the  preceding,  we  get 

:3S  +  «  =  m  •  (26) 

This  important  result  can  also  he  proved  as  follows : — 
Substituting  -  F  for  P,  in  equation  (11),  Art.  28,  we  get 
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J"™ h  r 


m 


but  '•('J)  =  A»ti»,  by  (8); 

,  dr     dr  dO     ,  ^dr         .  (fo 

also  —  = s  Atr  —  =  ~  A  — : 

*     rftf*  rftf  dO' 

d^r  dfdu\_     .dOd^u^     At  t^ 

•'•  dfi^''^dt\dej'^^^d¥'"''''  dS"' 

oonsequenily  F^  A*u*  l-z^  +  w  J. 

The  diflcnsfiioii  of  central  orbits  comprises  two  distinct 
classes  of  questions.  In  the  one  it  is  required  to  find  the 
equation  of  the  orbit  when  the  law  of  force  is  known ;  in  the 
otner  the  orbit  described  is  given,  and  the  law  of  force, 
directed  to  a  fixed  point,  is  required. 

In  the  latter  case,  if  the  origin  be  taken  at  the  fixed 

centre  of  force,  the  equation  of  the  orbit  can,  in  general,  be 

dH^ 
expressed  in  terms  of  u  and  0,  from  which  the  value  of  -^^ 

air 

can  be  determined.    If  this  be  substituted  in  the  equation 


F^K 


^'(S^4 


the  resulting  value  of  F  determines  the  required  law  of 
force. 

164.  Applieatton  to  Ellipse. — For  example,  to  find 
the  law  of  force  which  will  cause  a  particle  to  describe  an 
ellipse  round  a  centre  of  force  situated  in  one  of  its  foci. 

Here  the  equation  of  the  orbit  is 

1  -\-  e  008  0 
« L ' 

where  L  is  the  semi  latus-rectum. 
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TT  d%       e  cos  6 

dS"  L     ' 

therefore  «^  +  _^  =  -, 

and  oonsequently 

Accordingly  the  force  varies  inversely  as  the  square  of  the 
distance  from  the  centre  of  force. 

CO 

Examples. 

Find  the  law  of  force,  directed  to  the  origin,  in  the  following  ciiryea : — 

1.    r  =  a^,  2.    u^off^  +  he'^.  3.    r^ae^  +  be"^. 

Ans.    1.  and  2.  -.        3.  J^-^  \^— ^j  . 

165.  €afle  where  the  I«aw  of  Foree  Is  slTeii. — 

When  the  law  of  force  is  given,  the  determination  of  the 
orbit  depends  on  the  solution  of  a  differential  equation ;  for, 
if  F=/ji^{u)y  equation  (26)  becomes 

This  equation  admits  of  being  completely  integrated  for  a  few 
laws  of  force  only.  We  shall  commence  with  the  most  im- 
portant case,  namely,  the  law  of  nature,  for  which  the  attrac- 
tion varies  as  the  inverse  square  of  the  distance. 

166.  liaw  of  Inyerse  Square. — ^Let  F=^  3  ="  M^%  then 
the  equation  becomes 
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The  integral  of  this,  by  Art.  109,  is 


W  =  |^  +  ^OOB(e-a).  (29) 


This  is  the  equation  of  a  fooal  conio  (see  Art.  161). 

The  orbit  is  an  ellipse,  parabola,  or  hyi>erbola,  according' 
to  the  values  of  the^oonstants  A  and  a.  These  constants  are, 
as  in  all  other  cases)  determined  from  the  initial  circumstances 
of  the  motion. 

We  commence  with  the  case  in  which  the  orbit  is  an 
ellipse. 

The  equation  of  an  ellipse  referred  to  a  focus  as  origin, 
and  to  any  line  drawn  through  it  as  prime  vector,  may  be 
written 

1      l+cco8(fl-a) 

^^r  a  (1  -  ^)     • 

Comparing  with  (29)  we  get 

u  1  a 


A»     a  (1  -  e»)      6»' 

or  h'  =  ^^  =  fiL.  (30) 

Hence,  in  different  orbits  round  the  same  centre  of  force,  h 
varies  as  the  square  root  of  the  latus  rectum. 

Again,  let  T  denote  the  periodic  timey  i.e.  the  time  in 
which  the  body  makes  a  complete  revolution  in  the  orbit ; 
then  since  h  represents  double  the  area  described  in  the 
unit  of  time,  we  have 

double  area  of  ellipse      2irab 


Hence,  from  (30), 


4irV 
M  -  ^.  (31) 
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If  a  second  partiole  be  supposed  to  describe  an  ellipse 
round  the  centre  of  force,  and  if  the  absolute  force  fi  be  the 
same  in  both  cases,  we  have 

where  a\  T'  are  the  semi-axis  and  the  periodic  time  in  its  orbit. 
Hence,  eliminating  /ix,  we  get 

(32) 

That  is,  the  squares  of  the  pe?*iodic  times  are  to  one  another  in 
the  same  ratio  as  the  cubes  of  the  semi-axes  major. 

167.  The  preceding  results  have  been  deduced  for  the 
motion   of  a  material  particle,  but  they  also  hold  good, 
approximately,  for  the  motion  of  the  centre  of  inertia  of  a 
body  of  finite  dimensions,  each  of  whose  elements  is  attracted 
towards  a  fixed  centre,  provided  the  dimensions  of  the  body 
are  small  in  comparison  with  its  distance  &om  the  centre 
of  force.     For  in  this  case  the  attractions  on  the  several 
elementary  particles  of  the  body  may  be,  approximately,  re- 
garded as  a  system  of  equal  and  parallel  accelerations ;  and, 
consequently,  the  motion  of  the  body  will  (Art.  34)  be  the 
same  as  if  it  were  concentrated  at  its  centre  of  inertia.     Also, 
as  already  shown  in  Art.  126,  if  a  sphere  consist  of  homo- 
geneous spherical  strata,  its  entire  attraction  is  the  same  as  if 
its  entire  mass  were  concentrated  at  its  centre.    Accordingly, 
if  one  such  sphere  be  attracted  by  another  supposed  at  rest, 
its  centre  will  describe  an  ellipse,  having  the  centre  of  the 
attracted  sphere  for  a  focus. 

168.  Kepler's  I^aws. — By  comparing  the  results  of  a 
large  series  of  observations  of  the  planets,  chiefly  of  Mars, 
made  by  Tycho  Brahe,  Eepler  arrived  at  the  following  laws 
oonceming  the  planetary  orbits : — 

(1)  That  the  right  line  drawn  from  the  Sun  to  any  planet 
describes  equal  areas  in  equal  times. 
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(2)  That  the  orbits  are  ellipses,  having  the  Sun  in  a  focus. 

(3j  That  the  squares  of  the  periodic  times  for  any  two 
planets  are  to  each  other  in  the  same  proportion  as  the  cubes 
of  their  mean  distances  from  the  Sun. 

From  the  first  of  these  laws  Newton  deduced  (Art.  157) 
that  each  of  the  planets,  is  kept  in  its  orbit  by  the  action  of  a 
central  force  directed  to  the  Sun. 

From  the  second  he  proved  that  the  attractive  force  for 
each  planet,  in  its  different  positions,  varies  as  the  inverse 
square  of  the  distance  from  the  Sun  (Art.  164). 

From  the  third  law  he  deduced  that  the  absolute  force 
{/jl)  is  the  same  for  all  the  planets  (Art.  166) ;  and  hence  that 
it  is  one  and  the  same  force,  directed  to  the  Sun,  by  which 
all  the  planets  are  retained  in  their  orbits.  These  laws  are 
only  approximate  when  we  take  account  of  the  mutual  actions 
of  the  planets  on  each  other  and  on  the  Sun. 

For  Newton^s  demonstrations  the  student  is  referred  to 
the  Prineipiay  Lib.  I.,  Sect,  in..  Prop.  xi. 

From  the  foregoing  we  infer  that  the  results  arrived  at 
for  the  motion  of  a  particle,  for  the  law  of  inverse  square  of 
the  distance,  are  applicable,  approximately,  to  the  planetary 
motions.  It  has  also  been  verified  by  observation  that  a  satel- 
lite belonging  to  any  planet  revolves  round  it  according  to 
the  same  laws  that  the  planets  revolve  round  the  Sun. 

169.  I^aw  of  CfraTitatton. — We  have  in  the  last  Ar- 
ticle given  a  brief  outline  of  the  process  by  which  Newton 
estabUshed  the  great  fundamental  law  of  attraction  of  matter, 
which  we  refer  to  as  the  law  of  nature,  and  which  may  be 
stated  as  follows : — Every  particle  of  matter  in  the  solar  system, 
consisting  of  the  Sun^  the  planets^  comets,  8fc,y  exercises  on  every 
other  particle  an  attractive  force,  which  varies  directly  as  the 
product  of  the  masses  of  the  particles,  and  inversely  as  the  square 
of  their  mutual  distance. 

We  assume  that  this  is  a  general  property  of  matter,  and 
applies  to  all  matter  wherever  existing  in  the  universe.  This 
assumption  has  been  verified  by  observations  on  the  motion  of 
the  double  stars. 
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170.  Expremioii  for  Telocity  at  any  Point  in  a 
Focal  Orbit. — We  oommenoe  with  an  elliptic  orbit. 
In  this  case  we  have 

where       p  =  Si^T,  ^f^    I.-'^^^^^^'Mi! 

the  centre  of  force  being  8.  (-^ 

Again,  let  S  be  the  second 
focus  of  the  orbit,  8N^  SN'  per- 
pendiculars on  the  tangent  at  P,  the  position  of  the  particle. 

Suppose  B.N'  =  py  HP  =  r'\  then,   from  well-known 
elementary  properties  of  the  ellipse,  we  have 

P         T 

a  p^      ap      a  r      a\     r    J 

therefore  t?'  =  Ji  -  ^.  (33) 

r      a  ^ 

In  the  parabola  a  becomes  infinite,  and  we  have 

T 

a  result  which  can  be  readily  established  independently. 

In  the  case  of  a  hyperbolic  path  we  have  r  =  2a  +  r,  and 
the  formula  becomes 

t.'  =  ^  +  ^.  (36) 

r      a  ^     ' 

Hence  we  infer  that  if  a  body  be  projected  with  a  velocity  F, 
at  a  distance  R  from  the  centre  of  force,  the  orbit  described 
will  be   an  ellipse,  parabola,   or  hyperbola,  according  as 

FMs<  =  or>-^. 

JtC 

This  result  may  be  exhibited  in  another  form  by  aid  of 
equation  (18),  as  follows  : — 

The  velocity  at  any  point  in  an  eUipse  is  less,  in  a  para- 

N 
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bola  equal  to,  and  in  a  hyperbola  greater  than,  the  velocity 

which  the  body  would  acquire  in  moving  to  the  point  from 

an  infinitely  great  distance,  under  the  action  of  the  central 

force. 

^     171.  Construction  of  Orbit. — The  preceding  equation 

shows  how  to  construct  the  orbit 

when  we  are  given  the  absolute 

force,  the  initial  velocity,  position, 

and  direction  of  motion.      For, 

suppose  P  the  initial  position,  PT 

the  direction  of  motion,  and  S  the 

centre  of  force ;  let  F^  velocity  of 

projection,  SP  =  R ;  then — 

(1)  if  F^  <  -77  the  orbit  is  an  ellipse  whose  semi-axis  a 
is  given  by  the  equation 

a     R       fi 

Again,  draw  PHy  making  the  angle  TPH  -  z  SPT^ 
then  tlie  second  focus  H  lies  on  this  line,  and  its  position  H 
is  found  by  taking  PH  =  2(i  -  R,  Consequently,  as  the  two 
foci  and  the  axis  major  are  known,  the  ellipse  is  completely 
determined. 

(2)  When  -p  =  f^^  the  orbit  is  a  parabola,  which  can  be 

easily  determined  by  drawing  8N  perpendicular  to  the  direc- 
tion of  motion  at  P,  inflecting 
/ST=  SP,  and  dropping  NA  per- 
pendicular to  ST. 

The  parabola  described  with  8  3^ 

for  focus,  and  A  for  vertex,  will 
be  the  required  orbit. 

(3)  "When  V^>^  the  orbit  is  t a s 

a  hyperbola,  whose  semi-axis  a  is  given  by  the  equation 

1 .  Z!  -  A 

a       u       R' 
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The  second  focus,  JT,  can  be  easily  constructed,  as  in  the 
first  case,  but  lies  on  the  opposite  side  of  the  direction  of 
motion  from  the  centre  of  force  8. 

Again,  as  the  value  of  the  semi-axis  a  is  independent  of 
the  direction  of  projection,  we  infer  that  if  a  number  of 
bodies  be  projected  from  a  point  with  the  same  velocity,  in 
different  directions,  and  be  attracted  by  a  common  centre  of 
force,  the  mean  distances,  and  consequently  the  periodic 
times,  will  be  the  same  for  all  the  orbits. 

It  may  be  remarked  that  the  orbit  will  be  a  circle,  pro- 
vided the  angle  SPTis  right,  and  F^  =  -~  (compare  Art.  91). 

The  formula©  in  this  and  the  preceding  Article  are  of 
importance  in  the  discussion  of  focsd  orbits.  We  add  a  few 
elementary  applications. 

Examples. 

1.  Calculate,  approximately,  the  periodic  time  of  a  planet  if  its  mean  dis- 
tance from  the  Sim  is  double  that  of  the  £arth.  Ans.  1033  days. 

2.  If  a  body  be  projected  with  a  given  velocity  about  a  centre  of  force 
which  varies  as  the  inverse  square  of  distance,  find  the  locus  of  the  centre  of 
the  orbit  described. 

Here,  since  the  locus  of  the  empty  focus  is  a  circle,  the  locus  of  the  centre 
is  also  a  circle. 

3.  In  the  same  case,  show  that  the  length  of  the  axis>minor  varies  directly 
as  the  perpendicular  drawn  from  the  centre  of  force  to  the  direction  of  pro- 
jection. 

Since  r  and  r'  are  each  constant,  p  is  to  p'  in  a  constant  ratio  ;  consquently 
b  varies  as  p. 

4.  Show  that  there  are  two  directions  in  which  a  body  may  be  projected 
from  a  given  point  A,  with  a  given  velocity  V,  so  as  to  pass  through  another 
given  point  B. 

Since  the  axis-major  2a  is  given,  the  position  of  the  second  focus  is  deter- 
mined by  the  intersection  of  two  circles,  with  A  and  B  for  centres.  Hence  there 
are  two  solutions — one  for  each  point  of  intersection  of  the  circles. 

5.  Prove  that  the  time  of  describing  an  arc  of  a  parabolic  orbit,  bounded  by 
a  focal  chord  of  length  e,  varies  as  o'i. 

172.  Effect  of  a  Sadden  Change  in  Absolute 
Force. — ^A  body  is  revolving  in  a  focal  orbit ;  if  when  it 
arrives  at  any  position  the  absolute  force  /i  be  suddenly 
altered,  to  determine  the  subsequent  path. 

N2 
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Let  R  and  F*  represent  the  distance  and  velocity  at  the 
instant  in  question,  and  let  1/  be  the  new  value  of  the 
absolute  force,  and  (/  the  semi-axis  major  of  the  new  orbit ; 
then,  as  the  velocity  receives  no  sudden  or  instantaneous 
change,  we  have,  by  (33), 

R-'a^-R-'a''  ^^^^ 

The  value  of  a',  and  consequently  the  position  of  the  new 
orbit,  can  be  immediately  determined  from  this  equation. 

For  example,  suppose  the  original  orbit  a  parabola,  and 
the  central  force  suddenly  doubled  in  intensity. 

Here  it*'  =  2/a,  and  our  equation  becomes 

R      R       a'' 

hence  of  =  R;  and,  consequently,  the  new  orbit  is  an  eUipse 
rvvw/vMTv  having  the  extremity  of  its  axis  ^ttfor  at  the  point. 

If  the  change  in  /i  be  very  small,  and  represented  by  A/u, 
and  the  corresponding  change  in  a  by  da,  it  is  plain  that  we 
have 

Hence,  if  the  central  force  (or  the  attracting  mass)  be  in- 
creased slightly,  the  axis  major  will  be  diminished ;  also,  if 
the  force  be  diminished  the  axis  major  is  increased. 

The  corresponding  change  in  the  periodic  time  is  readily 
found;  for,  by  (31),  we  have 

2  log  T  +  log  /x  =  2  log  27r  +  3  log  a ; 

2AT     3Aa     A/4 

hence  _.  =  _-_; 

therefore  |^_^^J.l).  (38) 

Again,  if  the  centre  of  force  be  supposed  suddenly  trans- 
ferred to  a  new  position,  the  subsequent  path  can  be  readily 
constructed,  as  in  Art.  171. 
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Examples. 

1.  A  number  of  bodies  are  projected  from  a  point  with  the  same  Telocity,  but 
in  different  directions ;  pro?b  that  the  centres  of  their  orbits  are  situated  on  the 
surface  of  a  sphere. 

2.  A  body  is  describing  a  circle  under  a  central  force  in  its  centre ;  if  the 
force  be  suddenly  reduced  to  one -half,  find  the  subsequent  path  of  the  body. 

Ans.  a  parabola. 

3.  In  the  same  case,  if  the  central  force  be  suddenly  increased  in  the  ratio  of 
mil,  find  the  eccentricity  of  the  subsequent  path.  m^\ 

m 

4.  Two  equal  perfectly  elastic  particles  describe  the  same  ellipse  in  the  same 
period,  in  opposite  directions,  one  about  each  focus ;  prove  that  the  major  axis 
of  the  orbit  is  a  harmonic  mean  between  those  of  the  orbits  they  will  describe 
after  impact. 

This  result  follows  immediately,  since  the  via  viva  is  the  same  after  collision 
as  before  {tee  Art.  81). 

6.  Prove  that  there  are  two  initial  directions  for  the  projection  of  a  particle 
with  a  g^yen  velocity,  so  that  the  axis  major  of  its  orbit  may  coincide  in  direc- 
tion with  a  given  line. 

6.  If,  when  the  Earth  is  at  an  end  of  the  minor  axis  of  its  elliptic  orbit,  a 

meteor  were  to  fall  into  the  Sun,  whose  mass  is  the  m*^  part  of  that  of  the  Sun  ; 

find  the  resulting  change  in  the  Earth's  mean  distance,  and  also  in  the  length  of 

the  year.  ^  a  2T 

•'I  Ans,  Aa  = ,     At  ss . 

173.  Application  of  Method  of  Hodograph.— The 

method  of  the  hodrograph  (Art. 
26)  furnishes  a  simple  mode  of 
determining  the  law  of  force 
in  a  focal  ellipse.  For,  since 
the  velocity  at  any  point  P 
varies  inversely  as  the  perpen- 
dicular 8Lj  it  varies  directly  ^l' 
as  the  perpendicular  JSTiVdrawn 
from  the  second  focus ;  since  8L  x  HN  =  i*. 

Consequently  the  hodograph  is  similar  to  the  locus  of  i\r, 
when  turned  through  a  right  angle.  But  the  semicircle  de- 
scribed on  the  axis  major  as  diameter  passes  through  iV,  con- 
sequently the  hodograph  is  a  circle. 

Again,  to  find  the  law  of  force,  let  Pi  denote  the  position 
of  the  movable  at  the  end  of  an  indefinitely  small  time  A^, 
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and  If  I  the  corresponding  position   of  N ;  then  (Art.  26) 

— 7^  is  proportional  to  the  central  attractive  force. 

Join  the  centre  Cto  iVand  to  Ni ;  then,  by  an  elementary- 
property  of  the  ellipse,  Clf  is  parallel  to  SP,  and  CNi  to 
SPi. 

Let    SP^r,    lCSP^Q,    SL^p,    HN=p'; 
then  /L  NCNi  =  l  PSPi «  A6I. 

Also  (by  8),        ™  =  a^  =  $. 

Hence  the  force  varies  inversely  as  the  square  of  the  dis- 
tance. 

A^ain,  since  v  =  -  =  -r;  p\  we  have 
°  p      0^ 

h^NNi^     Va  \ 
b"  At    "   6'  ■  r» ' 

Consequently,  if  ^  represent  the  absolute  force,  L  e.  the 
force  at  unit  of  distance,  we  get 

as  in  (80). 

Again,  since  the  velocity  at  P  is  proportional  and  per- 
pendicular to  HN\  and  CN^  CH  are  constants,  it  follows 
that  the  velocity  at  P  can  be  resolved  into  two  constant  velo- 
cities — one  perpendicular  to  the  radius  vector ^  the  other  to  the  axis 
major.  » 

Also,  since  the  velocity  at  P  is  represented  by  ^  HNy  the 

component  velocity  perpendicular  to  SP  is  represented  by 
rj-,  and  that  perpendicular  to  the  axis  major  by  -^  :  i.  e.  by 

-  and  -  Cy  or  by  jy  and    /—  e,  respectively. 

That  the  hodograph  is  a  circle  in  this  case  appears  also  at 
once  from  (22).      For  if  x\  tf  be  the  ooordLnates  of  the 


Lamberfs  Theorem,  183 

{K>int  in  the  hodograph  which  oorreBponds  to  the  point  xy  in 
the  orbit,  we  have 

hence,  substituting  in  (22),  and  eliminating  0,  we  get  for  the 
equation  of  the  hodograph 

which  is  the  equation  of  a  circle. 

We  may  here  observe  that  in  any  case  of  the  motion  of  a 
particle,  if  we  can  find  an  equation  connecting  the  velocities 
Xy  py  z  of  the  motion,  with  constants,  that  equation  may  be 
regarded  as  that  of  the  hodograph,  in  which  x,  y^  z  are  the 
current  coordinates.     (See  Art.  26.) 

Example. 
A  particle  moying  in  an  ellipse  under  the  action  of  a  force  directed  to  a  focus 

has  a  small  velocity  n  ^  impressed  on  it  in  the  direction  of  the  focus ;  find  the 

h 

corresponding  changes  in  the  eccentricity,  and  in  the  position  of  the  apse. 

174.  I^amberrs  Theorem. — In  Art.  140,  Int.  Ca/c,  it 

has  been  shown  that  the  area  ,  -> 

of  the  elliptic  sector  F8Q  is  ^'^^         ^ 

represented  by 


iaft  (0  -  ^'  -  (sin  0  -  sin  ^') } ,     ^ ^ 

where  ^  and  ^'  are  given  by  the  equations 

smi^  =  i( j,   smi0=i( 

in  which  8P  =  n,  8Q  =  r2,  and  PQ  =  c. 

Accordingly,  if  t  represent  the  time  of  describing  the  arc 
PQ,  we  have 

^     2  area  P8Q 

V  —  - 


=  [-Y{0  -  ^'  -  (sm  0  -  sin  f )  > .     (39) 


This  shows  that  the  time  of  moving  from  any  point  P  to 
any  point  Q  can  be  expressed  in  terms  of  the  sides  of  the  tri- 
angle 8PQ  and  of  the  axis  major  of  the  orbit. 
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Again,  if  we  regard  a  as  becoming  infinitely  great  in  (39), 
we  get  for  ty  the  time  of  moving  from  P  to  Q  in  a  parabolic 
orbit, 

<=  -— =  {(n  +  r2  +  c)*-(ri  +  r2-c)*|.  (40) 

For  in  this  case  we  may  substitute  -  I- j    for 

,  1 /ri  +  r2-c\i  .      ,,      .      , 
0-sm0,  and^l^ J  for^-sin^. 

Examples. 

1.  A  comet,  describing  a  parabolic  orbit,  being  supposed  to  cross  the  path  of 
the  Earth ;  determine  the  points  of  ingress  and  egress  for  which  the  time  the 
comet  continues  within  the  Earth's  orbit  is  a  maximum. 

Ans,  The  extremities  of  the  axis  major. 

2.  Find  an  expression  for  the  time  in  the  preceding  question. 

Ant,  -— -,  where  £  represents  the  length  of  the  year. 
Sir 

3.  Two  planets,  describing  elliptic  orbits  in  a  common  period  round  the  Sun, 
being  supposed  to  pass  in  every  revolution  through  two  common  points  :  prove 
that  the  intervals  between  the  times  of  their  passage  through  the  points  are 
equal.  . 

175.  Modification  ^fviieii  lEutaal  Attraction  is 
taken  account  of. — The  preceding  investigations  are  based 
on  the  assumption  that  the  centre  of  force  is  fixed ;  accord- 
ingly they  can  be  applied  to  the  planetary  motions  only  on 
that  hypothesis.  However,  from  the  principle  of  the  equality 
of  action  and  reaction,  each  of  the  planets  exerts  on  the  Son 
an  equal  and  opposite  attractive  force  to  that  which  the  Sun 
exerts  on  it.  We  proceed  to  consider  how  far  our  results 
most  be  modified  when  this  is  taken  into  account. 

We  have  seen,  in  Art.  13,  that  the  relative  motion  of  two 
bodies  is  unaltered  if  equal  and  parallel  velocities  be  given  to 
both.  We  accordingly  suppose  an  acceleration  applied  at 
each  instant  to  the  Sun,  equal  and  opposite  to  that  which  the 
planet  exerts  on  it ;  and  an  equal  and  parallel  acceleration 
applied  to  the  planet.  This  assumption  will  not  alter  their 
relative  positions,  while  it  reduces  the  position  of  the  Sun  to 
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one  of  relative  rest.     Consequently  the  relative  motion  of  the 

planet  takes  place  in  the  same  manner  as  if  the  Sun  were  a 

fixed  centre  of  force,  and  the  planet  at  each  instant  were 

aoted  on  by  the  sum  of  the  accelerations  that  the  Sun  exerts 

on  it)  and  that  it  exerts  on  the  Sun ;  since  these  accelerations 

take  place  in  opposite  directions  along  the  same  right  Hue. 

Again,  let  8  and  P  denote  the  masses  of  the  Sun  and 

planet  respectively :  then  their  attractions  (being  proportional 

S  P 

to  their  masses)  may  be  represented  by  /-^  and/-^^,  where  r 

represents  their  mutual  distance. 

Accordingly  the  total  acceleration  on  the  planet  towards 
the  Sun,  considered  as  a  fixed  centre,  is  represented  by 

A8  +  P) 

Consequently  in  our  preceding  investigations  we  must 
regard  the  absolute  force,  /i,  as  proportional  to  8  fP  instead 
of  8 ;  and  we  may,  by  proper  assumption  of  units,  take 

/.=/(S  +  P). 

176.  lEodifieation  In  Kepler's  TUrd  liaw.— From 
what  has  been  just  established  it  follows  that  Kepler's  third 
law  is  only  approximate.  To  determine  a  more  exact  result 
we  must  substitute  f{8  +  P)  instead  of  /u,  in  (31),  for  one 
planet,  and/(/8+  P')  in  the  corresponding  formula  for  the 
other  planet,  when  we  have,  by  division. 

As  observation  shows  that  Kepler's  third  law  is  very 
nearly  exact  for  all  the  planets,  we  conclude  that  the  mass  of 
the  Sun  is  very  great  in  comparison  with  that  of  any  of  the 
planets.  In  fact  the  mass  of  Jupiter,  which  is  the  largest  of 
them,  is  less  than  a  thousandth  part  of  that  of  the  Sun. 

This  conclusion  will  appear  more  clearly  from  the  follow- 
ing method  of  comparing  the  mass  of  the  Sun  with  that  of  a 
planet  where  the  planet  has  a  satellite  : — 
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177.  Comparison  of  Masses  of  Sun  and  Planet. — 

Let  2  denote  the  mass  of  the  satellite,  S  its  distance  from  the 
planet,  t  its  periodic  time ;  then,  since  the  satellite  revolves 
round  the  planet  we  have,  as  in  last  Article, 

l^Jl\(Ll  (42) 

When  the  calculations  are  made,  it  is  found  that  in  all 
cases  f  -  j  f  -- j  is  a  very  small  fraction :  and  hence  also  -^ . 

If  S  be  supposed  very  small  in  comparison  with  P,  as  P  is 
in  comparison  with  S,  we  can,  by  (42),  obtain  the  ratio  of  the 
planet's  mass  to  that  of  the  Sun,  approximately. 

Again,  for  two  planets,  P  and  P',  if  the  masses  of  the 
satellites  be  neglected,  we  have 

178.  Mass  of  Sun. — When  applied  to  the  Earth  and 
its  satellite  the  Moon,  the  preceding  formula  gives  a  means 
of  comparing  the  mass  of  the  Sun  with  that  of  the  Earth. 

Let  E  and  M  represent  the  masses  of  the  Earth  and  the 
Moon,  r  their  distance,  then  equation  (42)  becomes 

E+M  _(r\^fTy 
8  +  E  -  \a)  \t)' 

r        1 

Now,  as  a  rough  approximation,  we  assume  -  =  ^T-r  > 

i.  e.  that  the  Sun's  distance  from  us  is  400  times  that  of  the 

T 

Moon.     Also  we  take  --  =  13*4,  or  that  the  year  is,  approxi- 

mately,  13 '4  times  the  periodic  time  of  the  Moon. 

^,.      .       8  +  E     64,000,000     ....^n  •     *i 

This  gives  -^-^  =      j^yg.gg     =  356,420  approximately. 

E 

Moreover,  as  determined  by  tidal  calculations,  M  =  ^; 

hence  we  get  8  ^  g^^^^^g 

E 
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This  result  represents  very  closely  the  ratio  of  the  Sun's 
and  Earth's  mass  as  determined  hy  more  exact  investiga- 
tions. 

The  foregoing  calculation  shows  the  enormous  mass  of  the 
Sun  in  comparison  with  that  of  the  Earth.  In  like  manner 
the  relative  masses  of  Jupiter,  Saturn,  and  other  planets 
which  have  satellites  can  be  found,  approximately. 


Examples. 

1.  Prove  that  the  mass  of  Jupiter  is  nearly  270  times  the  mass  of  the  Earth 
from  the  following  ohseryations  : — Jupiter's  fourth  satellite  is  at  a  mean  distance 
of  26  radii  of  Jupiter,  and  its  periodic  time  is  16  days  18  hours ;  Jupiter's  mean 
radius  is  11  times  the  mean  radius  of  the  Earth ;  the  mean  distance  of  the  Moon 
is  60  radii  of  the  Earth,  and  a  mean  lunation  is  28  days. 

2.  Prove  that  the  mean  density  of  Jupiter  is  a  little  greater  than  that  of 
water,  and  that  the  mean  value  of  ^  on  the  surface  of  Jupiter  is  about  71,  taking 
the  mean  density  of  the  Earth  as  5*67. 

179.  Mean  Density  of  Snn. — The  ratio  of  the  mean 
density  of  the  Sun  to  that  of  the  Earth  can  be  determined,  as 
follows : — 

From  (42)  we  have,  approximately, 

8 

Again,  let  p,  pi  denote  the  radii  of  the  Sun  and  Earth, 
and  (7  the  ratio  of  their  mean  densities;  then,  assuming  them 
spherical  bodies,  we  have 


Hence 


or  «^=^   h^  ,  (43) 


where  a  denotes  the  Sun's  mean  apparent  semi-diametery  and  P 
the  Moon's  mean  horizontal  parallax. 
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T 

If  we  substitute  16'  for  a,  and  57'  for  P,  and  take  — -  as 

before,  we  get  a  »  0*23,  i.e.  the  Sun's  mean  density  is  about 
one-fourth  that  of  the  Earth. 

It  should  be  observed  that  this  result  does  not  require  a 
knowledge  of  the  Sun's  distance ;  and,  as  the  constants  in 
(43)  can  be  obtained  with  great  accuracy,  the  ratio  of  the 
mean  densities  of  the  Sun  and  Earth  can  be  determined  with 
great  precision. 

180.  Planetary  Pertarbatloiis. — The  previous  deduc- 
tions respecting  the  planetary  motions  are  only  approximate 
for  another  and  a  more  important  reason,  namely,  that  in  them 
we  have  neglected  the  mutual  actions  of  the  planets  on  each 
other. 

However,  since  the  Sun's  mass  is  very  great  in  comparison 
with  that  of  all  of  the  planets,  their  attractions  on  any 
member  of  the  solar  system  may  be  regarded  as  small 
disturbing  forces^  and  the  planetary  orbits  as  approximately 
ellipses. 

The  usual  method  of  treatment,  accordingly,  is  to  regard 
each  planet  as  moving  in  an  ellipse,  in  which  the  elements* 
are  subject  to  very  slow  changes,  arising  from  the  perturba- 
tions or  disturbing  effects  of  the  other  planets. 

In  this  manner  the  problem  has  been  discussed  by 
Lagrange,  Laplace,  and  other  great  writers  on  Physical 
Astronomy.  We  shall  not  enter  into  this  discussion,  as  it 
is  beyond  the  limits  contemplated  in  this  treatise.  There 
is,  however,  one  mode  of  considering  the  effects  of  a  disturb- 
ing force,  which  may  be  here  introduced.  This  consists  in  sup- 
posing the  disturbing  force  resolved  into  two  componentsf, 


*  The  elements  by  which  a  planet's  path  is  detennined  are— (1)  its  mean  dis- 
tance from  the  Sun ;  (2)  its  eccentricity;  (3)  the  longitude  of  its  perihelion;  (4)  the 
inclination  of  its  plane  to  a  fixed  plane;  (5)  the  angle  which  the  intersection  of 
these  planes  makes  with  a  fixed  line  ;  (6)  its  epoch,  or  the  instant  of  the  planet's 
being  in  perihelion. 

t  There  is  in  general  a  third  component,  perpendicular  to  the  plane  of  the 
orbit.  It  is  not  proposed  to  consider  the  effects  of  this  component  here.  This 
method  of  treating  the  disturbing  forces  is  discussed  in  a  masterly  and  lucid 
manner  by  Sir  John  Herschel,  in  his  Outlines  of  Attronomyy  ch.  12  and  13. 
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one  along  the  tangent,  the  other  along  the  normal  to  the 
orbit,  and  in  treating  their  effects  separately. 

181.  Tangential  DIstnrbins  Force. — Suppose  P  the 
position  of  a  planet,  moving  in  the  ellipse^P^,  in  which  8  and 
H  are  the  foci ;  then,  since  a  tan- 
gential disturbing  force  alters  the 
Telocity,  but  produces  no  effect  on 
the  direction  of  motion,  it  is  easy  ^r 
to  find  the  corresponding  changes  a( 
in  the  elements  of  the  path.     For 
the  new  position,  H\  of  the  second 
f  oous  will  still  lie  on  the  line  PH. 

Again,  if  v  denote  the  velocity  at  P,  we  have,  as  before. 


«?»  = 


r       a 


When  the  change  in  «?',  caused  by  the  tangential  disturb- 
ing force,  is  known,  the  corresponding  change  in  a  can  be 
found ;  and  hence  the  position  of  H\  and  consequently  that 
of  the  new  axis  major. 

Thus  if  ^v  be  the  small  change  in  r,  due  to  the  disturbing 
force,  we  have 


2vlv  = 


a>  ' 


2ffl*  4/7* 

.-.    Za^  —  vlv;        .'.  EH'=2Sa  =  —iSv.     (44) 

If  the  tangential  force  act  in  the  direction  of  the  motion, 
and  consequently  increase  the  velocity,  a  will  also  be  in- 
creased, and  the  perihelion  A^  will  consequently  move 
towards  P. 

Again,  the  eccentricity  e  will  be  increased  when  SH^  is 
greater  than  SSy  i.e.  when  P  is  between  the  perihelion  A 
and  the  extremity  of  the  latus-rectum  drawn  through  ff. 

182.  mrormal  Disturbing  Foree. — Next,  ii  a  normal 
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disturbing  force  act  at  P,  inwardly,  it  does  not  alter  the  velo- 
city, but  it  changes  the  direc- 
tion of  motion,  through  a  small 
angle  S^.  As  the  velocity  is 
unchanged,  the  length  of  the  ^ 
semi-axis  major  a  is  unaltered,  A\ 
while  the  angle  SPT  iQ  altered 
by  the  quantity  Stjt,  Therefore 
the  angle  MPH.\  between  PH  and  the  corresponding  line 
PH'  in  the  new  orbit,  is  28^ ;  also  PH  =  PH\  In  this 
manner  the  position  of  JET'  is  found  when  the  angle  S^  is 
known.  Again,  join  8R\  and  produce  it  at  both  ends,  then 
the  line  A^R'  will  represent  the  direction  of  the  axis  major 
of  the  new  orbit. 

Through  H  draw  DI/  perpendicular  to  SE,  The  points 
D  and  If  are  called  the  quadratures  of  the  orbit.  When  P 
lies  between  D  and  the  perihelion  Ay  the  line  ABy  called  the 
line  of  apsides  {see  next  Article),  moves  in  the  same  direction 
as  the  planet,  and  is  said  to  advance.  The  eccentricity  in- 
creases at  the  same  time.  If  the  planet  be  between  aphelion 
B  and  2>,  the  eccentricity  continues  to  increase,  and  the  line 
of  apsides  recedes. 

Again,  in  moving  from  A  to  2/,  the  disturbing  force  still 
acting  inwardSy  it  is  easily  seen  that  the  line  of  apsides 
advances,  and  the  eccentricity  diminishes.  Hence,  in  the 
motion  from  quadrature  to  quadrature,  through  perihelion, 
the  apse  continually  advances,  in  the  case  of  a  normal  dis- 
turbing force  acting  inwards ;  the  eccentricity  increases  during 
the  first  half  of  the  motion,  and  diminishes  during  the  second. 

The  contrary  effects  have  place  for  a  normal  disturbing 
force  acting  outwards. 

In  like  manner  in  the  motion  from  quadrature  to  quad- 
rature through  apheliony  the  apse  recedes ;  the  eccentricity 
increases  during  the  first  half  and  diminishes  during  the 
second. 

183.  Apsides. — A  position  for  which  the  moving  body 
is  at  a  maximum  or  a  minimum  distance  from  the  centre  of 
force  is  called  an  apse.  The  corresponding  distance  from  the 
centre  of  force  is  called  an  apsidal  distance y  and  the  line  join- 
ing the  centre  of  force  to  an  apse  is  called  an  apsidal  line. 
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Sinoe  r,  and  consequently  Uy  attains  a  maximum  or  a 
minimum  value  at  an  apse,  we  have  at  such  a  point 

dQ     "' 

It  is  easily  seen  that  the  orbit  is  symmetrical  at  both  sides 
of  an  apse,  provided  the  force  is  a  function  of  the  distance 
only.  For,  if  a  particle  be  supposed  projected  from  a  point 
^  in  a  direction  perpendicular  to  the  line  OA  drawn  to  the 
centre  of  force,  it  is  obvious  that  for  the  same  velocity  of  pro- 
jection we  must  have  exactly  similar  paths,  whether  it  be 
projected  in  any  given  direction  or  in  that  exactly  opposite. 
Moreover,  if  the  velocity  were  reversed  at  any  point,  the  body 
would  proceed  to  describe  the  same  orbit,  but  in  an  opposite 
direction.  From  these  considerations  it  follows  that  the 
central  orbit  must  be  symmetrical  at  both  sides  of  an  apse, 
since  at  that  point  the  motion  is  perpendicular  to  the  central 
radius  vector. 

184.  An  Orbit  can  bave  but  Two  Apsldal  Dis- 
tanees. — For,  suppose  A  and  B  to  be  two  apsides,  and  the 
body  to  move  from  Aio  B\  then  after  passing  B  it  will,  by 
the  preceding  Article,  describe  a  curve  similar  to  BA  ;  and 
80  on.  Hence  the  apsides  are  constantly  repeated,  and  the 
angle  between  two  consecutive  apsidal  distances  is  the  same 
for  all  positions  of  the  orbit.  This  angle  is  called  the  apsidal 
angle  of  the  orbit.  It  is  plain  that  a  central  orbit  cannot  be 
a  closed  curve  unless  the  apsidal  angle  is  commensurable  with 
a  right  angle. 

185.  Equation   for    Determination  of  Apsides. — 

Let  F=  ixip{u)y  then  we  have,  by  (13), 


v'=^2A 


"^^""Uu^Cy 


n^ 


where  the  value  of  C  is  determined  by  the  initial  conditions ; 
therefore        A»  (u^  +  (^Y)  =  2J^du+  0.  (45) 
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Henoe,  as  -377  =  0  at  an  apse,  the  equation  for  determining' 
the  apsidal  distances  is 

A«tt»  =  2/[i[^^rfw+C.  (46) 

If  we  suppose  F=  ^lu^,  equation  (45)  becomes 

and  the  equation  for  the  apsides 

A^w'^  =  -^w''-*  +  C.  (48) 

n  -  1  ^     ' 

The  form  of  the  latter  equation  shows  that  it  cannot  have 
more  than  two  positive  roots,  which  therefore  correspond  to 
the  two  apsidal  distances. 

For  example,  let  the  force  consist  of  two  parts,  one  vary- 
ing as  the  inverse  square  of  the  distance,  the  other  as  the 
inverse  cube,  or 

JP=/ut*'  +  /iV,  (49) 

then  h^  w'  =  2/uw  +  /i  V  +  C. 

Accordingly  the  apsidal  distances  are  in  this  case  deter- 
mined by  a  quadratic  equation.  If  /i  =  0,  there  is  but  one 
apsidal  distance. 

186.  Case  of  ITelocity  due  to  an  Infinite  Distance. 

— The  integration  of  equation  (47)  in  a  finite  form  is  in 
general  impossible ;  there  is,  however,  one  case  in  which  the 
equation  of  the  orbit  can  be  readily  determined,  viz.,  when 
the  velocity  at  any  point  is  that  acquired  in  moving  from  an 
infinite  distance  under  the  action  of  the  central  force. 

2u 

For  we  have,  in  this  case,  by  (17),  v^  =  — ^  w""* ; 

therefore  w'  +  f 5Y=  r    ^^    .2  ^^""'-  (50) 
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Henoe        35  =  ^  y/au^^'^  - 1,  writing  a  instead  of 


therefore  0 


^0        ^  '  ©  (n-l)A'^' 

du 


]u 


^avT^  -  1 


To  integrate  this/let  at***"^  =  \,  then  —  = —  -• 

s*  w         w-3  s 

,            .     [         du                   2    f      dz 
and  we  get       — .  = ^       ^ 


n 


2 

—^  eos""^«  +  const. ; 


O  •!  —  ^ 

.-.     0  +  /3  =  — -^  oos-^2,  or  «  =  cos  -^  (0  +  j3), 
where  /3  is  an  arbitrary  constant : 


If  a  denote  the  apsidal  distance,  and  0  be  measured  from 
the  apsidal  line,  the  preceding  may  be  written 

^      ♦^        n-Z  r. 
r  2  =  a »  cos  —^  0.  (62) 

This  is  the  polar  equation  of  the  orbit. 

For  example,  when  n  =  2y  we  get  the  parabola 

ricosi©  =  ai 

Again,  when  n  =  5,  it  becomes 

r  =  a  cos  0 ; 

a  circle  having  its  centre  on  the  circumference. 

o 
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For  w  =  7  we  get  the  lemniscate 

f^  =  a^  cos  2©, 
and  BO  on. 

Equation  (52)  fails  when  n  =  3 ;  in  this  case,  however, 
(50)  becomes 


which  gives  kO  =  log  u  +  const.,  where  k  =   1^  -  1, 

or  w  =  /3^«. 

This  is  the  equation  of  a  logarithmic  spiral. 

187.  Approximately  Circular  Orbits. — If  the  orbit 
described  round  a  centre  of  force  be  nearly  a  circle,  its  equa- 
tion can  be  found  approximately,  as  follows : — 

Assume  F=  /iwy(^)>  *^®^  equation  (26)  becomes 

If  the  orbit  were  an  exact  circle  we  should  have 

«*  =  «>  and  ^  -  0 ; 
therefore  a  must  satisfy  the  equation 

«  =  ^^/W.  (53) 

When  the  orbit  is  approximately  circular  we  may  assume 
tt  =  a  +  «,  where  z  is  always  very  small. 

Hence  dfp^^^^'^  ^^^^  "^  ^^' 

or  ^  +  «  +  2=J{/(«)  +  2r(«)). 
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By  (53)  this  becomes,  neglecting  «*  and  higher  powers  of  2, 


g..(l-£/-(.,).0; 


or,  Bubstitiiting  tt-t  for  ~, 

If     k  =  \  -  •,,  ,  ,  this  beoomes 

/(a) 

^!  +  *«  =  0.  (54) 

When  k  is  positive,  the  integral  of  this,  by  Art.  109,  is 

z  =  c  cos  [Q's/k  +  a), 
or  w  =  a  +  c  cos  (6  ^/k  +  a),  (55) 

when  c  and  a  are  arbitrary  constants. 

The  greatest  value  of  w  is  a  +  c ;  consequently,  in  order 
that  the  orbit  should  be  approximately  circular,  it  is  necessary 
that  c  should  be  very  small  in  comparison  with  a. 

Again,  supposing  c  positive,  the  greatest  value  of  u  has 

place  when  fl  \^k  +  a  =  0,  and  the  least  when  Q  ^/k  -^^  a^^  ir\ 
consequently  the  apsidal  angle  is 


or 


If  k  be  negative,  Le,  if  --— r  >  1,  the  integral  of  (54)  is 
of  the  form 

and  therefore  s  would  either  increase  or  diminish  indefinitely 

02 
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with  0 ;  and  aooordinglj  the  orbit  cannot  be  approximately 
circular  in  that  case. 

The  value  of  k  depends  on  the  law  of  force :  for  example,  if 
the  force  vary  inversely  as  the  n'*  power  of  the  distance,  then 

/(m)  =  ^«"-»,    and    &^n-2. 

Accordingly,  in  this  case,  A  =  3  -  n. 

Hence  a  nearly  circular  orbity  having  the  centre  offeree  in 
the  centre^  is  impossible  for  laws  offeree  which  vary  inversely  as 
a  higher  power  than  the  cube  of  the  distance. 

When  n  is  less  than  3,  the  angle  between  the  apsides  is 

TT 


v/3  -  n 

For  instance,  if  w  =  2,  the  angle  is  w ;  this  agrees  with 
what  has  been  already  proved,  as  the  orbit  is  a  focal  conic  in 
this  case. 

Again,  if  n  =  -  1,  the  angle  is  ^tt,  as  it  ought  to  be,  since 
the  on)it  is  a  central  ellipse. 

188.  Movable  Orbits. — If  a  central  orbit  be  made  to 
move  in  its  own  plane  with  an  angular  velocity  propor- 
tional at  each  instant  to  that  of  the  radius  vector  in  the  orbit, 
we  can  easily  show — (1)  that  the  new  orbit  is  also  a  central 
orbit ;  (2)  that  the  difference  between  the  forces  in  the  two 
orbits  varies  inversely  as  the  cube  of  the  distance  from  the 
centre  of  force.  (Newton,  Principiay  lib.  i.,  sect.  9.) 

In  a  central  orbit  we  have,  in  general. 

If  now  we  make  0  =  A0',  where  k  is  constant,  the  former 
equation  gives 

This  shows  that  the  point  describes  equal  areas  in  equal 
times  round  the  origin ;  accordingly  the  new  path  described 
by  the  point  is  also  a  central  orbit. 
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Again,  the  second  equation  may  be  written 
^_     /dff\ 


-r['^],P-i^.l)r{§j 


=  P  +  — ^j—  =  P' (suppose) ; 

hence  I^  -  P  =  — -r —  :  this  shows  that  the  difference  be- 

tween  the  forces  in  the  fixed  and  movable  orbits  varies  as  -7. 

ir 

Hence,  from  any  central  orbit  we  can  get  another,  called 
^     by  Newton  a  revolving  orbit ;  and  the  equation  of  the  revolv- 
ing orbit,  in  polar  coordinates,  is  derived  from  that  of  the 
original  by  substituting  kO  for  0 ;  where  the  constant  k  is 
determined  from  the  initial  conditions. 

For  example,  when  P=  ~,  we  get  a  focal  conic,  whose 

equation  is  of  the  form 

A 

f»  —  : • 

1  +  f  COS  (0  -  a)  ' 

hence,  if  F=  4-  +  -;>  the  equation  of  the  orbit  is  of  the  form 

IT         IT 


r  = 


1  +60os(A:(^-a) 


The  apsidal  angle  in  the  new  orbit  is  equal  to  that  in  the 
original  orbit  divided  by  A:,  as  is  readily  seen.  Newton  applied 
this  method  to  the  investigation  of  the  apsidal  angle  in  the 
lunar  orbit.  His  discussion  is  beyond  the  limits  proposed  in 
the  present  treatise.  Moreover,  the  progression  of  the  Moon's 
apse,  thus  determined  by  Newton,  is  but  half  its  true  amount. 

Examples. 

1.  Find  the  law  of  force  in  a  circle  when  the  centre  of  force  is  situated  on 

its  circumference.  .         1 

Ans.    -z. 
t* 

2.  Investigate  the  motion  of  a  body  which  is  acted  on  by  several  centres  of 
force  varying  directly  as  the  distance ;  and  show  how  to  construct  the  position 
of  the  centre  of  the  orbit. 
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3.  In  the  same  case,  find  the  condition  that  the  orbit  should  be  a  parabola. 

4.  Assuming  that  the  law  of  force  in  a  focal  conic  is  that  of  the  inverse 
square  of  the  distance,  show  that  the  converse  theorem  can  be  immediately 
established,  viz.,  that  a  particle  attracted  by  a  centre  of  force,  varying  accord- 
ing to  that  law,  will  describe  a  conic,  having  the  centre  of  force  in  one  of  its 
foci. 

5.  A  semi-ellipse  is  freely  described  by  a  particle  under  the  action  of  a 
force  parallel  to  its  axis  of  figure ;  determine  the  requisite  law  of  force,  'with 
the  velocity  of  the  particle  on  reaching  or  leaving  either  extremity  of  the  semi- 
ellipse. 

6.  Prove  that  the  law  of  force  in  an  equiangular  spiral  is  that  of  the  inverse 
cube  of  the  distance ;  and  explain  why  we  cannot  assert,  conversely,  that  a  body 
acted  on  by  such  a  force  will  describe  an  equiangular  spiral. 

7.  If  the  velocity  at  each  point  in  a  central  orbit  be  equal  to  that  in  the 
equidistant  circle,  prove  that  the  orbit  is  an  equiangular  spiral  for  an  attractive 
force. 

By  Art.  91  the  velocity  in  the  equidistant  circle  =  V¥r.   Again,  by  Art.  162, 

the  velocity  in  the  orbit  =  ^/^ ;   therefore  r  =  7  =  j?  — .     Hence  —  =  —  ; 

dp  ^       P 

therefore  r  =  kp^  and  consequently  the  orbit  is  an  equiangular  spiral. 
If  the  force  be  repulsive,  the  orbit  is  an  equilateral  hyperbola. 

8.  In  genenil,  if  the  velocity  at  each  point  in  a  central  orbit  be  in  a  constant 
ratio  to  that  in  an  equidistant  circle  ;  find  the  law  of  force  and  the  equation  of 
the  orbit. 

Let  the  constant  ratio  be  represented  by  1  :  V»;  then,  as  in  preceding 
example,  we  have 

dr 
r  =  np—-;  hence  p  =  kr**. 
dp 

From  this  it  is  easily  seen,  as  in  Art.  162,  that  the  equation  of  the  orbit  is 
of  the  form 

r»-i  =  a»-^  cos  (n  -  1)  $. 

The  law  of  force  is  readily  found ;  for,  in  general, 


P^y       P^^        r^n+l 

9.  In  the  same  case,  show  that  the  velocity  at  each  point  in  the  orbit  is  that 

due  to  motion  from  an  infinite  distance,  subject  to  the  central  force. 

Fr        u 
Here  t;'  =  —  =  — ^ ;  hence,  by  (17)  Art.  160,  the  velocity  is  that  due  to 

an  infinite  distance. 

10.  When  the  velocity  and  direction  of  motion  at  any  point,  as  well  as  the 
centre  and  intensity  of  the  force,  are  given,  show  how  to  find  the  radius  of  cur- 
vature of  the  orbit  at  the  point. 

11.  A  body  is  acted  on  by  two  attractive  centres  of  force,  of  equal  intensity ; 
and  also  by  a  repulsive  force  from  another  centre,  of  double  Uie  intensity ;  the 
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forces  varying  directly  as  the  distance.  Prove  that  the  orbit  is  a  parabola,  and 
show  how  to  c(Hi8truct  its  focus  and  directrix  when  the  initial  velocity  and  di- 
rection of  motion  are  given. 

12.  If  a  repulsive  force  vary  as  the  inverse  square  of  the  distance,  prove 
that  the  orbit  is  a  branch  of  a  hyperbola,  having  the  centre  of  force  in  the  focus 
external  to  the  orbit. 

13.  A  particle  is  acted  on  by  a  central  repulsive  force,  which  varies  as  the 
A<*  power  of  the  distance.  If  the  velocity  at  any  point  be  that  due  to  motion 
from  the  centre  of  force ;  find  the  equation  of  the  path. 

Here,  by  (20),  Art.  160,  we  have 
or  t^-^  (~j  =-ziT»  where  h^- 


«»+!*  A2(«+l)' 


therefore  u''^  du 


=  de; 


n-»8  „ 

hence  we  get  m  ^  ^  a  cos $. 

14.  If  the  velocity  at  each  point  in  a  central  orbit  varies  directly  as  the  dis- 
tance from  the  centre  of  force,  prove  that  the  orbit  is  an  equilateral  hyperbola, 
and  find  the  law  of  force. 

15.  Show  that  the  velocity  at  any  point  in  a  focal  parabola  is  to  that  in  the 

equidistant  circle  as  \/2  :  1.       ^7~v.tr.    c t/    J-Lju^^  ^^£.^o-*-~.--'cA-  k^'P-*"^ 

jC      16.  If  the  law  of  force  be  that  of  the  inverse  cube  of  distance,  investigated  ^  r  -  jj'  -u 
the  different  varieties  of  orbit  described. 

Let  F  =  /!«',  then  equation  (23)  becomes 


dht  u 

1-  M  =  —  tt :  or 


Accordingly,  the  equation  of  the  orbit  depends  on  the  sign  of  1  —  Tj  >  8^d 
therefore  on  the  initial  circumstances  of  the  motion.  ^ 

Suppose  the  particle  projected  initially  at  the  distance  jB,  with  the  velo- 
city F,  and  in  a  direction  which  makes  the  angle  w  with  R ;  then 

h  =  VR  sin  ». 
Again,  if  V  be  the  velocity  in  the  equidistant  circle,  we  have.  Art.  89, 
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Hence  1  —  ^  is  poBitive,  zero,  or  negatiye,  according  as  F  sin  cu  is  greater. 


equal  to,  or  less  tlian  V'f  the  Telocity  in  an  equidistant  circle. 

(1)  Let  Fsin  «  >  T'.    In  this  case  1  -  ^  is  positive— equal  F,  suppose — and 
the  equation  may  be  written 

-i^  +  k^u  =  0. 

The  integral  of  this  is  of  the  form 

tt  =  ^  cos  (kO  +  a). 

A  is  plainly  the  maximum  value  of  u ;  and  therefore  corresponds  to  an  apsidal 
distance.  Let  a  be  this  distance,  and,  if  0  be  measured  from  the  apsidal  line^ 
the  equation  of  the  orbit  is 

rcosA;9  =  a.  (1) 

(2)  Let  r  sin  w  s=  F'.  then  I  -  n  =  ^>  ^^^  ^®  ^^® 

this  gives  m  s  u^  (0  +  a) ;  and  the  equation  of  the  orbit  is  reducible  to 

rd  =  constant,  (2) 

which  represents  the  hyperbolic  spiral. 

(3)  Let  F  sin  w  <  F'.    If  we  multiply  the  equation 

by  2du,  and  integrate,  we  get 

(^\  +  ««  =  ^  tt«  +  (J, 
\dej  ^  A»  ' 

where  e  is  constant. 

Hence  v'  =  /nw'  +  h'^e. 

Substituting  the  initial  values,  this  gives 


ess 


K^ 


(du\  *  u         r*  -  F'* 

_)  +  ««  =  ^^„«  +  ___.  (3) 

du  fl 

The  apse  is  determined  by  making  — -  =  0 ;  consequently,  since  r^>  h  the 

d$  n* 

orbit  has  or  has  not  an  apse  according  as  F  is  less  or  greater  than  V. 

Hence,  if  the  initial  velocity  be  less  than  that  in  an  equidistant  circle,  the 

orbit  is  apsidal. 
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Suppose  a  to  be  the  corresponding  apsidal  distance,  then 

y'2  _  Y2 


h^ 


and,  maldng  tt:  -  1  =  ^^)  equation  (3)  becomes 


/du\  2    A;« 


therefore  ^:;  =  -  Va^w'  -  1 ;    or    ,  =  A:<i&. 

The  integral  of  tliis  is  

ke  +  a=  log {au  +  *^d^u^  -  1). 

But  if  0  be  measured  from  the  apse,  we  have  6  =  0  when  am  =  1.     Conse- 
quently 0  =  0,  and  we  have 

au  +  Va*w^  -  1  =  ^. 

Hence  a«  =  J  («^  +  « -**) . 

Here  m  increases  with  Q ;  and  consequently  the  body,  after  leaving  the  apse, 
approaches  nearer  and  nearer  to  the  centre  of  force. 

Secondly,  if  the  initial  velocity  be  equal  to  that  in  the  equidistant  circle^ 
(3)  becomes 

dtfi  du 

^  =  *»«».  or -  =  *»; 

this  gives  u  =  a«^, 

the  equiangular  spiral  (Ex.  7). 

Thirdly,  if  The  greater  than  F',  let 


and  equation  (3)  becomes 


=  *2i8«, 


(du\  2  du         J 

-j  =  A:2 («2  +  i3'),   OT^  =  ky/u^+fi\ 

.This,  when  integrated  as  above,  gives 

u  +  Vw«  +  iS*  =  Ae^, 
and  the  curve  is  represented  by  the  equation 

2m  =  Ae^  -  —  e'^. 

The  value  of  A  can  be  readily  determined  from  the  initial  conditions. 

17.  In  elliptic  motion  about  a  centre  of  force  in  a  focus,  prove  that  /  vds, 
taken  through  any  arc,  is  proportional  to  the  area  subtended  by  the  arc  at  the 
empty  focus. 
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18.  Prove  that  the  expression  for  the  central  attraction  for  any  law  of  force 
may  be  written  in  the  form 

If  we  change  the  sign  in  the  expression  for  the  acceleration  along  the  radiiis 
vector  in  Art.  28,  we  get 

This  assumes  the  proposed  form  on  substituting  for  0  its  value  -^ . 

19.  What  would  be  the  motion  of  a  projectile  if  the  force  of  gravity  varied 
inversely  as  the  cube  of  the  height  above  a  horizontal  plane  ? 

Here  the  path  evidently  lies  in  a  vertical  plane. 

If  the  line  of  intersection  of  this  plane  with  the  horizontal  plane  be  taken 
as  the  axis  of  x,  and  a  vertical  line  as  the  a^  of  y,  the  equations  of  motion 
may  be  written 

therefore  J=.,    (J)'=J  +  ^, 

where  e  and  c'  are  constants  which  depend  on  the  initial  circumstances  of  the 
motion.    Consequently 

\dx)      e^      y>      ' 
i/dff  dx 


or 


Hence  we  get  V/T+Vy*  =  (?'-  +  const. 

Consequently  the  path  is  an  ellipse  or  a  hyperbola  according  as  e'  is  negative 
or  positive.     The  path  is  a  parabola  if  0'  =  0. 

20.  Prove  by  Newtonian  methods  that,  if  two  bodies  attract  one  another 
according  to  any  law,  they  describe  similar  figures  about  their  centre  of  inertia 
and  about  one  another. 

Neglecting  the  obliquity  of  the  ecliptic,  and  the  inclination  and  the 'eccen- 
tricity of  the  lunar  orbit,  show  that,  if  we  take  the  Sun's  distance  as  390  times 
that  of  the  Moon,  the  Earth's  mass  as  79  times  that  of  the  Moon,  and  the  lunar 
synodic  period  as  30  mean  solar  days  ;  then  the  solar  day  is,  to  a  near  approxi- 
mation, shorter  at  full  Moon  that  at  new  Moon  by  one  468,000th  part  of  a  mean 
solar  day.  Camb,  Trip.^  1882. 

21.  A  material  particle,  moving  freely  in  a  plane,  being  supposed  to  describe 
a  conic  under  the  action  of  a  central  force  emanating  from  any  point  in  the 
plane ;  show  that  the  force  varies  directly  as  the  distance  from  the  point,  and 
inversely  as  the  cube  of  its  distance  from  the  polar  of  the  point  with  respect  to 
the  curve. 
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22.  In  free  motion  in  a  plane  under  the  action  of  a  central  force  varying 
according  to  any  law,  state  and  prove  the  effect  on  the  trajectory  (and  on  the 
motion  in  it)  of  an  additional  force  emanating  from  the  same  centre,  and  varying 
inversely  as  the  cuhe  of  the  distance. 

23.  An  ellipse  of  eccentricity  e  and  a  parahola  have  a  common  focus  and 
latus  rectum ;  and  equal  particles  descrihe  them  under  the  action  of  forces,  to 
the  common  focus,  of  the  same  absolute  intensity.  If  the  particles  moving  in 
the  same  direction  meet  at  one  extremity  of  the  common  latus  rectum  and  coa- 
lesce, prove  that  their  subsequent  path  will  be  an  ellipse  of  eccentricity  \{\±e)^ 
according  as  both  foci  of  the  ellipse  do  or  do  not  lie  within  the  parabola ;  and 
find  its  major  axis.  What  will  the  path  be,  if  the  particles  be  moving  in  oppo- 
site directions  when  they  meet  ?  Camb.  Trip.,  1879. 

24.  A  body  is  revolving  in  an  ellipse,  whose  eccentricity  is  >  },  under  the 
action  of  a  force  tending  to  the  focus  S;  and  when  it  is  at  a  distance  SP  from  S 
equal  to  the  latus  rectum,  a  blow  is  given  to  it  perpendicular  to  SP,  such  that 
its  new  direction  is  perpendicular  to  tne  major  axis.  Show  that  the  dimensions 
of  the  orbit  are  imaltered,  but  that  the  major  axis  is  turned  through  an  angle 
SPHj  where  H  is  the  empty  focus.  Id,,  1882. 

25.  Find  the  laws  of  attraction  for  which  the  trajectories  described  round  a 
centre  of  force  are  closed  orbits.  (Bertrand,  Comptes  rendm,  1873.) 

If  2/1  [  z}^^lJt  =  F(u)  +  const.,  equation  (23)  gives 

•*  ■*■  [H)  =  h^  ^W  +  c,  (a) 

where  «  is  an  arbitrary  constant ;  therefore 

du 


«  =  + 


Jf^w 


-»-  tf  -  «» 


Again,  let  a,  /3  represent  the  values  of  u  which  correspond  to  the  apsidal 
distances,  then  a  and  fi  are  roots  of  the  equation 

—  2?(«)-h  c-«»=0. 

Accordingly  we  must  have 

^if(a)+c-«2=0,     ^J'()8)  +  ^-/32  =  0; 

and  if  0u  be  the  apsidal  angle,  we  get,  abstraction  being  made  of  the  sign, 

^       /.^  du 


Assuming  m$Q  =  x,  then,  for  a  closed  orbit,  m  must  be  a  commensurable  number 
(Art.  184). 
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If  jj  and  e  be  eliminated  by  aid  of  the  two  preceding  equations,  we  obtain 

^      rP  ^**  ^  . 

go=  =-;  (e) 

•'aV  '^  F{fi)  -  F{a)      "  F(fi)  -  F(a) 

an  equation  wbicb  should  hold  for  all  values  of  a  and  /3. 

To  determine  the  form  of  the  function  F^  we  suppose  a  and  $  very  nearly 
equal,  in  which  case  the  orbit  is  approximately  circular. 

Hence,  from  Art.  187,  we  get 


r-        I         aF*'(a)  ar'{a)      , 

dV     F"ia)  da 

Let  F'(a)  =  F,  then  ~  =  yfrr  =  (1  -  m^)  --;  hence 

JF'(a)  =  r=  «*!-«••, 
where  C7  is  an  arbitrary  constant.  [d) 

From  this  we  get  -F(o)  =  0-3—2  «^***'  +  ^°^^*- 

We  may  assume  the  latter  constant  to  be  zero,  since  it  disappears  when  we 
substitute  in  equation  (<;). 

Again,  since     2/*  ^  =  F{u\  we  have  ^[u)  =  Ci  «»-"••, 

where  Ci  is  arbitrary. 

We  next  proceed  to  determine  m  from  the  condition  that  (e)  must  be  satis- 
fied for  all  vtdues  of  a  and  0, 

(I)  Let  m* <  2,  and  make  a  =  0,  and  $=l;  then 

F(a)  =  0,     i?'(i8)  =  ^^. 

Substituting  in  (e),  we  obtain 

^1         rfi*  w 


i 


Jo  Vw«-"»"  -  ««     *" 
Again,  if  «"»'  =  «, 


Jo  wVt*-t»«  - 1 " «»'  Jo  vr(r^) "  m^' 


The  condition  gives  —  =  — -  ;  therefore  m  =  1.      Accordingly,  the  force 

tn     tnr 

2  1 

varies  as  «^  or  as  -^• 
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(2)  Let  m2>2;  then,  if  a  =  0,  we  have  JF'(a)  =  J''(0)  =  -  oo ;  and  if /8  =  1 
^wc  have  F(0)  =  F(\)  = .     Substitute  in  (c),  and  it  becomes 


i 


^  rf«  IT  X  IP 


=  -;    or— =  — ;     .•.  m  =  2, 


lo  V 1  —  w'      *>*  2      tn 

in  wMch  case  the  force  varies  directly  as  the  distance. 

Hence,  as  M.  Bertrand  observes,  ^'parmi  les  lois  d' attraction  qui  supposent 
1' action  nulle  a  une  distance  infinie,  cella  de  la  nature  est  la  seule  pour  laquelle 
iin  mobile  lance  arbitrairementy  avec  une  vitesse  inf erieure  a  une  certaine  limite, 
et  attire  vers  un  centre  fixe,  decrive  necessairement  auteur  de  ce  centre  une 
courbe  fermee.  Toutes  les  lois  d'attraction  permettent  des  orbites  fermees,  mais 
la  loi  de  la  nature  est  la  seule  qui  les  impose,''^ 

26.  Investigate  the  condition  of  stability  of  a  circular  orbit  described  about 
a  centre  of  attraction  in  the  centre  of  the  circle. 

Prove  that  if  the  attraction  varies  inversely  as  the  fourth  power  of  the  dis- 
tance, a  particle  describing  a  circle  of  radius  a  freely  will  be  found  ultimately 
describing  either  the  curve 

cosh  6+1  cosh  e  —\ 

r  =  a  — ; ,  or  r  =  a  — r-— — -  • 

cosh  6-2'  cosh  d +  2 
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CHAPTER  VIII. 

CONSTRAINED   MOTION — MOTION    IN    A   RESISTING   MEDIUM:. 

Section  I. — Constrained  Motion, 

189.  Motloii  on  a  Fined  Curve. — When  a  particle  is 
constrained  to  move,  without  friction,  on  a  given  fixed  curve, 
the  problem  reduces  to  the  determination  of  the  velocity  at 
any  instant,  as  well  as  of  the  normal  reaction  of  the  curve. 
The  motion  may  in  this  case  be  regarded  as  free  by  th© 
introduction  of  the  force  of  reaction  of  the  curve,  in  addition 
to  the  external  forces. 

Hence,  if  N  represents  the  normal  reaction,  the  general 
equations  of  motion  may  be  written,  when  referred  to  a  rect- 
angular system  of  axes, 

m^  =  X  +  iYCOSa,  m— ^  =  F+iYCOsp,  w^  =  Z  +  iV  COS7, 

(1) 

where  a,  j3, 7  are  the  angles  the  normal  reaction  makes  with 
the  axes  of  coordinates ;  and  J,  P,  Z  are  the  components  of 
the  external  force,  parallel  to  the  axes  of  coordinates,  respec- 
tively. If  the  first  equation  be  multiplied  by  dx^  the  second 
by  dy^  and  the  third  by  d%y  we  get,  on  addition, 

(d'^x  ,       d'^y  ,       d^z  ^  \      _  ,       _ ,        „ ,         ,_, 
^  V^  'df  ^^1^      ]^  "^     ^  "*■        '      ^^ 

since  cos  adx'\^  oo&fidt/  +  cos  7  fl?s  =  0,  as  the  direction  of  N  is 
perpendicular  to  the  tangent  to  the  curve. 
This  gives  on  integration 

*"■'■-  J"  I  (SJ*  {fj*  (5)'!  ■  {(^■^  *  ^*  ^^^i 

+  const.      (8) 
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Hence  the  velocity  is  given  hj  the  same  equation  as  in 
the  case  of  unconstrained  motion  (Art.  131). 

For  a  conservative  system  of  forces  (Art.  125),  the  velo- 
city V  at  any  point  can  generally  be  found  from  this  equation. 
Por,  let  Xdx  +  Tdp  +  Zdz  be  the  exact  differential  of  the 
function  0  (a?,  y,  z) ;  then  if  v'  be  the  velocity  at  the  point 
a?',  i/y  z\  we  have 

^m{f-  v'')  =  0  {x,  i/,z)-i>  [x\  y\  z').  (4) 

Hence  the  velocity  at  any  point  is  independent  of  the  path 
described ;  and,  accordingly,  if  different  curves  be  drawn 
joining  any  two  points,  a  particle  starting  from  one  of  these 
points  with  a  given  velocity  would  arrive  at  the  other  point 
with  the  same  velocity  whatever  path  it  described ;  friction 
being  neglected. 

Two  of  the  preceding  equations  (1)  are  sufficient  for  a 
plane  curve ;  for  in  this  case  N  acts  in  the  plane  of  the 
curve,  and,  by  taking  the  axes  of  x  and  y  in  that  plane,  the 
third  equation  will  disappear. 

In  the  case  of  a  central  force,  represented  by  /*0'(r),  we 
have,  as  in  Art.  131, 

Again,  as  in  Art.  116,  it  is  readily  seen  that  the  pressure 
on  the  curve  in  any  case  is  the  resultant  of  the  centrifugal 
force  and  the  normal  component  of  the  external  forces. 

The  particle  will  leave  the  curve  at  the  point  for  which 
the  normal  reaction  becomes  zero. 


Examples. 

1.  A  particle  is  constrained  to  move  in  a  circle  under  the  influence  of  a  re> 
pulsive  force,  acting  from  a  point  on  the  circumference,  and  varying  as  the 
distance :  find  the  pressure  on  the  curve,  the  initial  position  being  at  the  centre 
of  force,  and  the  particle  starting  from  a  state  of  rest. 

An8,    -^ ,  where  r  is  the  distance  from  the  centre  of  force,  and  a  the  radius 
2^  of  the  circle. 

2.  A  particle  is  constrained  to  move  in  a  logarithmic  spiral,  and  is  attracted 
to  the  pole  of  the  spiral  by  a  force  varying  inversely  as  the  square  of  the  dis- 
tance. If  Uie  particle  start  from  rest  at  the  distance  a  from  the  pole,  find  the 
time  of  describing  any  portion  of  the  curve. 
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Let  fi  denote  the  absolute  force ;  then,  by  (5),  we  haye 

•-v(M). 


or 


di  '^yr      a 


Again,  if  r  =  0^  be  the  equation  of  the  spiral,  we  have 

^      ^^    i\ rs 


therefore  t-^  A  ,    ^,0  *./ 

dt      \1+A:2\r      a 

Integrating,  as  in  Art.  140,  we  get  for  the  time  of  motion  from  the  distance 
•a  to  the  distance  r, 


Also  the  whole  time  of  motion  to  the  centre  \&-  A  — \i • 

2  \       2fi 

It  is  readily  seen  that  the  problem  of  constrained  motion  in  a  logarithmic 
spiral,  under  the  action  of  any  central  force  directed  to  its  pole,  is  reducible  to 
free  rectilinear  motion  under  the  action  of  a  corresponding  central  force  in  the 
line  of  motion. 

3.  A  particle  under  the  action  of  gravity  moves  down  the  inner  side  of  a 
smooth  ellipse  whose  axis  major  is  vertical.  Being  given  its  initial  velocity, 
find  where  it  will  leave  the  ellipse. 

Taking  the  centre  as  origin,  and  the  axis  major  as  aids  of  a;,  the  value  of  x 
at  the  required  point  is  given  by  the  equation 


a2 


where  d  is  the  height  above  the  centre  of  the  level  line  to  which  the  velocity  at 
each  point  is  due. 

4.  In  the  same  question  find  the  least  velocity  at  the  lowest  point  of  the 
ellipse  in  order  that  the  particle  should  make  a  complete  revolution  in  the  curve. 

190.  Theorem  of  M.  Ossian  Bonnet. — If  masses 
m,  m\  fYi\  &o.,  respectively  subject  to  the  action  of  forces, 
Fy  F^y  F*\  &c.,  and  starting  all  in  the  same  direction  from  a 
point  Ay  with  velocities  «?o,  v^y  f?o",  &o.,  describe  the  same  curve 
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^CB ;  then  the  same  path  will  also  be  described  by  the  mass 
JUy  when  projected  from  the  same  point  in  the  same  direction, 
and  subject  to  the  action  of  all  the  forces,  F^  F\  -P",  &c., 
provided  the  initial  vis  viva  MV^  is  equal  to 

mv^  +  mV  +  w'V"  +  &c., 

the  sum  of  the  vires  vivce  of  the  different  masses.  (Bonnet, 
Jjiouville^B  Journal^  1844.) 

For,  suppose  the  particle  M  constrained  to  move  in  the 
ourve  ACBy  and  let  i\rbe  the  normal  reaction  at  any  point ; 
then,  if  the  components  of  jP,  parallel  to  a  rectangular  system 
of  axes,  be  respectively  represented  by  X,  F",  Z,  those  of  F^ 
by  X\  F',  Z',  &c. ;  from  (1),  we  have 

M-£  =  X  +  Z'  +  X"  +  &o.  +  iV  COB  a, 
at 

Jf§  =T+T+T"  +  &o.  +  iVoosS, 
dr  "^ 

Jf^  ^  Z+Z'  +  Z"  +  &o.  +  iVoo87, 
at 

and,  as  in  (2),  we  have 

d{Mr^)  =  2efoSJ  +  2rfy2r+  2fl?zSZ. 

But  if  r,  v\  ff\  &c.,  be  the  velocities  in  the  partial  movements 
of  m,  m\  ni\  &c.,  at  the  same  point, 

rf(w«;')  -  2(Xfl&  +  Ydy  +  Zd%), 

&o.,  &c.,  &c. 

Hence    d {JUT)  -  d  {mv^  +  mV»  +  wV*  +  &c.) ; 

therefore  MF^  «  ^{mt^)  +  constant, 

or  Jf  F*  =  Smt?*,  from  our  hypothesb. 

It  is  now  easy  to  prove  that  the  normal  pressure  N  is  zero 
at  each  point,  and  consequently  that  M  would  describe  the 
curve  ACB  freely,  under  the  combined  action  of  sdl  the 
forces. 

p 
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For  the  force  N  is  equal  and  opposite  to  the  resultant  of 
the  centrifugal  force,  ,  and  the  several  normal  compo- 
nents of  the  forces,  F,  -P',  JP",  &c. 

Agam,        =  —  + + +  &0. ;  (5) 

P         P         P  P 

but  — ,  — ^,  &c.,  are  respectively  equal  and  opposite  to  the 

P       P 
normal  components  of  Fy  F^  F\  &c.,  because  w,  m\  &o., 

describe  the  path  ACB  freely. 

Hence  there  is  equilibrium  between  the  centrifugal  force 

and  the  total  normal  component  of  F^  jP',  F'^  &c.  ;  and 

P 

consequently  iV  =  0. 

In  general,  if  the  initial  velocity  of  Jf  do  not  satisfy  the 

equation  MV^  =  Smt?o*,  the  normal  pressure  on  the  path  !k(7J? 

will  vary  directly  as  the  curvature.     For,  from  the  preceding 

analysis, 

^^    Jfr*-Swt?'     JfFo»-Smt?o* 

N^ .  (6) 

P  P 

Also,  if  one  of  the  forces  [JP'  suppose)  be  changed  into 
its  opposite,  it  is  readily  seen  that  the  preceding  theorem  still 
holds,  provided  we  change  the  sign  of  the  corresponding  term 
(wV*)  in  the  expression  S(w«?'). 

Examples. 

1.  A  particle  constrained  to  move  in  an  ellipse  is  acted  on  by  an  attractiye 
force  directed  to  one  focus,  and  a  repulsive  force  from  the  other,  whose  intensi- 
ties vary  as  the  inverse  square  of  the  distance :  if  the  absolute  intensities  of  the 
forces  be  equal,  find  the  pressure  on  the  ellipse  at  any  point  during  the  motion. 

2.  Hence  show  that  a  particle  placed  at  equal  distances  from  two  such  centres 
of  force  will  describe  a  semi-ellipse,  under  their  joint  action. 

3.  A  particle  moves  under  the  attraction  of  two  forces  directed  to  the  fixed 
points  A  and  B^  each  varying  according  to  the  law  of  nature,  and  a  third  force, 
varying  directly  as  the  distance,  directed  to  C,  the  middle  point  of  AB ;  show 
that  the  particle  can  be  projected  from  any  point  so  as  to  describe  an  ellipse 
having  A  and  B  as  its  foci.         ^  Lagrange,  M$e»  Anal.,  t.  2,  {  83. 

Am,  The  initial  velocity  vo  is  given  by  the  equation 
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where  /i,  f/,  /i*"  denote  the  absolute  forces  for  the  centres  A,  B,  C,  respectively ; 
y^f  the  initial  distances  from  A  and  B ;  and  a  the  semiaxis  major  of  the  ellipse. 
The  initial  direction  of  motion  must  bisect  the  external  angle  formed  by  the 
lines  joining  A  and  B  to  the  point  of  projection. 

4.  In  the  same  case,  if  the  particle  be  constrained  to  move  in  the  ellipse, 
find  the  reaction  B  at  any  point  during  the  motion. 

An,.   Sp  =  m^^+^+f,"ff-i,o^Y 

where  p  is  the  radius  of  curvature  at  the  point. 

6.  If  a  material  particle,  moving  freely  under  the  action  of  gravity,  be  dis- 
turbed by  the  action  of  a  central  force  varying  inversely  as  the  square  of  the 
distance ;  determine  the  circumstances  of  its  projection  from  a  given  point,  in 
order  that  it  may  describe  a  parabola  in  a  yertical  plane  having  its  focus  at  the 
centre  of  force. 

191.  Motion  on  a  Fixed  Surface. — If  a  particle  be 
constrained  to  move  on  a  smooth  surface,  the  general  equa- 
tions of  motion  are  plainly,  as  in  (1), 

d^x  d^y  d'Z 

w— =  X+iVcosa,  m— ^=  F+iV cos/3,  m -^=  Z+ JV00S7, 
at  dv  dt 

where  a,  /3,  y  are  the  direction  angles  of  the  normal  to  the 
surface. 

It  is  obvious  that  in  this  case  also  the  velocity  at  any 
point  is  determined  by  the  equation 

imv^  =  J  [Xdx  +  Ydy  +  Zdz)  +  const.  (7) 

If  gravity  be  the  sole  acting  force,  and  the  axis  of  z  be 
taken  in  the  vertical  direction,  our  equations  may  be  written 

d^X        -_  d^y        __.  r,       d^Z         »-r  /ON 

—  =  i\roosa,  -^  =  i\roos/3,  -^^Noo^y-g.      (8) 

When  the  surface  is  one  of  revolution  round  a  vertical 
axis,  the  normal  at  each  point  intersects  that  axis ;  and  if  n 
denote  its  length,  we  have 

X  \l 

cosa=-,    cosi3  =  -« 
n  ^     n 

Hence  the  two  former  equations  give 

d^y        d^x     ^ 
x-^  -  V —  -  0: 
dt'     ^  df.        ' 

p  2 


312  Constrained  Motion. 

or,  on  integration, 

dy       dx 

where  (;  is  a  constant. 

This  equation  shows  that  the  point  of  projection  on  a 
horizontal  plane  describes  equal  areas  in  equal  times  round 
the  point  in  which  the  axis  of  revolution  meets  the  plane. 

192.  Motloii  on  a  Spberical  Surface. — We  shall 
apply  what  precedes  to  the  motion  of  a  particle  under  the 
action  of  gravity  on  a  smooth  sphere.  This  contains  the 
general  question  of  the  motion  of  a  simple  pendulum,  and  is 
called  the  problem  of  the  spherical  pendulum.  Taking  the 
centre  as  origin,  and  the  positive  direction  of  the  axis  of  z 
downwards,  the  equation  of  the  sphere  is 

a^  +  y'  +  s'  =  a'*, 

where  a  is  the  radius. 

Also  the  general  equations  of  motion  may  be  written 

x=nI.  P^nI,   z^N-  +  g, 
a  a  a 

adopting  Newton^s  notation  (Art.  23). 

From  the  first  two  equations  we  get,  as  before, 

xy  -yx  =  e.  (9) 

Also,  as  in  (7), 

where  Fi  represents  the  velocity  corresponding  to  2  =  a. 
Again,  differentiating  the  equation  of  the  sphere, 

xx  +  yy  +  zz=^  0,    or    xx  +  yy  =  -  zz. 

If  this  be  squared  and  added  to  (9),  when  also  squared, 
we  get 

(a5*  +  y*)(i'  +  y»)=c«  +  z»2«. 
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Hence        (fl'-a'){Fo*+ 2(7(s-a) -s*}  =c*  +  s's% 

or  aH^  =  {a'  -  z')  {  Vo'  +  2^(2  -  a) )  -  c".  (10) 

The  subsequent  investigation  is  simplified  by  supposing  Fi  to 
correspond  to  the  lowest  point  in  the  path  of  the  particle ;  for, 
since  the  motion  at  that  point  is  horizontal,  we  have  z  =  0 
when  2  =  a,  and  consequently 

o»  =  (a«-a^)Fo*  =  2(7A(a^-a^), 

if  A  be  the  height  to  which  the  velocity  Vo  is  due. 
Substituting  this  value  for  c^  in  (10),  we  get 

a'z^  =  2g{a-z)  [z^  +  h{z  +  a)-a^]. 

Again,  the  expression  2^  +  A  (s  +  a)  -  a*  may  be  written 
(»-/3)(2  +  7),  where 

Aooordingly 

aV  =  2sr(a-s)  (8-^X8  +  7); 

therefore    az  =  a  ~  =  -  -v/2^(a  -  2)  (s  -  /3)  (2  +  7).  (12) 

The  negative  sign  must  be  taken  since  z  diminishes  with  tj 
which  is  reckoned  from  the  instant  the  particle  is  in  its 
lowest  position. 

Also,  when  2  =  j3  we  have  2=0,  and  the  motion  is  again 
horizontal.  It  is  readily  seen  that  during  the  motion  2  must 
lie  between  the  limits  a  and  /3 ;  and  consequently  the  path 
of  the  particle  is  a  tortuous  curve  lying  between  two  horizon- 
tal lesser  circles  on  the  sphere ;  we  accordingly  may  assume 

z  =  a  cos*0  +  j3  sin'*^,  (13) 

and,  substituting  in  (12),  get 


2a  --^  =  ^2g  (a  cos*0  +  /3  sin*^  +  7J. 
at 


I 
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Hence,  since  ^  =  0  when  ^  =  0,  we  Lave 


where  k^  =  ^ — -  =    ,  "^  ^ — 5. 

a  +  y      a*  +  2ap  +  a* 

Consequently  the  time  of  motion  depends  on  an  elliptic 
function,  and  is  reducible  to  that  of  the  description  of  a  cor- 
responding arc  in  a  vertical  circle  (Arts.  101,  114). 

Again,  if  T  denote  the  period  of  a  vibration,  that  is,  the  time 
of  motion  from  a  lowest  to  a  consecutive  lowest  position,  we 
have 


\/l  -  A;^sin*^ 


It  may  be  observed  that  when  a  =  /3,  we  have  h  = 


a  —  a 


2a 


and  the  question  reduces  to  that  of  the  conical  pendulum, 
already  considered  in  Art.  112. 

Next  let  xfj  be  the  angle  that  the  vertical  plane,  passing 
through  the  centre  and  the  position  of  the  particle  at  any 
instant,  makes  with  the  plane  of  zx,  then  y  =  x  tan  xp ;  and 
consequently 

dy        dx      .d  fy\      ,      n »  d\L 

dt,  ^ dt        dt\x)       ""^^^dt 

=  (.'.^)^  =  («'-.')^f.      (15) 


(16) 


Also  c  =  y2^^K^)  =   fr(«'-a')(«'-/J') . 

\  a+/3 

and  the  angle  \p  is  represented  by  an  elliptic  function  of  the 
third  species,  thus 


Small  Oscillalions.  215 

In  the  projection  of  the  path  on  the  horizontal  plane 
through  the  centre,  the  greatest  and  least  distances  from  the 
centre  correspond  to  the  greatest  and  least  values  of  2,  i.  e.  to 
«  =  a  and  a  =  /3.  These  are  called  the  apsidal  distances,  and 
the  corresponding  angle,  the  apsidal  angle  of  the  path.  If  ^ 
be  the  apsidal  angle  its  value  is  represented  by  the  integral 


193.  Small  Oscillations. — If  the  particle  make  a  small 
oscillatory  motion  round  the  lowest  point,  we  may,  as  a  first 
approximation,  make  a  =  «,  |3  =  a  in  (14).     This  gives 

=  */-•  (19) 


A;  =  0,  and  t 


Next,  if  2  =  a  cos  0,  a  =  a  cos  00,  ^  =  «  cos  0i,  the  equa- 
tion 

z  =  a  cos'^  +  /3  sin*0 

gives  GP  =»  00*  cos*^  +  Ox  sin*^,  neglecting  powers  of  0,  0o,  0i 
beyond  the  second. 

Also  (16)  gives  in  this  case 

c  =  a'0o0i/-; 
\a 

.'.  by  (15),  we  have 

#  ^  ftA   [l^  0001  \i 

dt       0»  4a     0o'cosV  +  0i*sin>Va' 

Consequently,  by  (19), 

#  00  0, 


•        o        • 


dtp      Bo  cos'0  +  0i'  sin'^ 
Hence,  by  integration, 

tan  \p  =  ^  tan  0, 
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or 

hence  we  have 


and 


dn  \L      01  sin  0 

COS  \p        00  COS  0  ' 

.     .      01  sin  6 
emxlj^ — e~^' 

,        0oCO8  0 
OOQXp  = 5 . 

o 


Moreover,  to  the  same  degree  of  approximation,  we  have 

X  ^aOeoQxp,    y  =>aOBm\P; 
accordingly, 

^  =  a0o  cos  0,    y  =  a0i  sin  0 ; 

This  shows  that  the  horizontal  projection  of  the  path  is, 
approximately,  an  ellipse,  whose  semiaxes  are  ado  and  aOi. 

The  next  approximation  is  given  in  the  following 
examples. 

The  general  problem  of  the  spherical  pendulum  appears 
to  have  been  fii^t  fully  discussed  by  Lagrange :  see  Mic. 
AnaLj  t.  2,  sect.  8. 


EXAHFLES. 

1.  If  a  particle  perform  small  oscillations  about  the  lowest  point  on  a  sphere, 
inyestigate  its  motion  to  an  approximation  of  the  second  order. 

It  is  here  more  convenient  to  transfer  the  origin  to  the  lowest  point  on  the 
sphere,  and  to  take  the  positive  direction  of  %  upwards.  Accordingly,  we  sub- 
stitute   z  =  a-z\    a^a  —  a,    fi  =  a—fi\    when  equation  (12)  becomes 


a 


f.Jw-.w-..H!s-aa?-fi-.)- 
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Hence,  removing  the  aeeents,  we  get 

dz 


SffJa 


J(..«)(,-.)(i>JL,__^)' 


where  fi  and  a  represent  the  distances  of  the  highest  and  lowest  points  in  the 
patli  from  the  plane  of  xy. 

Again,  if  a  and  fi  he  hoth  so  small  that  their  higher  powers  may  he  neglected, 
we  obtain 

dz 


-J{ 


^(,_,)(^_„(i_^) 


z\-i 


*>/^J«V(«- 


.J= 


dz  1     i  zdz 


a)(fi-z)      8\^J«V(2-a)(/3-«)' 


neglecting  the  subsequent  terms,  since  ^  is  a  very  small  fraction. 
Hence,  if  2  =  o  cos'^  +  $  sin*^,  we  get 

t=    /-  ^  +  — =  \{oL  co8>  +  fi  sin««^)  d4» 
\^         4  V«^  Jo 

"yy   \  8«   /      8V^sm^cos4». 

Consequently,  if  T  be  the  whole  time  of  motion  from  one  lowest  position  to  a 
consecutiye  one,  we  get 


-'j^(-=^') 


Again,  to  find  the  apsidal  angle  to  the  same  degree  of  approximation. 
Transforming  the  origin  in  equation  (16)  to  the  lowest  position,  we  readily 
obtain 

,  dz 


(2a-,)J(,-.)(3-,)(l-g'_--_g) 
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Hence,  since  as  before  we  may  take 


(2a-a)(2a-i8)~2a' 


we  get 


U  (2«  - 


z)i  z  V(2  -  o)  (/3  -  t) 

\ 


z  V(2  -  o)  (iS  -  z) 


_l^Q^  ^'  ,3Va^p  dz       _ 

]az^{z-a){^-z)      8    a    JaV{2  -  a)  ()3  -  «) ' 


neglecting  the  subsequent  terms  as  before. 
Substituting  a  cos^^  +  /3  sin^^  for  2,  we  obtain 


4,  =  tan-i  ^^^  tan  ^  j  -^l—^P- 


Hence,  taking  ^  between  the  limits  0  and  --,  the  apsidal  angle  is  given,  ap- 
proximately,  by  the  equation 


»  /,      3Vaj8\ 


This  shows  that  in  the  approximate  elliptic  path  the  apse  continually  progresses. 

Again,  lipiQ  denote  the  small  apsidal  distances,  or  the  semidiameters  of  the 
approximate  elliptic  path,  we  get 


2  V        8aV" 


Accordingly,  the  rate  of  progression  of  the  apse  varies  approximately  as  the 
area  of  the  projection  of  the  path. 

2.  Prove  that  the  pressure  on  the  sphere  is  given  by  the  equation 

iV=  "^  (  3a  -  -^  (a«+  aj3  +  i3»  -  a*)  {  • 
a    {  a+^  I 

3.  If  a  particle  be  projected  with  a  given  velocity  along  the  horizontal  great 
circle  of  a  smooth  hollow  sphere,  find  at  what  point  its  vertical  velocity  will  be 
greatest. 

Va*  +  3a'  —  k 
Am,    z  = ,  h  being  the  height  due  to  the  velocity  of  projection. 
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4.  A  particle  is  projected  horizontally  along  the  interior  surface  of  a  fixed 
smooth  hemisphere,  the  axis  of  which  is  vertical,  and  vertex  downwards.  Given 
the  point  of  projection,  determine  the  velocity  so  that  the  particle  may  ascend 
exactly  to  the  rim  of  the  hemisphere.  |2^ 

S  a 

5.  If  a  particle  move  on  the  interior  surface  of  a  paraboloid  of  revolution^ 
whose  axis  is  vertical,  prove  that  the  velocity  at  the  highest  point  in  the  path 
is  that  due  to  the  height  of  the  lowest  point  above  the  vertex  of  the  paraboloid ; 
and  similarly  for  the  velocity  at  the  lowest  point. 

6.  In  the  last  question  show  that  the  pressure  at  any  point  F  varies  as  the 
curvature  of  the  meridian  at  that  point ;  and  that  the  resolved  vertical  pressure 
is  to  the  weight  of  the  particle  as  SZ  x  SM:  SF^,  where  L  and  Jf  are  the  highest 
and  lowest  points  of  the  path,  and  S  the  focus. 

Section  II. — Rectilinear  Motion  in  a  Resisting  Medium, 

194,  If  a  mass  m  be  supposed  to  move  in  a  straight  line^ 
without  rotation,  in  a  resisting  medium,  the  resistance  is  a 
function  of  the  velocity  of  the  body.  If  the  resistance  be 
represented  by  0  {v)y  the  equation  of  motion  becomes 

m-  =  F-4,{v), 

where  JPis  the  external  force  acting  along  the  right  line. 

It  is  usual  to  assume,  with  Newton,   that  <p  {v)  =  /u^?^ 
where  /u  is  a  constant  depending  on  the  density  of  the  me- 
dium and  on  the  area  [8)  of  the  greatest  section  of  the  body 
taken  perpendicular  to  the  direction  of  motion. 
Hence  we  get 

If  we  suppose  F  constant,  and  make 

F=  ^T,  (1) 

we  get  „,^„^(F, _«;»).  (2) 

If  the  initial  velocity  be  less  than  F",  it  is  obvious  that  the 
velocity  increases  so  long  as  it  is  less  than  V :  this  gives  V 
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as  the  limit  to  which  the  velocity  approaches.     For  this  rea* 
son  V  is  called  the  terminal  velocity  of  the  body. 

Also,  since         1  1(1  1 


the  preceding  equation  gives 

'-If'»^(fH)-  <') 

No  constant  is  added  since  we  suppose  t  reckoned  from 
the  position  of  rest. 

Equation  (3)  shows  that,  while  v  increases  with  ty  yet 
when  f?  =  F  we  should  have  <  =  oo  .  Accordingly  the  body 
requires  an  infinite  time  before  arriving  at  its  terminal  ve- 
locity. 

195.  Vertical  Motloii. — One  of  the  most  important  cases 
is  that  of  a  body  falling  vertically  in  a  resisting  medium. 
In  this  case  F  «  mg^  and  equation  (3)  becomes 


'=i'°<PH)-       (*) 


V+f)      ^ 
This  gives  -= — =  e^ . 

V-v 


Hence  v  =  V  \'' \  =  Ftanh -^  •  (5) 


Again,  since 


dx 


we  get  «  =  —  log \—^~\ 

when  X  is  measured  from  the  position  of  rest. 
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This  may  be  written  in  the  form 

V\  ,   gt 

■    a?  =  —  log  cosh  -=  (6) 

g  V  ^  ^ 

Again  we  may  write  fi  =  A8y  where  ^  is  a  constant  de- 
pending on  the  density  of  the  medium. 
Hence  from  (1)  we  get 


"V/x      SA8' 


■^  (7) 


where  TF  denotes  the  weight  of  the  body. 

This  shows  that,  TF  remaining  the  same,  the  value  of  V 
can  be  increased  by  diminishing  the  area  of  the  transverse 
section. 

In  the  case  of  a  homogeneous  sphere  of  radius  r,  we  have 
JF"  ^TTt^Py  where  p  is  the  weight  of  a  unit  of  volume ;  also 
8  =  7rr^;  therefore 


-J 


4pr 


Hence  we  see  that  for  spheres  of  the  same  density  that  of  the 
greater  radius  has  the  greater  terminal  velocity,  and  we  can 
readily  compare  the  vertical  motions  of  different  spheres  in 
the  same  resisting  medium. 

Next,  for  a  body  projected  vertically  upwards  in  a  resist- 
ing medium  the  equation  of  motion  is 


whence  dt  = 


g  t^+  r^ 

Accordingly,  if  Vo  be  the  initial  velocity,  we  find 

t  =  —  ( tan"^  r^  -  tan"^  -=p  ]  • 

g\V  VJ 
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From  this  equation  the  velocity  at  any  instant  can  be  de- 
termined. 

Also,  since  t?  =  0  at  the  highest  point,  the  time  of  ascent 
to  that  point  is  represented  by  —  tan'*  -=^. 


Again  ^a?  =  - 


F'     vdv 


g  t?'  +  r* 


Hence,  if  a?  be  measured  upwards  from  the  point  of  projec- 
tion, we  have 

If  h  be  the  height  of  ascent,  we  get 

If  the  time  t  be  reckoned  from  the  instant  at  which  the 
body  is  at  its  highest  point,  we  have 

t?=Ftan^.  (9) 

The  downward  motion  is  given  by  the  former  investigation. 
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Examples. 


1.  Find  a  yeitical  curve  such  that  the  time  of  descrihing  any  arc,  measured 
from  a  fixed  point,  shall  he  equal  to  that  of  descrihing  the  chord  of  the  arc. 

Taking  the  origin  at  the  fixed  point,  the  time  down  a  chord  r,  whose  incli- 
nation to  the  yertical  is  0,  as  in  Art.  46,  is 


^/: 


2r 


^cosi^ 
Also  the  time  of  descending  the  arc  is 


V2^   *o     Vrcose 

where  Oo  ^  ^e  value  of  0  when  r  =  0. 

Hence,  since  the  times  are  the  same  for  all  chords,  we  get,  hy  differentiation, 


dr 
r  sin  0  +  cos  0  -r- 
dd 

COB  6 


-j-*m 


1  dr 
This  gives  -  —  =  cot  2e ; 

^  r  dd 

hence  we  get  r*  =  a'  sin  20, 

where  a  is  a  constant.    Accordingly  the  curve  is  a  Lemniscate. 

2.  Investigate  the  corresponding  prohlem  when  the  acting  force  is  propor- 


.     .  r  —  a  cos  0      ir 

ti  =  sin-1 — -  +  - 

a  cos  9  2 


Also  the  time  of  descrihing  the  arc  OP  is 


V2ar  cos  a  -  r* 
Hence,  since  h  =  ^2,  we  have 


i o  ^   I  .    ,r-acos6\         /  ,      /rfr\» 

V2ar cos e -  f»  —  (sin-i r-j  =  Jr^+l^j  ; 

d0  \  acosO    /       \  \d0l 
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therefore  Vr  tan  $ 

de 


-4-^Q'' 


from  which  we  get  r^  =  a'  am  29.    This  represents  a  lemniscate  also,  as  in  the 
preyious  question. 

3.  If  the  motion  of  a  conical  pendulum  he  slightly  disturhed,  prove  that  the 
period  of  a  yihration  is  -==-  . /-,  and  the  corresponding  apsidal  angle 

w  ,  where  b  is  the  distance  from  the  centre  to  the  plane  of  the  conical 

pendulum. 

4.  A  particle  is  projected  from  a  given  point  in  a  horizontal  direction  along 
the  surface  of  a  smooth  sphere ;  find  the  velocity  of  projection  in  order  that  the 
particle  should  rise  to  a  g^ven  height  on  the  surface  hefore  commencing  to 
descend. 

6.  A  particle  is  constrained  to  move  in  a  smooth  circle,  under  the  action  of  a 
central  force  which  varies  directly  as  the  distance.  If  the  time  of  descrihing 
any  arc  he  constant,  prove  that  its  chord  envelops  a  circle. 

Townsend,  Edue,  Times,  1875. 

6.  If  a  particle  descrihe  a  curve  freely  under  the  comhined  action  of  the 
forces  Fy  J",  &c.,  where  F,  F*,  &c.,  act  along  r,  r',  &c.,  prove  that  the 
equation 


y4>^(j)+y*'d{j)+&o.  =  o 


must  he  satisfied  at  every  point  of  the  curve,  where  ^,  ip\  &c.,  denote  the  forces 
respectively  co-directional  with  F,  F\  &c.,  under  which  singly  the  given  curve 
would  he  descrihed;  and  7,  y\  &c.,  are  iJie  corresponding  semichords  of  the 
circle  of  curvature  at  the  point. 

Curtis,  Messenger  of  Mathematics,  1880. 

Here,  it  is  easily  seen  hy  equation  (25),  Art.  162,  that 

«»  =  J7+J"7'+  &c. 

Also,  hy  (13),  Art.  160,         vdv  =  ^Fdr^  F'dr'  -  &c. 

Hence  2  {Fdy  +  ydF)  +  2^Fdr  =  0, 

or  2  {F{dy  +  2dr)  +  ydF}  =  0. 

Hence,  in  particular,  we  have 

<t*{dy-\-  2dr)  +  yd^  =  0,  &c. 


dy  +  2dr      -  ^^      . 
This  theorem  plainly  contains  as  a  particular  case  that  given  in  Art.  190. 
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7.  Apply  the  preceding  to  the  case  of  a  conic  described  under  the  action  of 
forces,  F,  F'y  directed  to  its  foci. 


Sere  ^=^,     ^'  =  ^,     y==y; 


therefore  -i ^^  (Fr^) dr^l± (FW^) dr*  =  0, 


or,  since  dr  +  dr'  =  0, 


This  is  satisfied  by  the  equations 

^^(^)-/i('-)+/.(2<.-r), 

where /i  and /a  are  both  arbitrary  functions. 

If  we  assign  the  same  form  (/)  to  /i  and  /a,  we  obtain  as  a  particular 
aolution 

^=  ;T  /'M/M  +/(2«  -  r)}  rfr,  &c. 

If  any  particular  form  be  assigned  to/,  a  corresponding  form  of  F,  as  also 
of  F*,  will  result. 

8.  As  an  example  of  the  preceding,  show  that  a  particle  can  be  made  to  de- 
scribe an  ellipse  freely  under  the  action  of  forces, 

directed  to  its  foci. 

The  student  is  referred  to  Professor  Curtis'  Paper  for  additional  applications. 

9.  A  spherical  particle  moves  within  a  smooth  rectilinear  tube,  which  re- 
▼olves  about  one  extremity  with  a  uniform  angular  Telocity  in  a  horizontal 
plane  ;  find  the  motion  of  tiie  particle. 

Let  «  be  the  angular  velocity  of  the  tube,  and  r  the  distance  of  the  particle, 
at  any  time  ^,  from  the  fixed  extremity  of  the  tube ;  then,  since  the  force  acting 
on  the  particle  is  always  perpendicular  to  r,  we  have  (Art.  28), 


rfV         lde\^     ^  d^r       .       ^ 


^ 
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dr 
Hence  r  «  ee^*  +  cV»*.    If  r  =  a^  and  ^  =  ^9  when  t=0,  we  get 

2»r  =  (««  +  *)  «•*  +  (a«  -  i)  r»*. 

10.  Consider  the  same  problem  if  the  tube  be  supposed  to  reyolye  uniformly 
in  a  vertical  plane. 

Here,  if  the  time  be  reckoned  from  the  instant  that  the  tube  was  horizontal, 
the  equation  of  motion  is 

-—-  —  o»'r  =  -  a  sin  «^. 

The  integral  of  this  is 

r  =  0»«  +  (Tr**  +  -—r  sin«*, 

Zen 

and  the  constants  can  be  detennined  from  the  initial  conditions. 

11.  Two  spheres  of  the  same  diameter,  but  of  different  weights,  fall  freely 
in  air ;  find  the  ratio  of  the  maximum  yelocities  they  will  attain,  stating  clearly 
what  assumptions  you  make.  Land.  Univ.,  1881. 

12.  Explain  what  is  meant  by  the  terminal  Telocity  of  a  body  in  a  resisting 
medium. 

If  the  resistance  vary  as  the  square  of  the  velocity  and  the  body  move  in  a 
vertical  line,  prove  that  at  the  time  ty  reckoned  from  the  instant  at  which  the 
body  is  at  its  highest  position,  its  depth  x  below  this  position  id  giren  by 


when  ascending,  and  by 


x  =  —  log  sec ^-, 
a?  =  —  log  cosh  ^-, 


when  descending ;  la  denoting  the  terminal  velocity  in  the  medium. 

Zond.  Univ.,  1883. 

13.  If  a  body  be  projected  vertically  upwards  in  a  resisting  medium  with  its 
terminal  velocity  for  the  medium,  determine  the  height  of  its  ascent,  and  the 
time  of  reaching  the  highest  point. 

Prove  that,  if  an  engine  can  pull  a  train  of  W  tons  at  a  velocity  F  on  the 
level,  against  resistances  varying  as  the  square  of  the  velocity,  the  engine  exert- 
ing a  constant  pull  of  P  tons :  then  up  an  incline  a  to  the  horizon  the  maximum 
velocity  will  fall  to  FV(1  -  Wain  a  IF),  and  that  down  the  incline  without 
steam  the  terminal  velocity  is  FV(^sina/i*). 

Prove  that,  if  on  a  long  railway  journey,  performed  with  average  velocity  F, 
the  actual  velocity  v  varies  from  its  mean  value  by  a  periodic  function  of  the 
time,  say  v  =  F+  ZT'sin  nt,  the  average  horse-power  and  consumption  of  fuel  is 
to  that  required  to  take  the  train  with  uniform  velocity  V  as 

l  +  iU^  I  V^  :l. 

Zond.  Univ.,  1887. 
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CHAPTER  IX. 


THE  GENERAL  DYNAMICAL  PRINCIPLES. 

y  196.  D'Alembert's  Principle. — If  a  system  of  mate- 
rial points  conneoted  together  in  any  way,  and  subject  to  any 
constraints,  be  in  motion  under  the  influence  of  any  forces, 
each  point  of  the  system  has  at  any  instant  a  certain  accele- 
ration. If  now  to  each  point  an  acceleration  were  applied 
equal  and  opposite  to  its  actual  acceleration,  the  velocities  of 
aU  the  points  of  the  system  would  become  constant — in  other 
words,  each  point  would  move  as  if  free  and  unacted  on  by 
any  force  whatever;  that  is,  the  applied  accelerations,  the 
external  forces,  and  the  constraints  and  mutual  or  internal 
forces  of  the  system,  would  equilibrate  each  other. 

Stated  in  algebraical  language,  the  principle  which  is 
given  above  may  be  enunciated  as  follows : — If  the  coordi- 
nates of  any  particle  m  of  a  material  system  be  x,  y,  2,  and 
the  external  forces  there  applied  X,  Y,  Z;  the  system  of 
forces, 

(Pxi  d'y,  (Pz, 

^'''^~de'     ^'"'^''dF'     ^'''^''W 

_  d^X2  cPy^  flPsa    p 

acting  at  the  points  x^yiZiy  x^yiZiy  &c.,  will  be  in  equili- 
brium, in  virtue  of  the  constraints  and  mutual  reactions  of 
the  system. 

(Px  d^y         (Pz 

is  called  the  force  of  inertia  of  the  mass  m,  and  D' Alembert's 
Principle  (as  stated  in  Article  71)  simply  expresses  that — 

The  applied  forces  and  the  forces  of  inertia  in  any  system  are 
in  equilibrium, 

q2 


The  force  whose  components  are  -  m  —r.  -  m  -rrf  -  w  -— 
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In  applying  D' Alembert's  Principle,  we  may,  as  in  Statics^ 
consider  the  constraints  of  the  system  either  as  geometrical 
conditions,  or  else  substitute  for  them  unknown  forces.  In 
the  algebraical  statement  just  given,  the  former  plan  has 
been  adopted ;  but  if  we  choose  to  adopt  the  latter,  we  have 
merely  to  make  X,  F,  Z,  &c.,  include  not  only  the  applied 
forces,  but  also  the  stresses  arising  from  the  constraints. 

If  the  Statical  Principle  of  Virtual  Velocities  be  employed, 
we  have  for  D'Alembert's  Principle  the  concise  mode  of 
expression  given  by  Lagrange  in  his  Micanique  Analytiquey 
viz. : — 

s  j(x-»f  )s..(r-»g)s,.(2-»g)sf  0.  (1) 

This  equation  may  also  be  written 

Sw  [x^x  +  ydy  +  ggs)  =  S  [X^x  +  Yly  +  ZSs),      (2) 

a  form  which  is  often  more  convenient  than  (1). 

If  the  forces  X,  F",  Z^  &c.,  constitute  a  conservative 
system.  Art.  124,  we  may  write 

S  [Xix  +  T^y  +  Zhz)  =  8Y, 

and  (2)  becomes  in  this  case 

Sm  (xlx  +  yly  +  28s)  =  8Y.  (3) 

197.  D'Alembert's    Principle    for    Impulses. — As 

has  been  stated  already  in  Article  66,  an  Impulsive  or  In- 
stantaneous Forpe  is  a  force  which  produces  a  finite  change 
of  velocity  in  a  time  so  short  that  in  it  no  sensible  change 
of  velocity  is  produced  by  the  action  of  the  forces  which  are 
not  impulsive.  If  the  constraints  and  connections  of  a  system 
be  regarded  as  giving  rise  to  forces,  these  forces  may  be  im- 
pulsive or  not,  according  to  the  nature  of  the  constraint.  For 
example,  a  blow  given  to  a  body  which  is  resting  on  an  im- 
movable surface  produces  an  impulsive  reaction,  provided  the 
blow  is  not  tangential  to  the  surface ;  but  a  sudden  jerk  to  a 
body  attached  to  the  end  of  an  extensible  elastic  string  pro- 
duces no  impulsive  reaction.     It  is  important  to  observe  that 
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each  point  of  the  system  may  be  regarded  as  occupying  the 
same  position  in  space  at  the  end  as  at  the  beginning  of  the 
time  during  which  the  impulsive  forces  have  acted.  In  other 
words,  the  velocities  of  the  various  points  may  change  by  a 
finite  amount,  but  the  positions  can  only  change  by  an  infi- 
nitely small  amount  during  the  time  under  consideration. 

If  u\  «?',  it/  be  the  components  of  the  velocity  of  any 
point,  whose  coordinates  are  a:,  y,  s,  before  the  action  of  the 
impulsive  forces;  and  ««,  v,  w  the  corresponding  velocities 
after  their  action ;  and  X,  F",  Z  be  the  components  of  the  im- 
pulse which  has  acted  at  this  point,  D'Alembert's  Principle 
as  applied  to  impulsive  forces  may  be  expressed  in  the  form — 

Sw{(w - u')Sx  +  (t?  - 1?')  Si/  +  {w-  w')  Ss}=  S  {X^x+  Tdy  +  Zhz). 

(4) 

The  truth  of  the  Principle  in  the  present  case  can  be 
established  by  reasoning  similar  to  that  employed  in  the 
preceding  Article. 

It  may  also  be  derived  from  the  Principle  applied  to 
continuous  forces,  by  considering  the  impulsive  forces  as 
continuous  forces  of  great  magnitude  acting  for  a  very  short 
time.     In  fact,  if  we  multiply  the  equation 


i(- 


»g)8,*(r-»g)8,.(^-»g'w-o 


by  dty  and  integrate  between  the  limits  t  and  ^';  if  the  interval 
^  -  ^'  be  sufficiently  short,  the  system  has  not  sensibly  altered 
its  position,  and  therefore  S^,  &c.,  are  the  same  at  the  end  of 
the  time  as  at  the  beginning,  and  we  have 


>— s-(§)')j 


8a?  +  &o.    =0. 


Now,  if  X  be  the  component  of  a  continuous  force,  I  Xdt 

is  insensible;  and  if  Xbe  the  component  of  an  impulsive  force, 
I  Xdt  is  the  component  of  the  impulse  along  the  axis  of  Xy 
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which  may  be  denoted  by  X ;  hence,  as 

dx  (dx\      , 

we  immediately  obtain  equation  (4). 

198.  Initial  Motion. — If  a  system  start  from  rest 
under  the  action  of  given  impulses,  equation  (4),  Art.  197, 
becomes 

Sw  [ulx  +  vly  +  wl%)  =  S  (Xlx  +  l^y  +  ^,       (6) 

where  w, «?,  w  are  the  components  of  the  initial  velocity  of  the 
point  xy%.  Now  as  8a?,  Sy,  &  are  any  arbitrary  displacements 
of  this  point,  consistent  with  the  conditions  of  the  system,  we 
may,  if  the  equations  of  condition  do  not  involve  the  time 
explicitly,  substitute  for  Sa;,  Sy,  Ss  the  actual  displacements  of 
the  point  (see  Art.  200).  Hence,  as  actual  displacements 
when  divided  by  the  element  of  time  become  velocities,  we 
may  substitute  for  Sa?,  Sy,  8z  the  components  u\  v\  w\  of  the 
velocity  of  xyz  in  any  actual  motion  of  the  system.  Thus  we 
obtain 

Sw  {uu'  +«?«;'+  tow')  =  S  {Xu'  +  Tv'  +  Zw').         (6) 


■COiW^UIU. 


EXAHPLES. 

1 .  If  the  same  system  be  set  in  motion  successively  by  two  different  im- 
pulses applied  at  the  same  point,  each  impulse  is  proportional  to  the  yelocity  in 
the  direction  of  the  other  which  it  imparts  to  its  point  of  application. 

Let  these  velocities  be  q  and^',  and  let  Z,  T^  ?\  ^'>  T'l  ?'  ^©  "i®  compo- 
nents of  the  impulses  P  and  Q,  and  u,  Vj  w\  u\  v\  w'  the  components  of  the 
initial  velocities  of  the  point  of  application,  then, 

Xu'  +  Yv'  ■\-Zu/  =^  2m{uu'  +  vv'  +  ww')  =  X'u  +  T'v  +  Z'w  ; 

but  Tp'  =  ^w'  +  Yv'  +  ^^*    and     Qq  =  X'u  +  Tv  +  Z'w, 

whence  P  :  Q::  q  :  p'. 

2.  In  any  system  at  rest,  if  we  suppose  an  impulse  P  applied  at  a  point  A^ 
and  an  impulse  P'  applied  at  a  point  B ;  prove  that 

P  :  P'  =  t; :  t;', 

where  v  is  the  component,  in  the  direction  of  P',  of  the  velocity  of  the  point  B 
due  to  the  impulse  P ;  and  tf  is  the  similar  component  of  yelocity  of  the 
point  A. 
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199.  Energy  of  Initial  Motion.— If  T  be  the  initial 
kinetio  energy  of  a  system  set  in  motion  by  given  impulses, 
by  substituting  «, !?,  w  for  8a?,  Sy,  Iz  (in  5)  we  obtain 

2r=  Sm  (w'  +  t^  +  iff")  =  S  (ie*  +  Ft?  +  2ir).         (7) 

BertrantTs  Theorem* — If  a  system  start  from  rest  under 
the  action  of  given  impulses,  every  additional  constraint 
diminishes  the  initial  kinetio  energy. 

Let  u\  v\  vf  be  the  initial  velocities  of  the  point  xy%  under 
the  action  of  the  given  impulses  when  the  additional  con- 
straints are  imposed ;  and  u^  v,  w  the  initial  velocities  when 
the  system  i^free  from  these  constraints,  then,  u'dty  v'dty  vfdt 
are  possible  displacements  in  the  unconstrained  as  well  as  in 
the  constrained  system.  Hence,  substituting  u\  t/,  w'  for 
Sa?,  Sy,  Ss  in  equation  (5)  we  obtain 

Sm  [uu'  +  vv'  +  ww')  =  S  [Xu'  +  Yv'  +  Zuf). 

But,  by  (7),     Sw  (w'»  +  t?'' +  f/^)  =  S(Zw'  +  ri;'+  Zw') ; 
thus  we  have 

-  2Sm  [uu'  +  vv'  +  trer')  +  S»»  (w'*  +  t?'^  +  ui^) 

=  2r  -  4r  +  2r  -  2r  -  2r.  (8) 

Hence,  we  see  that  the  energy  of  the  unconstrained 
exceeds  that  of  the  constrained  motion  by  the  energy  of  the 
motion  which  must  be  combined  with  either  to  produce  the 
other. 

Thomson^s  Theorem.^ — If  impulses  are  applied  only  at 
points  where  the  velocities  are  prescribed,  additional  con- 
straints increase  the  initial  kinetic  energy. 

Here,  when  additional  constraints  are  imposed,  the  im- 
pulses are  supposed  to  be  altered  in  such  a  manner  as  still 
to  produce  the  prescribed  velocities  in  the  assigned  points ; 
then,  u\  </,  vf  being,  as  before,  the  velocities  belonging  to  the 
constrained  motion,  we  have,  since  in  the  present  case  the 

*  ZiouvilUy  tome  septi^me  (1842),  p.  166. 

t  Proeeedinga  of  Eoyal  Society  of  Edinburgh,  April,  1863. 
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The  equation  of  via  viva  has  been  abready  obtained  for  a 
rigid  body  in  a  different  manner  in  Article  132. 

The  equation  of  via  viva  is  one  of  the  most  important  in 
Dynamics,  and  is  to  a  great  extent  the  foundation  of  the 
Theory  of  Energy.  It  will  be  more  fully  considered  in  a 
future  chapter. 

\  201.  Of  the  Forces  whieb  enter  the  Equation  or 
iris  Tiva. — From  the  mode  in  which  the  equation  of  via  viva 
has  been  deduced  from  D'Alembert's  Principle,  it  is  plain 
that  in  the  case  of  a  rigid  body  the  right-hand  side  contains 
only  the  applied  forces,  and  that  reactions  by  which  geome- 
trical conditions  may  be  replaced  do  not  enter  therein.  The 
reactions  of  fixed  points,  fixed  surfaces,  &c.,  are  thus  ex- 
cluded :  and  further,  if  during  the  motion  the  direction  of  a 
force  be  at  each  instant  at  right  angles  to  the  line  in  which 
its  point  of  application  is  moving,  such  a  force  does  not  enter 
the  equation  of  via  viva  (Art.  122). 

When  two  surfaces  roll  on  one  another  without  slipping^ 
the  relative  tangential  displacement  of  the  two  points  in  con- 
tact is  zero.  Now,  if  F  be  the  tangential  force  of  friction 
developed  between  them,  the  element  of  work  done  by  F  on 
one  body  is  Fdfi,  and  that  done  on  the  other  is  -  Fdf^^  dfi  and 
^2  being  the  projections  on  the  direction  of  Foi  the  small 
motions  of  the  two  points  in  contact.  Hence  the  whole  work 
done  by  the  tangential  friction  is  F(dfx  -  dfy  ;  but  df^  -  dft 
is  the  relative  tangential  displacement  of  the  points  of  the 
surfaces  which  are  in  contact.  Hence  the  whole  work  done 
by  the  tangential  force  of  friction  in  pure  rolling  is  zero,  or 
this  force  in  the  case  supposed  has  no  effect  on  the  equation 
of  via  viva.  If  one  of  the  surfaces  be  fixed,  a  similar  result 
obviously  holds  good. 

When  two  surfaces  are  in  permanent  contact,  the  normal 
reaction  between  them  never  enters  the  equation  of  via  viva. 
For,  if  the  motion  be  pure  slipping,  the  relative  velocity  of 
the  points  of  application  of  the  mutual  reaction  is  altogether 
tangential.  If  the  motion  be  either  rolling  and  slipping,  or 
pure  rolling,  the  relative  normal  velocity  of  the  points  in 
contact  is  still  zero,  or  at  least  infinitely  small,  and  the  rela- 
tive normal  displacement  is  an  infinitely  small  quantity  of 
the  second  order ;  that  is,  dri  -  rfr,  =  0,  where  dri  and  drj  are 
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the  projections  on  the  common  normal  of  the  small  motiona 
of  the  points  in  contact.  Hence  E  {drx  -  dr^y  which  is  the 
whole  work  done  by  the  mutual  normal  reaction,  is  equal  ta 
zero. 

The  work  done  in  the  element  of  time  by  a  mutual  force 
between  two  bodies  is  always  of  the  form  R  {dn  -  dr^^  where 

#Kf*  tit* 

-^  and  -TT  fl-r©  the  velocities,  in  the  direction  of  the  joining 
at  at 

line,  of  the  points  between  which  the  force  R  acts.     If  r  be 

the  distance  between  these  points,  the  work  done  by  the 

mutual  action  is  therefore  R  dr. 

If  R  tends  to  increase  the  relative  velocity  in  its  own 

direction  which  already  exists,  Rdr  is  positive.     If  on  the 

other  hand  R  tends  to  diminish  this  velocity,  Rdr  is  negative. 

This  readily  appears  from  the  following  considerations  : — 

fiv* 

If  the  mutual  action  tends  to  increase  the  velocity  — \  it 

at 

dr 

tends  to  diminish  -7^,  and  therefore  the  element  of  work  done 

at 

by  it  is  -R  {dri  -  dr^ ;  but  this  is  positive  ii  -zj>  — *,  and 

negative  if  ^  >  -^.     In  the  first  case  the  mutual  action 
at       dt 

tends  to  increase  the  relative  velocity  in  its  own  direction, 
and  in  the  second  case  to  diminish  this  velocity.     Also,  if 

the  mutual  action  tends  to  diminish  -7-    similar   reasoning 

at 

applies. 

202.  EflTeet  of  Impulses  on  Yis  ITiva. — The  change 
of  via  viva  resulting  from  impulses  may  be  investigated  by 
means  of  equation  (4),  Art.  197. 

In  general  for  any  displacement  8s,  whose  components 
are  So?,  Sy,  8z,  we  have  Xlx-\-  TSi/  +  2'8s  =  jK  Sr,  where  R  is 
the  impulse  whose  components  are  X,  F,  Z,  and  Sr  is^  the 
projection  of  Ss  on  the  direction  of  R,  Hence,  if  the  direc- 
tions of  R  and  Ss  are  at  right  angles  to  each  other, 

XSx+  TSt/+ZSz  =  0. 
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Again,  if  two  equal  and  opposite  impulses  occur  at  points 
whose  coordinates  are  a?i,  yi,  Si ;  x^^  y^^  Z2,  the  corresponding 
terms  in 

-are  X  (S^i  -  Ix^  +  F(8yi  -  ly^  +  Z(Szi  -  822), 

or  R  (Sri  -  Sra),  from  which  we  conclude,  that  if  the  relative 
displacement  of  two  points  be  perpendicular  to  the  direction 
of  the  mutual  impulsive  reaction  at  those  points,  the  corre- 
sponding terms  in  S  (XSa;  +  FSy  +  Z82)  vanish. 

"We  can  now  prove  the  following  theorems : — 

If  a  system  be  acted  on  by  external  impulses,  the  vi%  viva 
is  diminished  by  the  ms  viva  of  the  additional  motion  when 
the  impulse  at  each  point  is  perpendicular  to  the  subsequent 
velocity  of  that  point,  but  increased  by  the  same  amount 
when  the  impulse  is  perpendicular  to  the  antecedent  velocity. 

Similar  results  hold  good  for  internal  impulsive  reactions 
when  each  mutual  impulse  is  perpendicular  to  the  relative 
velocity  of  the  points  between  which  it  acts. 

For  the  same  notation  being  adopted  as  in  Art.  197 — 
1°  when  each  impulse  is  perpendicular  to  the  subseqtcent  ve- 
locity of  the  point  at  which  it  acts,  we  have 

S(iw+  Yv  +  Zw)  =  0; 

and  2°  when  it  is  perpendicular  to  the  antecedent  velocity, 

S(Zw'+  Ft?'+Zw;'=0. 

In  the  first  case,  substituting  w, «?,  w  for  Sxy  8y,  Sz  in  equa- 
tion (4),  we  get 

2, m[{u - u')  u -\-  {v - v')  V ■¥  {w - u/)  w)  =  0 ; 
from  which  we  obtain 

Sm{(w  -  uj  +  (t?  -  vj  +  (w?  -  wy} 

=  Sm  K*  + 1?"*  +  w'^)  -  S w {u^  +  v^  +  iv"),  (13) 

In  the  second  case,  substituting  w',  v%  w'  for  Sa?,  8y,  Ss  in 
(4),  we  obtain  in  like  manner 

^m[{u"  uy  +  (t?  -  vy  ^{w-  wj] 

=  Sm  (w*  + 1?«  +  w")  -  S w (w'"  + 1?''  +  «?"*).  (14) 
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Bertrand's  Theorem  (Art.  199)  is  obviously  included  in 
the  first  case  of  the  above  theorems. 

The  impulses  resulting  from  the  impact  of  inelastic  bodies 
against  fixed  obstacles,  or  against  one  another,  as  well  as 
those  produced  by  sudden  puUs  on  inextensible  strings,  come 
iinder  the  first  case  considered  above.  To  the  second  case,  on 
the  other  hand,  belong  impulses  due  to  explosions,  or  to  the 
process  of  restitution  which  takes  place  in  the  second  period 
of  the  impact  of  elastic  bodies. 

As  has  been  already  stated  (Art.  78),  in  the  impact  of 
such  bodies  there  are  two  periods.  In  the  first,  the  mutual 
action  reduces  the  relative  normal  velocity  of  tJie  colliding  points 
to  zero.  In  the  second,  a  force  of  restitution  is  developed, 
which  acts  at  each  point  in  the  same  direction  as  the  original 
force,  and  produces  an  impulse  which  bears  a  constant  ratio 
to  that  belonging  to  the  first  period.  This  constant  ratio  is 
called  the  coefficient  of  restitution. 

As  the  special  equations  which  determine  the  changes  of 
velocity  in  terms  of  the  corresponding  impulses  are  obtained 
by  equating  to  zero  the  coefficients  of  the  independent  varia- 
tions in  equation  (4),  Art.  197,  we  see  that  these  equations 
are  always  linear.  Moreover,  in  the  impact  of  elastic  bodies 
the  geometrical  conditions  are  the  same  in  the  periods  of 
compression  and  of  restitution ;  but  each  impulse  in  the  latter 
period  is  equal  to  the  corresponding  impulse  in  the  former 
multiplied  by  the  coefficient  of  restitution.  Hence  we  con- 
clude that  this  holds  good  likewise  for  the  corresponding^ 
changes  of  velocity  in  the  two  periods. 


Examples. 

1.  If  a  system  be  acted  on  by  any  set  of  impulses,  prove  that  the  increase  of 
its  vis  viva  may  be  expressed  in  the  form  2  {  X{u  +  «')  +  Y{v  +  v')  +  Z(w  +  «?')}» 
where  ^,  T,  Z  are  the  components  of  the  impidse  acting  at  any  point  of  the 
system ;  and  m,  r,  w^  u',  v\  w'  the  components  of  the  velocity  of  this  point 
after  and  before  the  impulsion,  respectively. 

2.  If  a  system  be  acted  on  b^  a  set  of  impulses  which  reduce  to  zero  the 
velocities,  in  the  direction  of  the  impulses,  of  the  points  at  which  they  act,  find 
the  change  of  vis  viva  in  terms  of  the  impulses  and  the  antecedent  velocities  of 
the  points  at  which  they  act.  Ans,  2(J[w'  +  J^v'  +  ?w*). 
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3.  The  ends  of  a  string  passing  over  a  smooth  pulley  are  attached  to  two 
masses,  of  which  one  rests  on  a  horizontal  plane,  and  the  other  is  dropped 
through  a  height  h,  the  masses  of  the  string  and  pulley  heing  neglected, 
-determine  the  loss  of  kinetic  energy  caused  hy  the  impulsive  tension  of  the 
string. 

If  m  and  m'  he  the  masses,  v\  and  V2  the  velocities  of  the  dropped  mass  m 
before  and  after  the  chuck,  and  7  the  loss  of  kinetic  energy, 

mm 

27  =  «w(i?i  -  V2Y  +  m'  v^.     Hence  7  = -gh. 

tti-\-  tn 

4.  If  any  system  of  smooth  imperfectly  elastic  bodies  having  a  common 
•coefficient  of  restitution  collide,  show  that  the  loss  of  vis  viva  is 

where  e  ia  the  coefficient  of  restitution,  m  the  mass  of  any  particle,  and  u\  v\ 
w\  Uf  V,  to  the  components  of  its  velocity  before  and  after  ike  shock. 

Let  U,  V,  W  be  the  components  of  the  velocity  of  m  at  the  end  of  the  first 
period  of  impact;  then  by  equations  (13)  and  (14),  Art.  202,  if  7  be  the  total 
loss  of  kinetic  energy, 

but        u -  U=  e(XT- «'),  &c.,     and  therefore,       «*-«'=(!+  e)[ CT—  «'),  &c. 
Hence,  27  =  (1 -«*)2m{(I7'-w')2+(F-i>')H  (W^-w'T} 

The  theorem  contained  in  this  Example  is  due  to  Carnot. 

5.  Two  weights  are  connected  by  a  fine  inextensible  string  passing  over  a 
smooth  pulley.  The  lesser  hangs  vertically,  and  the  other  descends  a  smooth 
inclined  plane,  starting  without  initial  velocity  from  a  point  vertically  under 
the  pulley ;  determine  how  far  it  will  descend  ;  and  state  the  limit  of  the  ratio 
of  the  weights  with  in  which  finite  descent  is  possible. 

If  z  be  the  height  which  the  lesser  weight  W  ascends,  and  »  the  distance 

along  the  inclined  plane  traversed  by  the  greater  weight  W^  we  have,  by  the 

equation  of  vis  viva,  when  the  system  comes  to  rest,  TTs  sin  •  —  Wz  =  0,  and 

W 
therefore  z  =  Xa  sin  »,  if  —  =  A.     Also,  if  h  be  the  vertical  distance  of  the 

pulley  from  the  inclined  plane,  we  have  geometrically,  since  the  string  is  inex- 
tensible, 

(h  +  z)^  =  A2  +  a2  +  2A»sin  t.    Hence  s  =  ?i^^Llil^* A. 

In  order  that  finite  descent  should  be  possible,  W'>WBm  i. 

6.  Two  equal  spheres,  A  and  B,  starting  simultaneously  from  rest,  descend 
down  two  equally  inclined  planes;  the  one  plane  quite  smooth,  the  other 
perfectly  rough ;  find  the  ratio  of  the  velocities  of  the  centres  of  the  spheres 
At  the  end  of  any  time. 

Let  vi  be  the  velocity  of  the  centre  of  A,  V2  that  of  the  centre  of  B,  and  a» 
the  angular  velocity  of  B  at  the  end  of  any  time  t,  then  V2  =  aw  (see  Ex.  1, 
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7 
Art.  134),  also,  mvi^=2gfnz\y  and-  ma^  w^  =s  2gmz%,  where  21  and  23  are  the 

6 

distances  through  which  the  centres  of  A  and  B  have  descended.    Now,  if  «i 

and  «3  be  the  distances  which  the  centres  have  moyed  parallel  to  the  inclined 

plane  at  any  time, 

d9i  dif2         J, 

ri  =-3r>     «'2=-Tr»    and  «i  =  »i  sin t,    £2  =  ^2  smt. 
at  at 

Hence,  substituting  and  differentiating,  we  haye 

—  =^  sint,   -  —  =  ^  sin  ».     Hence  rj  =  =  n. 

7.  A  thin  uniform  rod,  A£y  slides  down  between  a  vertical  and  a  horizontal 
rod,  to  which  it  is  attached  by  small  smooth  rings  ;  find  the  angular  velocity  of 
AB  in  any  position. 

^  Take  the  horizontal  and  vertical  rods  as  axes  of  x  and  ^,  their  intersection 
being  0,  and  let  $  be  the  angle  which  A3  makes  with  the  vertical  rod  at  any 
time ;  then  M,  the  middle  point  of  AB,  describes  a  circle  round  0  with  an 
angular  velocity  $,  which  is  likewise  the  angular  velocity  of  the  rod  round  Jf. 

Hence  (Art.  134),  tna^0^-}-m  "^  ^  =  7,gma  (cos  a  -  cos0),  where  a  is  half  the 
length  of  the  rod,  m  its  mass,  and  a  the  initial  value  of  B ;  then 

^*  =  -^  (cos  a  —  COS  $). 
Iia 

8.  A  narrow  smooth  semicircular  tube,  whose  radius  is  a,  is  fixed  in  a  vertical 
plane,  the  vertex  of  the  semicircle  being  its  highest  point ;  a  heavy  flexible  string 
passing  through  the  tube  hangs  at  rest ;  if  the  string  be  cut  at  one  end  of  the 
tube,  find  the  velocity  which  the  longer  portion  will  have  attained  when  leaving 
the  tube. 

Let  /  be  the  length  of  each  of  the  portions  of  string  which  hang  below  the 

ends  of  the  tube  in  the  position  of  equUibrium ;  then,  since  the  distance  of  the 

.   2fl  . 

centre  of  inertia  of  a  semicircular  arc  from  the  centre  is  — ,  a  being  the  radius, 

IT 

we  have,  if  t;  be  the  velocity  with  which  the  string  leaves  the  tube, 


whence 


(  /2a      ira\  ) 

(;  +  xfl)f;a=2^Wxfl  +  ira  (  — +  -2-)    » 


,      2ir/+(4  +  ir2)« 

«*  = n ^'V' 

/  +  ira 


9.  A  uniform  bar,  of  length  2a,  is  suspended  from  a  fixed,  parallel,  and  equal 
horizontal  bar,  by  strings  of  equal  length  joining  the  adjacent  extremities  of  the 
bars.  An  angular  velocity  »  is  imparted  to  the  suspended  bar  round  a  vertical 
j^Tia  through  its  centre  of  inertia.  Determine  the  vertical  height  through  which 
its  centre  of  inertia  will  rise. 

As  each  extremity  of  the  bar  moves  on  the  surface  of  a  sphere  to  which  the 
attached  string  is  radius,  the  tensions  of  the  strings  do  not  appear  in  the  equation 


«««» 


of  w  viva  ;  hence  h—. 

0^ 
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203.  The    Cfeneral    Equations    of   BTotlon    of   » 
Rigid   Body   apply  to   every   System. — If  the   force* 

acting  on  any  system  be  in  equilibrium,  the  equilibrium,  is 
not  disturbed  by  rendering  the  mutual  distances  of  the  points 
of  the  system  invariable — in  other  words,  by  making  it  rigid. 
Hence  the  equations  of  motion  of  a  rigid  body  are,  in  their 
most  general  form,  applicable  to  any  system  whatever.  The 
special  reductions  which  may  be  applied  to  the  forces  of 
inertia  in  the  case  of  a  rigid  body  cannot,  however,  be  em- 
ployed in  other  cases. 

V  204.  Equations  of  Motion  of  a  Rigid  Body. — 
By  means  of  D'Alembert's  Principle  we  can  at  once  write 
down  the  equations  of  motion  of  a  rigid  body.  We  have,  in 
fact,  merely  to  write  down  the  six  equations  of  equilibrium, 
taking  into  account,  not  only  the  applied  forces,  but  also  the- 
forces  of  inertia  as  defined  in  Art.  196. 
Hence  the  six  equations  of  motion  are — 


Sm  — ^  =  2X, 
d\ 


S^iCf=Sr,     Sm^=SZ.       (15) 


di"^ 


(  d'y 


^'"'^rff-^^ 


=  -2,{yZ-zY)  =£ 


=  S(8Z-irZ)  =M 


h      (16) 


where  X,  M,  N  are  the  moments  of  the  applied  forces  round 
the  axes. 

For  impulses,  the  corresponding  equations  are-^ 

Sm  («  -  tO  =  SZ,  2m(«?-t?')  =  SF,  ^m  {tv -- w')  ^  ^Z.  (17) 
:Zm[y{w-w')'-z{v-v')]  ^^{yZ-zY)  =i 
Sm{s(w-w')-^(^-^')}  =  S(sZ-;rZ)  =  Jf  >.    (18) 
Sm{a?(t?-t?')"-y{«*-*0}  =  2(a?r-yZ)  =^  N 
These  equations  hold  good  for  any  system  which   i& 


Constraints  and  Partial  Freedom. 


241 


altogether  free,  i,  e.  unacted  on  by  any  constraints,  and  not 
subject  to  geometrical  conditions  external  to  itself. 

In  the  case  of  a  system  subject  to  external  constraints, 
the  constraints  must,  in  general,  be  replaced  by  the  stresses 
to  which  they  give  rise. 

Equations  (15)  and  (17)  may  be  put  into  a  simpler  shape 
asfollows : — 

r  205.  Motion  of  tbe  Centre  of  Inertia  of  a  Free 
System. — Let  x,  y,  z  be  the  coordinates  of  the  centre  of 
inertia,  and  SBl  the  mass  of  the  entire  system  ;  then,  for 
continuous  forces, 

«*»  •      «,     d^x        ^  - 


dt' 
dh 

a»2  =  sw  —  =  sz 

dr 

Also,  for  impulses, 

5ro (tl  -  u)  =  Sm(w  -  u')  =  SZ  ^ 

a»(^  -v')  =  ^m{v  -«?')=sr 

Wl{w-  vf)  =  ^m[w-w')  =  SZ 


(19) 


(20) 


These  equations  give  the  motion  of  the  centre  of  inertia 
of  a  free  system  acted  on  by  any  forces.  From  them  it 
appears  that — 

The  centre  of  inertia  of  a  free  system  moves  as  if  all  the  forces 
were  applied  to  the  entire  mass  concentrated  there. 

206.  Constraints  and  Partial  Freedom.  — If  a  system 
be  subject  to  external  constraints,  we  may  apply  equations 
(19)  and  (20),  provided  we  suppose  the  constraints  replaced 
by  the  forces  to  which  they  give  rise. 

If  a  system,  though  not  entirely  free,  be  such  that  equal 
and  parallel  displacements  of  arbitrary  magnitude  can  be 
given  to  each  of  its  points  in  a  definite  direction,  and  if  the 
axis  of  X  be  taken  in  that  direction,  we  have  still  the  equation 

SSlx  =  SX. 
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207.  Internal  Forces. — Any  force  by  which  two 
parts  of  a  system  act  on  each  other  is  said  to  be  internal. 

Since  action  and  reaction  are  equal  and  opposite,  the 
components  of  internal  forces  destroy  one  another  in  the  sozus 
SX,  S  F,  and  SZ.    Hence  in  aqy  system 

Interna  I  forces^  whether  continuous  or  impulsive^  have  no  effect 
on  the  motion  of  the  centre  of  inertia, 

'\208.  Case  of  no  £xternal  Forces. — It  follows  from 
Art.  207,  that  if  a  system  be  acted  on  by  no  external  forces, 
its  centre  of  inertia  is  either  at  rest  or  moves  in  a  straight 
line  with  a  constant  velocity.  This  theorem  is  sometimes 
termed  The  Principle  of  the  Conservation  of  the  Motion  of  the 
Centre  of  Inertia, 

Results  similar  to  those  of  the  preceding  Articles  hold 
good  for  impulses. 

v^  209.  Motion  of  a  Free  System  relative  to  its 
Centre  of  Inertia. — If  S,  ij,  J  be  the  coordinates  of  any 
point  of  a  system  referred  to  axes  through  its  centre  of 
inertia  parallel  to  fixed  directions,  a;  =  ir  +  $,  y=^  +  »j,  2  =  s  +  J. 
Substituting  in  D'Alembert's  equation,  we  have 

u{sx  -  (s».)  ^+8»(2r-  (s»>)  ^)4  S2(sz-(si»)g) 

Now  2w£  =  Smjj  =  ^mZ,  =  0 ;  hence,  by  equations  (19), 
Art.  205,  we  obtain 

It  follows  from  this  equation  that — 

The  motion  of  a  free  system  relative  to  its  centre  of  inertia  is 
the  same  as  if  this  point  were  fixed  in  space,  the  applied  forces 
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« 
beimL  unaltered  as  regards  magnitude,  direction,  and  point  of 

application. 

The  theorem  just  stated  holds  good  as  well  for  impulsive 
as  for  contiQuous  forces.  This  readily  appears  by  applying 
the  transformation  employed  above  to  equation  (4),  Art.  197, 
and  making  use  of  equations  (20),  Art.  205. 

210.  Momentfii  of  IHoinentaiii. — It  is  readily  seen  that 
at  any  instant  the  expression 

'2m{a!V-yu)  or  ^m(xy  -^  yx) 

represents  the  entire  moment  of  the  momenta  round  the  axis 
of  z  of  all  the  elements  of  the  system  at  the  instant :  and 
similarly  ^m{yz  -  zy)  and  ^m{zx  -  xz)  represent  the  corre- 
sponding quantities  relative  to  the  axes  of  x  and  y,  respec- 
tively. 

These  moments  of  momenta  are  of  fundamental  impor- 
tance in  the  discussion  of  the  motion  of  any  system,  and  we 
shall  accordingly  represent  them  by  distinct  symbols. 

Thus  let 

JEri  =  ^m{yz-'Zy)y  H2=^m{zx-xz),  H^=^m{xy-yx),  (22) 

then  equations  (18)  may  be  written  in  the  form  J 

JB:i'-Hi'=L,    Hz^H^^M,    JTs-Jffa'^iV,      (23) 

in  which  J?i',  JT2',  S^  represent  the  moments  of  momenta  of 
the  system  before,  and  -Hi,  H29  Hz  those  after,  the  impact. 

If  the  body  be  at  rest  when  acted  on  by  the  impulses,  these 
equations  become 

JTi  =  i,    -Ha  =  4f,    Hz^N.  (24) 

Hence,  in  this  case,  the  moments  of  momenta  generated 
by  the  impulses  are  respectively  equal  to  the  impulsive 
moments  applied. 

Next,  since         ^^  '^^^  Tt  ^^  "  ^^)' 

we  have  --Tr  =  Sm  {xy  -  yx), 

K  2 
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and  it  follows  that  equations  (16)  may  be  expressed  in  the 
following  form : — 

f -^-  f =^'  f-^-     (^> 

The  quantities  -BTi,  S2,  Sz  admit  of  an  important  trans- 
formation, as  follows : — 

If  i^3  dt  represent  the  elementary  area  described  round  the 
origin  by  the  projection  of  the  point  xyz  on  the  plane  of  ayy^ 
then 

xy  -  yx-  A3. 

Hence  S^  =  SmAs,  and,  likewise,  representing  the  pro- 
jections on  the  planes  of  yz  and  x%  by  a  similar  notation, 

JjTi  =  SmAi,     Si  =  ^mhi. 

Accordingly  equations  (25)  may  be  written 

„     dh\      ^       „    dh^     ,-      „    dlu     _^  ,^^, 

dt  dt  dt  ^ 

The  corresponding  equations  for  impulses  are 

SmAi  =  i,     SmAa  =  -^'i     ^mAs  =  N.  (27) 

If  the  system  is  in  motion  when  the  impulses  act,  the  three 
latter  equations  should  be  written 

SmAi  =  i  +  SwAi',  SmAz  =  -3f  +  SmV,   SmAg  =  ^+  SmAs',  (28) 

where  A/,  A/,  A3'  are  the  values  of  Ai,  A2,  A3  the  instant  before 
the  impulses  act. 

The  quantities  Ai,  A2,  As,  &c.,  are  the  areal  velocities, 
relative  to  the  origin,  of  the  different  points  of  the  system ; 

and  -rr,  &c.,  are  the  areal  accelerations  (see  Art.  29). 
at 

In  any  system  in  motion  the  three  moments  JSTi,  J?2,  -Hs, 

if  they  were  regarded  as  moments  of  forces  or  couples 

acting  on  the  same  rigid  body,  would  be  equivalent  to  a 
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single  moment   H  round  a  line  whose  direction   cosines 
are  =?,    -=?,     ■=? ;   H  being  given  by  the  equation 

This  line  is  called  the  momentum  axis  of  the  system  relative 
to  the  origin.  As  it  is  the  axis  of  the  couple  which  is  the 
resultant  of  the  couples  corresponding  to  the  moments  of  the 
momenta  of  the  diif erent  elements  of  the  system,  it  is  plain 
that  its  direction  is  independent  of  the  directions  of  the  co- 
ordinate axes. 

If  Sdt  be  twice  the  sum  of  the  projections  of  the 
elementary  areas  described  by  all  the  points  of  the  system 
round  the  origin,  each  multiplied  by  the  corresponding 
element  of  mass,  on  a  plane  whose  normal  makes  an  angle 
0  with  the  momentum  axis,  then 

S=^Sooa  e.  (29) 

This  may  be  proved  in  the  following  manner :  Let  hdt 
be  double  the  elementary  area  described  by  the  element 
whose  mass  is  m  roimd  the  origin ;  and  let  a,  j3,  y  be  the 
cosines  of  the  angles  its  plane  makes  with  the  coordinate 
planes;  then.  A,  /lc,  v  being  the  direction  cosines  of  the  normal 
to  the  plane  of  8y 

8=^mh  (aX  +  jS/x  +  yv)  =  ASmAa  +  /x2mAj3  +  v^mhy 

= AiTi +/UJT2+ vir3= JT  jx^ +fi  J' +  V  Jj  =  JTcose. 

Hence,  the  multiple  sum  of  the  projections  of  the  elementary 
areas  on  the  plane  at  right  angles  to  the  momentum  axis  is  a 
maximum. 

This  plane  is  called  the  Principal  Plane  relative  to  the 
origin.  Prom  what  has  been  just  proved,  we  see  again 
that  its  position  is  independent  of  the  directions  of  the  axes. 

If  5,  ij,  ^  be  a  second  set  of  rectangular  axes  through  the 
origin  parallel  to  directions  fixed  in  space,  and  if  the  direc- 
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tion  cosines  of  £,  referred  to  a?,  y,  2,  be  «i,  ^2,  fls ;  of  ?/,  Ji,  62,  fts ; 
of  Z,y  Ciy  Ci,  Cs ;  we  have,  as  particular  cases  of  what  has  been 
proved  above, 

Sm(5:|  -  5^)  =  EX  +  fl;i2  +  J?363  [ .         (30) 
2m  (5^  -  i?l)  =  SiCi  +  S2C2  +  JJsCs 

The  preceding  theorems  of  this  Article  are  true  for  any 
system  of  moving  points,  and  whether  the  origin  be  fixed 
or  movable. 

Again,  to  find  the  moments  of  momentum  of  a  system  round 
axes  intersecting  at  a  point  whose  coordinates  are  a,  6,  c. 

Let  Sly  S29  Sz  be  the  moments  of  momentum  of  the 
system  round  axes  parallel  to  the  coordinate  axes,  and  inter- 
secting at  the  point  abc ;  then,  we  have 

H(^^m[[y-h)z^{z-c)if] 

=  2m  {yz  -  zy)  -  (6 2ms  -  c2my) ; 

but  Xy  yy  z  being  the  coordinates  of  the  centre  of  inertia  of 
the  system, 

2my  =  5Wy,     2m2=3R8; 
hence  we  obtain 

S/=ff,^^{cx-a^)  I  •  (31) 

Hz'=B:,^m{ay-bx)  ) 

Again,  the  moment  of  momentum  of  a  system  round  an  axiSy 
through  any  point  0,  is  equal  to  the  moment  of  the  momentum 
relative  to  the  centre  of  inertia  round  a  parallel  axis  through 
that  point,  together  toith  the  moment  of  momentum  round  the  axis 
through  0  of  the  entire  mass  of  the  system  supposed  to  be  con- 
centrated at  the  centre  of  inertia,  and  moving  with  it. 
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Take  the  axis  through  0  as  the  axis  of  x^  and  make  use 
of  the  transformation  employed  in  Axt.  209,  then 

2w (^2  -  zy)  =  Sm {{y  +  n){I+  t)-{z  +  ^{f  +  v)} 

=  a»(yi-s^)  +  Sm(»,^-2^);  (32) 

since  Smi|  =  SmJ  =  0,     Smi)  =  Sw^  =  0. 

The  student  will  observe  that  |,  ^,  &o.,  denote  relative^  not 
absolute,  velocities.  If  the  origin  0  be  the  centre  of  inertia 
of  the  system,  equations  (23),  (24),  and  (26)  hold  good  whether 
O  be  fixed  or  moving  (Art.  209),  the  axes  being  parallel  to 
lines  fixed  in  space. 

In  the  deduction  of  equations  (23),  (24),  and  (25),  we 
haye  supposed  that  the  system  is  free,  that  is,  unacted  on  by 
oonstraints  external  to  the  system  itself. 

211  •  Constraints  and  Partial  Freedom. — A  system 
which  is  not  free  may  be  regarded  as  free,  if  the  external 
constrtdnts  be  replaced  by  the  forces  to  which  they  give  rise. 

In  general,  we  can  ascertain  whether  a  given  constraint 
affects  the  validity  of  equations  (23),  (24),  and  (25),  by  con- 
sidering its  influence  on  the  conditions  of  equilibrium  of  a 
rigid  body. 

If  one  point  of  a  rigid  body  be  fixed,  we  know  that  for 
its  equilibrium  the  moments  of  the  applied  forces  round  three 
rectangular  axes  meeting  at  the  point  must  each  be  equal  to 
zero.     Hence  we  conclude — 

If  there  be  otie  point  of  a  system  fixed^  equations  (23),  (24), 
and  (26)  hold  good  for  this  point  as  origin. 

Again,  if  there  be  a  fixed  line  in  a  rigid  body,  the  con- 
dition of  equilibrium  is  that  the  moment  of  the  applied 
forces  round  this  line  should  be  zero.     From  this  we  infer — 

If  there  be  a  fixed  line  in  a  system^  the  rate  of  change  relative 
to  the  time  in  the  moment  of  momentum  of  the  system  round  this 
line  is  equal  to  the  moment  of  the  applied  forces. 

212.  Internal  Forces. — Since  internal  forces  occur  in 
pairs,  each  pair  consisting  of  two  equal  and  opposite  forces 
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having  a  common  line  of  direction,  the  moment  round  any 
line  of  the  whole  set  of  internal  forces  must  be  zero.  Hence 
the  moments  of  momentum  of  any  system  are  unaffected  hy  forces 
internal  to  the  system. 

213.  ConserYatlon  of  Bfoment  of  Momeiitam. — If 
a  free  system  be  unacted  on  by  any  forces  external  to  itself, 
its  resultant  moment  of  momentum,  relative  to  any  point 
fixed  in  space,  is  constant,  and  has  for  its  axis  a  line  v^rhose 
direction  is  invariable. 

A  similar  result  holds  good  for  the  centre  of  inertia  even 
though  this  point  be  not  fixed  in  space. 

If  a  system,  otherwise  free,  contain  a  point  or  a  line  fixed 
in  space,  and  be  unacted  on  by  external  forces,  the  resultant 
moment  of  momentum  of  the  system  relative  to  the  fixed 
point,  or  the  moment  of  momentum  round  the  fixed  line,  is 
constant. 

The  theorems  enunciated  in  this  Article  together  consti- 
tute what  has  been  often  termed  The  Principle  of  the  Conser^ 
vation  of  the  Moment  of  Momentum^  or  The  Principle  of  the 
Conservation  of  Areas. 

As  the  moment  of  a  force  round  an  axis  intersecting  the 
line  of  direction  of  the  force  is  zero,  we  see  that — 

If  the  lines  of  direction  of  all  the  external  forces  which  act  on 
a  free  system  be  met  by  the  same  space  axis,  the  moment  ofmo^ 
mentum  of  the  system  round  this  axis  is  constant. 

If  the  space-axis  be  fixed  in  the  system,  which  is  other- 
wise free,  the  theorem  above  still  holds  good. 
In  a  similar  manner  we  may  conclude  that — 

If  a  system  receive  an  impulse,  the  moment  of  momentum  of 
the  system  round  an  axis  fixed  in  space,  and  passing  through  any 
point  on  the  line  of  direction  of  the  impulse,  remains  the  same  as 
before. 

Examples. 

1.  In  any  system  in  motion,  show  that  the  moments  of  momenta  round 
three  rectangular  axes  are  equal  to  the  moments  of  the  impulses  which  would 
impart  to  the  system  if  at  rest  its  actual  motion. 

2.  If  f,  71,  f  he  the  coordinates,  relative  to  the  centre  of  inertia,  of  any  point 
of  a  free  system,  show  directly,  that  if  the  system  start  from  rest, 

asm  (nC-  Cn)  =  2  (ij-^  -  f r),  &c.. 


Exampks.  249 

and  that  during  the  motion, 

2m(77f  -  ("n)  =  ^{vZ-  CY)y  &c. 

By  equation  (32),  Art.  210,  we  have 

but  !Ky=27;        and       ^z  =  2Z;        therefore,  &c. 

Again,  differentiating  each  side  of  the  equation  (32)  of  Art.  210,  we  have 

a)i(y2-«y)+2m(i7f-Ci?)  =  2w(y2f-2y)  =  Z=2{(y  +  u)Z~(«+C)F}; 
and  as  ^^  =  2Ty    m'z^:ZZy 

we  obtain  the  required  result. 

3.  A  satellite  of  mass  m  is  moving  in  a  circle  whose  radius  is  r,  round  a 
planet  whose  mass  is  M,  and  which  rotates  round  an  axis  perpendicular  to  the 
plane  of  the  orbit  with  an  angular  velocity  n.  If  0  be  the  moment  of  inertia 
of  the  planet,  and  ft  the  attraction  between  unit  masses  at  the  unit  of  distance, 
show  that  the  moment  of  momentum  of  the  system  round  its  centre  of  inertia  is 


(?|«  +  /i*-^(Jf+  m)-w| 


4.  A  heavy  particle  moves  on  a  smooth  surface  of  revolution  whose  axis  is 
vertical ;  prove  that  the  moment  of  momentum  of  the  particle  round  the  axis 
is  constant. 

6.  A  number  of  mutually  attracting  particles  are  acted  on  by  forces  passing 
through  the  same  fixed  point ;  prove  that  their  resultant  moment  of  momentum 
relative  to  this  point  is  constant,  and  that  the  direction  of  its  axis  is  invariable. 

6.  A  system  is  acted  on  by  no  external  force  except  gravity ;  prove  that  its 
moments  of  momenta  round  axes  parallel  to  fixed  directions  in  space,  and  inter* 
secting  at  its  centre  of  inertia,  are  constant* 

7.  Show  that  the  centre  of  inertia  of  the  universe  is  either  fixed  in  space  or 
else  moves  in  a  straight  line  with  a  constant  velocity. 

8.  A  man  walks  from  one  end  to  the  other  of  a  uniform  plank  which  is 
placed  on  a  smooth  horizontal  table ;  determine  the  displacement  of  the  plank. 

Let  a  be  the  length  of  the  plank,  P  its  mass,  M  that  of  the  man ;  the  dis- 
placement is  -=7 — -a, 
M  •\-  Jr 

9.  A  uniform  plank  is  placed  on  a  smooth  inclined  plane,  so  as  to  be  perpen-^ 
dicolar  to  the  intersection  of  the  inclined  plane  with  the  horizon ;  determine  the 
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time  in  wliich  a  man  should  go  from  the  upper  to  the  lower  end  of  the  plank  in 
order  that  it  should  remain  unmoved. 

Let  t  be  the  time  required.    The  displacement  of  the  centre  of  inertia  of  the 

system  in  the  time  t  in  space  is  \gf'  sin  i,  and  relative  to  the  plank  is  -r^: — -a. 

If  the  plank  remain  unmoved  these  must  be  equal.     Hence 

^       2M        a 


10.  The  base  of  a  smooth  homogeneous  circular  semi-cylinder  rests  on  a  hori- 
zontal plane.  A  particle  m  is  placed  at  a  point  on  the  surface  of  the  semi- 
cylinder,  situated  in  a  vertical  plane  containing  its  centre  of  inertia  and  perpen- 
dicular to  its  axis.     Show  that  the  particle  will  describe  an  ellipse. 

Let  the  axis  of  x  be  the  intersection  of  the  vertical  plane,  in  which  the 
particle  moves,  with  the  horizontal  plane  on  which  the  semi- cylinder  rests  ;  the 
axis  of  y  being  vertical.  Let  x,  y  be  the  coordinates  of  the  particle,  a/  the  co- 
ordinate of  the  centre  of  inertia  of  the  semi -cylinder,  m'  its  mass,  and  a  its 
radius. 

Considering  the  whole  system  as  one  body,  we  have  (Art.  206), 

dH         ,  d^x'      ^ 

Hence,  since  the  system  starts  from  rest,  mx  +  m'x'  is  constant,  or  the  pro- 
jection on  the  horizontal  plane  of  the  centre  of  inertia  of  the  whole  system 
remains  fixed  in  space.     Taking  this  point  for  origin,  we  have  mx  +  tn'x'  =  0. 

Again,  since  the  semi-cylinder  is  homogeneous,  we  have,  from  the  geometri- 
-cal  conditions, 

(x  -  xy  +  y»  =  a\ 

Substituting  for  x\  we  obtain 

(m  +  nCfx^  +  m'»y«  =  m'^a^, 

11.  Two  particles,  connected  by  a  rigid  rod  whose  weight  is  negligible,  are 
projected  along  a  smooth  horizontal  plane ;  determine  their  motion. 

The  position  of  the  centre  of  inertia  at  any  time  is  given  by  the  equations 

x  =  mt-\'a,    y=nt-\-by 

and  the  inclination  of  the  rod  to  the  axis  of  x  by  the  equation  0  =  w^  +  €,  where 
m,  f},  0,  by  00,  and  e  are  constants. 

12.  Two  equal  particles  are  connected  together  by  a  fine  inextensible  string ; 
one  of  them  is  placed  on  a  smooth  table,  the  other  just  over  the  edge,  the  string 
being  at  full  stretch  at  right  angles  to  the  edge  ;  find  the  intervsd  of  time  trom 
the  instant  at  which  the  particle  originally  on  the  table  leayes  it  to  the  instant 
At  which  the  string  first  becomes  horizontal. 

The  acceleration  of  the  particle  moving  on  the  table  is  \g.  Hence,  if  0  be 
the  len)gth  of  the  string,  the  particle  leaves  the  table  with  a  horizontal  velo- 
city Vy  where  v^  =  ge.  At  this  instant  the  middle  point  of  the  string  has  a 
horizontal  velocity  \ v,  and  the  lower  particle  has  no  horizontal  velocity.    Hence 
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the  moment  of  momentum  of  the  system  roimd  a  homontal  axis  through,  the 
centre  of  inertia  is  imcv.  This  remains  constant  (Ex.  6),  and  therefore  twice 
the  area  described  round  the  centre  of  inertia  in  any  time  t  is  ^mcvt.  If  t  be  the 
interval  of  time  during  which  the  string  passes  from  a  vertical  to  a  horizontal 
position,  we  have,  therefore,  Jirc^  =  ^cvt,  and  substituting  for  v  its  value,  we 
obtain 


'="J;- 


13.  A  sphere  is  projected  with  a  velocity  v  along  a  uniform  smooth  tube 
within  which  it  fits  exactly.  The  tube  rests  on  a  smooth  horizontal  plane,  and 
its  axis  forms  a  circle ;  determine  the  motion. 

Let  m  be  the  mass  of  the  sphere,  m'  that  of  the  tube,  and  a  the  radius  of 
the  circle  formed  by  its  axis.  The  common  centre  of  inertia  0  of  the  tube 
and  sphere  moves  parallel  to  the  direction  of  projection  of  the  sphere  with 

a  velocity ;,  and  the  centres  of  the  tube  and  sphere  describe  circles  round 

0  with  an  angular  velocity  -. 

a 

14.  A  spherical  shell  rests  upon  a  smooth  horizontal  plane;  a  particle  is 
placed  at  the  lowest  point  of  the  internal  surface  of  the  shell,  which  is  then 
projected  with  a  horizontal  velocity  V.  The  internal  surface  of  the  shell  being 
smooth,  determine  to  what  height  the  particle  will  ascend. 

Let  X  and  y  be  the  coordinates  of  the  particle,  m  its  mass,  and  v  its  velocity ; 
x'  and  t/  the  coordinates,  and  v  the  velocity  of  the  centre  of  the  shell,  tn'  being 
its  mass.  Take  as  axis  of  x  the  intersection  of  the  smooth  horizontal  plane  with 
the  vertical  plane  of  motion ;  then.  Art.  200, 

mv^  +  m'v'^  =  m'V^  ^  2m^y, 
and,  by  Art.  206, 

mx  +  m'sf  =  mf  V. 
Also,  as  the  particle  remains  on  the  sphere  whose  radius  19  a,  we  have 

whence,  differentiating,  and  remembering  that  y'  =  0,  we  have  x  —  x'  =  0  when 
y  =  0.     Hence,  substituting,  we  obtain 

2  (w  +  w')  ~ff'' 

This  result  may  not  hold  good  if  the  value  of  y  given  above  exceed  a, 

15.  A  smooth  tube,  movable  in  a  horizontal  plane  about  a  vertical  axis,  is 
charged  with  a  number  of  balls  at  given  intervals ;  an  angular  velocity  A  is 
communicated  to  the  tube ;  determine  the  velocities  of  the  tube  and  of  the 
balls  at  any  assigned  distances  of  the  latter  from  the  axis. 

Let  f»i,  m2t  &o.  be  the  masses  of  the  balls,  ai,  oz  &c.  their  initial  distances 


252  The  Oeneral  Dynamical  Principles. 

from  the  axis,  ri,  r^,  &c.  their  distances  at  any  instant,  a  the  ang^ar  yelocity, 
and  Mk^  the  moment  of  inertia  of  the  tuhe  ahout  the  axis ;  then  (Arts.  213,  200), 

{mi  n^  +  W2  r2^  +  &c.  4-  Mk"^)  a  =  (mi  fli^  +  fwj  «2*  +  &c.  +  MJc^)  n, 

m\  f  1^  -I-  rm  r^  +  &c.  +  (mi  ri*  +  im  r^  +  &c.  +  Mk"^)  a'  =  (mi  ai^  +  fma^ 

4  &c.  +  Jf*a)  ft*. 

Again  (Art.  28),  _i  «  n  ««  =  0  =  -^-  rj**, 

whence  r2  -^^  —  ri  -;^  =  0, 

and  integrating, 


Hence  we  have 


dr\         dri 
r3  — —  ^i-rr  =  constant  =  0. 
at  dt 


—  =  constant  =  — , 

r2  03 


n  _  oi 
yelocities.    Suhstituting  in  the  equations  of  momentum  and  vis  yiva,  and  putting 


and  therefore  also  -:-=—)  with  similar  equations  for  the  other  distances  and 

r2     «2 


mi  ai*  +  m2  02*  +  &c.  =  /,     M^  =  /', 
we  obtain 

(/ri»  +  J'oi*) «  =  ( J+  /')  ai«  ft,   {In^  +  /'  oi2)  h*  =  ( J+  F)  at^  (n*  -  oi')  ft«,  &c. 

16.  An  indefinitely  great  number  of  thin  cylindrical  shells  are  reyolving 
in  the  same  direction  about  their  common  axis,  the  angular  velocity  of  each  shell 
being  proportional  to  a  positive  power  of  its  radius.  If  the  system  of  shells  be 
suddeidy  united  into  a  solid  cylinder,  find  the  angular  velocity  of  the  cylinder 
about  its  axis. 

Let  00  be  the  angular  velocity  of  any  shell,  r  its  radius,  ft  and  S  being  those 
of  the  outermost  shell,  then  m  =  A.r",  and  before  the  shells  are  united,  the  moment 
of  momentum  of  the  system  is 


/a2tXI    r^'^dr. 


If  w'  be  the  angular  velocity  of  the  united  system,  its  moment  of  momentum  is 
M  -—  «  .    Equating  these  two,  we  obtain 

4ft 


11  +  4 


17.  A  uniform  hoiisontal  stick  falling  to  the  ground  strikes  at  one  end 
against  a  stone ;  compare  the  blow  it  receives  with  what  it  would  have  received 
had  both  ends  struck  simultaneously  against  two  stones,  the  blows  being  sup- 
posed  to  be  perpendicular  to  the  stick. 
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Let  v'  and  v  be  the  velocities  of  the  middle  point  C  of  the  stick,  before  and 
after  it  receives  the  single  blow  at  the  extremity  A  ;  let  2a  be  the  length  of 
the  stick,  m  its  mass,  and  Pthe  impulse  of  the  blow.  The  moment  of  momentum 
of  the  stick  round  a  horizontal  space  axis  through  A  remains  unaltered  by  the 
blow.  Before  the  blow  the  whole  moment  of  momentum  is  due  ( (32),  Art.  210) 
to  the  motion  of  the  centre  of  inertia,  the  stick  having  no  motion  relative  to  it. 
After  the  blow  the  stick  is  rotating  round  A  (since  this  point  is  reduced  to  rest) 
-with  an  angular  velocity  w.  Hence  f  ma^ »  =  m(w'\  but  v  =  am,  and  therefore, 
substituting,  we  have 

V  =  ft;',     and    v'  —  v=^  \f/. 

Again,  from  the  motion  of  the  centre  of  inertia  (7,  we  obtain 

P=  »i(t;  —  t?')  =  —  \mv^. 

In  the  second  case,  when  the  stick  receives  two  blows  each  equal  to  Q,  it  is 
reduced  to  rest,  and  therefore 

2Q  =  -  mv,    or     Q  =  -  J mv'. 

Therefor©  finally  P  =  i  Q. 

If  the  stick  be  elastic,  the  above  investigation  holds  good  for  the  impulses 
received  during  the  first  period  of  each  impact ;  and  as  the  total  impulses  are  in 
a  constant  ratio  to  the  former,  the  result  is  unaffected  by  the  elasticity  of  the 
stick. 
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CHAPTER  X. 

MOTION    OF   A   RIGID    BODY   PARALLEL   TO   A  FIXED   PLANE. 

Section  I. — Kinematics. 


in 


14.  Rigid  Body,  Determination  of  it»  Posltton. — 

A  body  is  said  to  be  rigid  when  its  constitution  is  such  that 
the  relative  position  of  its  points  with  respect  to  each  other  is 
unalterable. 

The  position  of  a  point  in  space  is  usually  determined  by 
means  of  three  rectangular  coordinates,  and  depends  therefore 
upon  three  independent  quantities.  It  is  easy  to  see  that  the 
position  of  a  rigid  body  is  determined  by  six  independent 
variables.  For,  the  position  in  space  of  a  definite  point  A  of 
the  body  is  determined  by  three  independent  variables  ;  two 
more  are  required  to  determine  the  plane  in  space  in  which  a 
definite  plane  a  of  the  body  passing  through  A  should  lie ; 
and  finally,  one  more  is  necessary  to  fix  in  this  plane  a  definite 
line  of  the  body  passing  through  Ay  and  lying  in  the  plane  a. 
When  the  position  in  space  of  every  point  of  the  plane  a  is 
determined,  it  is  obvious  that  the  positions  of  all  points  of 
the  rigid  body  are  completely  determined,  since  perpendiculars 
from  them  on  the  plane  a  are  invariable  in  magnitude. 

215.  Degrees  of  Freedom. — As  fiix  independent 
quantities  are  required  to  determine  the  position  of  a  rigid 
body,  such  a  body,  if  subject  to  no  restraint,  is  said  to  have 
six  degrees  of  freedom. 

It  is  plain,  from  what  has  been  said,  that  if  the  positions 
of  three  points  of  a  rigid  body  not  lying  on  the  same  straight 
line  are  fixed,  the  position  of  every  point  of  the  body  is  de- 
t^mined. 

X2I6.  Motion  of  Translation. — When  a  body  moves 
so  that  the  elements  of  the  paths  described  by  its  different 
points  are  equal  and  parallel  straight  lines,  the  motion  is  said 
to  be  one  of  translation. 
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The  path  described  by  any  one  point  of  a  body  is,  in 
general,  a  curve,  and  it  appears  from  the  above  definition 
that  the  curves  described  by  the  different  points  during  any 
motion  of  translation  are  equal  and  similar.     Hence — 

In  a  motion  of  translation^  the  line  joining  any  two  definite 
points  of  the  body  remains  parallel  to  its  initial  position. 

As  the  distances  traversed  by  each  point  of  the  body  are 
the  same  both  in  magnitude  and  direction,  we  may  speak  of 
the  motion  of  translation  of  the  body,  and  may  compound  any 
number  of  elementary  motions  in  the  same  manner  as  for  a 
point. 

B17.  Motion  of  Rotation. — ^As  already  stated  in  Arfc. 
95,  when  a  body  is  moving  in  such  a  manner  that  each  point 
r^  is  describing  the  arc  of  a  circle  having  its  centre  on  a  fixed 
Btraigm  line,  to  which  its  plane  is  perpendicular,  the  motion 
is  said  to  be  a  rotation,  and  the  fixed  straight  line  passing 
through  the  centres  of  all  the  circles  is  called  the  axis  of 
rotation. 

In  a  motion  of  this  kind  every  point  of  the  body  lying 
on  the  axis  of  rotation  remains  fixed  during  the  motion. 

All  lines  in  the  body  perpendicular  to  the  axis  of  ro- 
tation turn  through  the  same  angle,  which  is  called  the 
angular  rotation,  or  simply  the  rotation  of  the  body. 

Any  line  AB  of  the  body  which  lies  in  a  plane  at  right  angles 
to  the  axis  of  rotation  makes,  at  the  end  of  the  motion,  an  angle 
with  its  initial  position,  which  is  equal  to  the  angular  rotation  of 
the  body. 

This  readily  appears  as  follows : — Join  A  to  the  point  O 
in  which  the  axis  meets  the  plane  in  which  AB  lies ;  then, 
A'  and  B^  being  the  new  positions  taken  by  A  and  B,  since 
OA  makes  the  same  angle  with  AB  which  OA'  makes  with 
A'ff,  the  quadrilateral  formed  by  OA,  0A\  AB  and  A'B^ 
can  be  inscribed  in  a  circle,  and  therefore  the  angle  between 
A'ff  and  AB  is  equal  to  that  between  OA'  and  OA. 

It  is  easy  to  see,  that  if  two  positions  of  a  body  have  a 
straight  line  of  particles  in  common,  the  body  can  be  moved 
from  one  of  these  positions  to  the  other  by  a  rotation  round 
this  line. 
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'/2I8.  Motion  Parallel  to  a  Fl&ed  Plane. — When 
the  paths  described  by  the  several  points  of  a  body  during  its 
motion  are  made  up  of  elements,  each  of  which  is  parallel  to 
the  same  fixed  plane,  the  motion  of  the  body  is  said  to  be 
parallel  to  this  plane. 

If  we  consider  any  definite  plane  section  of  the  body, 
which  at  the  beginning  of  the  motion  is  parallel  to  the  fixed 
plane,  this  section  must  continue  in  the  same  plane  througli- 
out  the  motion,  and  its  position  at  each  instant  determines 
the  position  of  every  point  of  the  body.  In  order,  therefore, 
to  study  the  motion  of  a  body  moving  parallel  to  a  fixed 
plane,  we  have  merely  to  investigate  the  motion  of  a  plane 
figure  in  its  own  plane. 

yc219.  Motion  of  a  Plane  Figure  In  Ito  own  Plane, 
— (a.  plane  figure  can  be  moved  from  any  one  position  in  its 
own  plane  to  any  other  by  giving  it  first  a  motion  of  trans- 
lation, whereby  any  arbitrary  point  A  of  the  figure  is  moved 
from  its  first  position  Ai  in  space  to  its  second  position  A2, 
and  then  a  motion  of  rotation  round  a  perpendicular  axis 
passing  through  A2y  whereby  a  definite  line  AB  of  the  figure 
is  moved  into  its  final  position  in  space  A2B2.  As  the  point 
A  is  perfectly  arbitrary,  the  motion  may  be  effected  in  an 
infinite  variety  of  ways.  The  motion  of  translation  to  be 
given  to  the  figure  differs  in  general  according  as  different 
points  of  the  figure  are  chosen  for  -4,  but  the  motion  0/ rotation 
is  in  all  cases  the  same. 

This  readily  appears  from  Art.  217,  as  the  initial  and  final 
positions  of  any  definite  line  of  the  figure  are  given,  and  the 
angle  between  them  is  in  all  cases  the  rotation  of  the  body. 

The  results  arrived  at  above  depend  upon  the  fact  that 
the  position  of  a  plane  figure  in  its  own  plane  is  completely 
determined  by  the  position  of  one  definite  straight  line  of  the 
figure.  Hence  also  it  appears  that  by  properly  selecting  the 
point  Ay  the  motion  of  translation  may  in  general  be  dis- 
pensed with  altogether,  or,  in  other  words  (Differential  Cal- 
culusy  Art.  293) — 

A  plane  figure  can  be  moved  from  any  one  position  into 
any  other  in  its  own  plane  by  a  rotation  round  a  point  fixed 
in  the  plane. 
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In  fact,  J5C  being  the  original  position  of  any  definite  line 
of  the  figure,  and  S^(y  its  new  position;  if  we  join  -B5', 
bisect  it,  and  erect  a  perpendicular,  and  do  the  same  with 
CC,  these  two  perpendiculars  will,  in  general,  determine 
by  their  intersection  a  point  0,  a  rotation  round  which  effects 
the  given  change  of  position. 

If  BB^  be  parallel  to  CC  this  construction  fails.  Two 
cases  then  arise,  according  as  Bff  is  equal  to  CCf  or  not. 
In  the  latter  case,  the  intersection  of  BC  and  B^O'  is  the 
centre  of  rotation.  In  the  former  the  motion  is  one  of  pure 
translation,  and  the  point  0  is  at  infinity. 

As  a  particular  case,  it  follows  that — 

Tivo  rotations  effected  successively  rotmd  two  parallel  axes 
bring  a  body  into  the  same  position  as  a  single  rotation  round  an 
axis  parallel  to  the  two  former j  the  single  rotation  being  equal  in 
magnitude  to  the  mm  of  the  two  to  which  it  is  equivalent. 

We  see  also  that — 

A  rotation  round  any  given  axis  brings  a  body  into  the  same 
position  as  an  equal  rotation  round  a  parallel  axis  through  any 
arbitrary  point,  together  with  a  motion  of  translation. 

Hence  it  appears  that — 

JEqtml  and  opposite  rotations  effected  successively  round  two 
parallel  axes  A  andB  are  equivalent  to  a  single  motion  of  trans- 
lation. 

For,  a  rotation  round  A  is  equivalent  to  an  equal  rotation 
round  B,  together  with  a  translation ;  therefore  equal  and 
opposite  rotations  round  A  and  B  are  equivalent  to  equal 
and  opposite  rotations  round  B,  together  with  a  translation  ; 
but  equal  and  opposite  rotations  round  B  destroy  each  other ; 
therefore,  &c. 

)(  220.  Composition  of  ¥elocitles. — Hitherto  we  have 
been  considering  displacements  having  a  finite  magnitude. 
In  regard  to  such  displacements  the  order  in  which  the  several 
motions  are  effected  is  of  importance,  and  in  order  to  arrive 
at  definite  results  it  is  necessary  to  specify  whether  the 
successive  axes  of  rotation  are  fixed  in  space  or  in  the  body. 
In  Kinetics,  we  are  for  the  most  part  concerned  not  only  with 
the  initial  and  final  positions  of  a  body,  but  also  with  the 

s 
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mode  in  which  it  passes  from  the  one  position  to  the  other. 
It  becomes  then  necessary  to  consider  the  infinitely  small 
motions  through  which  the  body  assumes  its  successive  posi- 
tions. Displacements  effected  in  the  same  element  of  time 
divided  by  that  element  then  become  velocities,  and  the  com- 
position and  equivalence  of  infinitely  small  displacements  is 
tantamount  to  the  composition  and  equivalence  of  velocities. 

If  the  displacements  received  by  a  body  be  infinitely  small^  it 
is  indifferent  in  what  order  rotations  are  effected  round  different 
aoces  fixed  in  space. 

For,  the  changes  produced  in  the  coordinates  of  any  point 
of  the  body  by  such  a  rotation  are  functions  of  its  amplitude, 
and  of  the  initial  values  of  those  coordinates.  In  the  present 
case  these  changes  are  infinitely  small,  and  therefore  altera- 
tions in  them,  due  to  a  previous  displacement  which  is  itself 
infinitely  small,  are  infinitely  small  quantities  of  the  second 
order. 

Again,  from  similar  considerations,  it  appears  that  it  is 
indifferent  whether  the  axes  be  fixed  in  space  or  axes  fixed  in  the 
bodyy  whose  positions  at  the  commencement  of  the  infinitely  small 
motion  coincide  with  those  of  the  axes  fixed  in  space. 

When  the  order  of  two  displacements  is  indifferent  they 
may  be  regarded  as  simultaneous,  and  if  the  resultant  dis- 
placement be  such  as  to  move  the  body  from  one  position  into 
the  next  successive  position,  it  is  the  actual  motion  of  the  body. 

^221.  Motion  of  a  Rigid  Body.— The  theorems  of 
Article  219,  when  applied  to  infinitely  small  motions  of  a 
rigid  body  parallel  to  a  fixed  plane,  give  the  following 
results : — 

(1).  The  motion  of  a  body  parallel  to  a  fixed  plane  con- 
sists at  any  instant  of  a  velocity  of  rotation  a>  round  an  axis, 
passing  through  any  arbitrary  point  A  of  the  body,  at  right 
angles  to  the  plane,  and  a  velocity  of  translation  v  parallel  to 
the  plane. 

(2).  At  each  instant  there  is  an  axis,  called  the  instan- 
taneous axis  of  rotation,  which  is  such  that  a  velocity  of 
rotation  w  round  it  represents  the  whole  motion  of  the  body. 

If  r  be  the  distance  from  A  to  this  axis,  and  v  the  velocity 
of  translation  which  the  body  must  be  considered  to  possess 
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'when  the  axis  of  rotation  is  regarded  as  passing  through  -4, 
then,  in  order  that  the  axis  should  be  at  rest  at  the  instant,  the 
direction  of  v  must  be  at  right  angles  to  r,  and  we  must  have 
v^  =  rw.  We  thus  see,  that  in  a  rigid  body  a  motion  of  rota- 
tion together  with  a  motion  of  translation,  in  a  direction 
perpendicular  to  the  axis  of  rotation,  can  be  compounded  into 
a  motion  which  is  one  of  rotation  solely.  Also,  such  motions 
cannot  be  compounded  into  a  single  rotation  unless  the 
direction  of  the  translation  is  perpendicular  to  the  axis  of 
rotation. 

(3).  Two  coexisting  velocities  of  rotation  round  parallel 
axes  are  equivalent  to  a  single  velocity  of  rotation,  equal  to 
their  sum,  round  an  axis  parallel  to  the  two  former,  and  di- 
viding the  distance  between  them  inversely  as  the  component 
velocities. 

(4).  Two  equal  and  opposite  velocities  of  rotation  whose 
common  magnitude  is  w,  round  parallel  axes,  are  equivalent 
to  a  velocity  of  translation,  perpendicular  to  the  plane  of 
the  axes,  whose  magnitude  is  aw,  where  a  is  the  distance  be- 
tween the  axes. 

We  see  from  what  is  stated  above  that  velocities  of  rota- 
tion round  parallel  axes  are  compounded  like  parallel  forces. 

In  considering  rotations  round  parallel  axes  it  is  necessary 
to  take  into  account  not  only  the  magnitudes  of  the  rotations, 
but  also  their  algebraical  signs,  or  directions.  The  axis  of  rota^ 
tion  is  supposed  to  be  drawn  from  the  feet  of  the  spectator  to 
his  head,  so  that  in  estimating  rotations  the  axis  points  towards 
the  spectator.  If  two  rotations  round  parallel  axes,  viewed 
from  the  same  side  of  the  plane  perpendicular  to  the  axes,  are 
both  in  the  sg-me  direction,  they  have  like  algebraical  signs. 
The  positive  direction  of  rotation  is  of  course  arbitrary ;  but  in 
the  application  of  Analytic  Q-eometry  to  rotational  displace- 
ments it  is  usual  to  regard  rotations  as  positive  which  bring 
a  point— from  the  axis  of  X  positive  to  the  axis  of  Fpositive, 
from  T  positive  to  Z  positive,  and  from  Z  positive  to  X  posi- 
tive. It  follows  from  this,  that  if  the  axes  of  X  and  Y  be 
drawn  in  the  usual  manner,  a  rotation  opposite  in  direction 
to  that  of  the  hands  of  a  watch  is  to  be  regarded  as  positive 
(Art.  87).    Such  a  rotation  is  termed  counter-clockwise. 

s  2 
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X  222.  Analytical  Treatment  of  the  Motion  or  a 
Plane  Figure  In  Its  o^rn  Plane. — When  a  point  moves 
in  a  circle  whose  centre  is  the  origin,  we  may  assume 

x  =  r  cos  \py    y  =  r  sin  i//, 

,  dx  .     ,  d\L     dy  ,d\L 

whence  -7:  =  -  rsmiL-rf,     -^^roosxl-^. 

dt  dt      dt  dt 

J      ii.-  #  dx      ,      dy      ,         . 

and  putting         -rr^^y     tt  -  ^y    ^7  =  y>  we  have 

at  at  at 

x  =  -yia,     y  =  xw,  (1) 

for  the  rotation  of  the  point  xy  round  the  origin. 

Now  let  /,  y'  be  the  coordinates  of  a  definite  point  of  a 
plane  figure  referred  to  axes  fixed  in  space  ;  x^  y  those  of  any 
point  of  the  figure  referred  to  the  same  axes ;  S,  n  those  of 
the  same  point  of  the  figure  referred  to  axes  fixed  in  the  body 
and  ^meeting  at  the  point  xy\  moreover,  let  the  axis  of  S 
make  the  angle  1^  with  the  axis  of  x  ;  then 

a;  =  a?'  +  S  cos ;/;  - 1;  sin  \//,     y  =  y'  +  £  sin ;//  +  i|  cos  «/», 

i  =  i'  -  (S  sin  ;//  +  ii  cos  i/r)  01     \ 

•  (2) 

y  =  y'  +  (S  cos  ;/*  -  1}  sin  ^)  w     ) 

Or, 

i  =  i'  -  (y  -  y')ai,    y  =  y'  +  [x-  x)  w.  (3) 

These  equations  show  that  the  velocity  of  the  point  xy  is 
made  up  of  two  parts — one  a  velocity  of  translation,  the  other 
a  velocity  of  rotation,  as  in  (1),  round  an  axis  through  x'y\ 

For  any  other  definite  point,  a?'y  of  the  figure  we  have, 
in  like  manner, 

Equating  these  values  of  x  and  y  to  the  former,  and  compar- 
ing the  results  with  the  equations 

x=x-{y-y)w,    y  =y  -i-  i-r^  -x')  u/\ 
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we  see  that  co"  =  cu,  or  the  velocity  of  rotation  to  be  attributed 
to  the  body,  is  the  same  whatever  be  the  point  through  which 
the  axis  of  rotation  is  supposed  to  pass. 

\/223.  Instantaneous  Centre,  Body  Centrode,  Spaee 
Centrode. — If  we  put  i  =  0,  y  =  0  in  equations  (2),  we  get 
the  coordinates  of  the  instantaneous  centre  of  rotation^  referred 
to  axes  fixed  in  the  body.  In  like  manner  equations  (3)  give 
the  coordinates  of  the  same  point  referred  to  axes  fixed  in 
space.  If  we  call  the  coordinates  of  the  instantaneous  centre 
So,  i|o ;  a?05  y^  respectively,  we  have 

So  =  —  (i' sin ;//-^' cos;//),  ?io  =  -  (i'cos;//+  y'sini/^),    (4) 

a?o  =  a?'  -  -  y',  i/o^V  +  -  ^'-  (5) 

If  Xf  ^,  w,  and  xp  are  known  functions  of  the  time  ^, 
we  can  find  from  equations  (4),  by  eUminating  t,  the  path 
described  in  the  body  by  the  instantaneous  centre. 

From  equAtions  (5)  we  can  find  in  the  same  manner  the 
path  described  by  the  instantaneous  centre  in  space. 

The  former  of  these  curves  is  called  the  bodj/  centrode^  the 
latter  the  space  centrode. 

The  student  must  carefully  distinguish  between  the  in- 
stantaneous centre  and  the  point  of  the  body  which  coincides 
with  it  at  any  instant.  The  latter  has  no  velocity  at  the 
instant  either  in  space  or  in  the  body;  the  former  (the 
instantaneous  centre)  has  in  general  a  velocity  both  in  space 
and  in  the  body. 

^224.  Pure  Rolling. — In  pure  rolling  the  points  of  one 
curve  or  surface  come  into  contact  successively  with  those  of 
another,  the  relative  tangential  velocity  of  the  points  of  con- 
tact being  zero.  If  one  curve  or  surface  be  fixed  in  space, 
the  motion  of  the  other  consists  of  a  series  of  rotations  round 
axes  through  the  successive  points  of  contact  {Differential 
CalculuSy  Art.  295).  In  the  case  of  one  plane  curve  rolling 
on  another,  this  appears  as  follows : — 
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Let  QQ'  be  the  curve  fixed  in  space,  and  PP^  the  one 
which  rolls  on  it,  P,  P'  being 

two  consecutive  points  on  the  \      V  'I      / 

latter.     By  hypothesis,  P  has    \.  \  /  ^^ 

no  velocity  along  the  tangent  at        ^<v^  p  ^^^-^ 
Q,  and  at  the  end  of  an  infi-  q 

nitely  short  time  P'  coincides 

with  Q',  and  the  distance  between  P  and  Q  is  then  an  infi- 
nitely small  quantity  of  the  second  order.  Hence,  while 
other  points  of  the  body  have  received  infinitely  small  dis- 
placements of  the  first  order,  P  has  received  one  of  the 
second  order,  and  has,  therefore,  no  velocity  in  any  direc- 
tion. Hence,  during  the  instant  under  consideration,  the 
body  must  be  rotating  round  an  axis  through  P  (Art.  217). 
It  is  obvious  that  the  acceleration  of  P  in  the  direction  of  the 
tangent  at  Q  is  zero ;  and  it  can  be  easily  seen  that  its  acce- 
leration in  the  direction  of  the  normal  is  in  general  finite, 
and  equal  in  magnitude  to  J7w,  where  w  is  the  angular  velo- 
city of  the  body,  and  TT  is  the  velocity  of  the  instantaneous 
centre  of  rotation,  this  point  having  moved  during  the  instant 
from  Q  to  Q'  in  space,  and  from  P  to  P'  in  the  body. 

Y-^25.  Qeometrieal  Representation  of  the  Motion 
of  a  Body  moiring  Parallel  to  a  Fixed  Plane. — ^When 
a  body  is  moving  parallel  to  a  fixed  plane,  if  we  can  deter- 
mine the  space  centrode  and  the  body  centrode,  the  motion  of 
the  body  is  completely  determined,  as  it  consists  of-  the 
rolling,  without  slipping,  of  the  body  centrode  on  the  space 
centrode. 

The  geometrical  applications  of  the  principles  laid  down 
in  the  present  and  preceding  Articles  are  numerous  and  im- 
portant ;  but  as  they  do  not  fall  within  the  scope  of  the 
present  treatise,  the  reader  is  referred  for  them  to  Chap.  xix. 
of  the  Differential  Calculus,  and  to  Minchin's  Uniplanar  Kine^ 
maticSy  Chap.  iii. 

Y   226.  ITeloeity  of  any  Given  Point  of  a  Body. — ^In 

Kinetics  the  motion  of  a  body  is  usually  regarded  as  made  up 
of  a  motion  of  translation  t?,  and  a  motion  of  rotation  oi,  round 
an  axis  through  the  centre  of  inertia  O.  It  is  sometimes 
important  to  determine  the  velocity  of  a  given  point  A  of  the 
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1)ody.    In  the  case  of  motion  parallel  to  a  fixed  plane  this  is 
readily  done  analytically  by  equations  (3). 

Otherwise,  geometrically: — leip  be  the  distance  from  A  to 
the  axis  of  rotation  through  Oj  then,  owing  to  the  rotation, 
A  has  a  velocity  joa>  perpendicular  to  the  plane  passing 
through  A  and  the  axis  of  rotation,  and  this,  combined  with 
the  velocity  of  translation  «?,  gives  the  velocity  of  A. 

Examples. 

1.  Sho>v  directly  that  if  a  body  have  two  equal  and  opposite  velocities  of 
rotation  round  two  parallel  axes,  the  velocity  of  any  point  is  at  right  angles  to 
the  plane  containing  the  parallel  azes,  and  is  equal  to  the  distance  between  the 
axes  multiplied  by  the  angular  velocity. 

Draw  a  plane  through  the  point  at  right  angles  to  the  two  parallel  axes. 
Describe  round  the  axes  circles  passing  through  the  point.  The  component 
velocities  of  the  point  are  perpendicular  and  proportional  to  the  radii  of  these 
circles,  and  the  resultant  velocity  is,  therefore,  in  the  direction  of  the  common 
chord,  and  proportional  to  the  line  joining  the  centres. 

2.  Prove  that  a  velocity  of  rotation  round  any  axis  is  equivalent  to  an  equal 
velocity  of  rotation  u  round  a  parallel  axis,  together  with  a  velocity  of  transla- 
tion wa  along  a  line  at  right  angles  to  the  plane  containing  the  axes,  the  distance 
between  which  is  a. 

3.  A  body  receives,  in  a  given  order,  finite  rotations  round  two  paraUel 
axes  fixed  in  space.  Determine  the  inagnitude  of  the  equivalent  rotation,  and 
the  position  of  its  axis. 

4.  If  the  parallel  axes  round  which  the  body  receives  successive  rotations  be 
fixed  not  in  space  but  in  the  body,  determine  the  single  rotation  which  would 
bring  the  body  into  the  same  position. 

li  Ay  ^  are  the  intersections  of  the  axesjlxed  in  space,  with  a  plane  at  right 


angles,  J2  that  of  the  resultant  axis,  and  a,  $,  x>  ^®  magnitudes  of  the  rotations 
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round  them,  then  JSAS  =  —  J  a,  AJSJi  =»  J  /3,  and  the  resultant  rotation  x  =  a  +  fif 
or,  (a  —  fi)f  according  as  a  and  /Sare  in  the  same  or  opposite  directions.  In  the 
latter  case  its  direction  is  the  same  as  the  greater  of  the  two.  If  A  and  £'  are 
the  positions  of  the  axes  fixed  in  the  hody,  B*AR  =  J  o,  AB'R  =  —  J/8. 

6.  Two  equal  and  opposite  finite  rotations  round  parallel  axes  hring  a  body 
into  the  same  position  as  a  single  motion  of  translation.  Determine  the  direc- 
tion and  magnitude  of  this  translation. 

The  direction  of  translation  is  at  right  angles  to  a  line  which  makes  ndth 
AB  or  AB'  an  angle  equal  to  —  ^  a,  or  ^  a,  and  the  magnitude  of  the  translation 
=  2AB  sin  J  a,  or,  2AB^  sin  J  a. 

6.  If  the  direction  of  the  motion  of  each  point  of  a  hody  he  always  parallel 
to  a  fixed  plane,  the  motion  is  equivalent  to  a  succession  of  rotations  round  the 
generating  lines  of  a  cylinder  fixed  in  space,  which  is  at  right  angles  to  the  fixed 
plane. 

7.  A  plane  area  receives  a  motion  of  translation  in  its  own  plane  whose  com- 
ponents, parallel  to  the  axes,  are  a  and  b ;  and  a  rotation  d  round  the  point  in  the 
hody  which,  at  the  hegianing  of  the  motion,  coincides  with  the  fixed  origiii. 
Determine  the  coordinates  of  the  point,  a  rotation  round  which  would  hring  the 
hody  into  the  sam^  position. 

^'"''' 2^i9       '   y F3^j5 — • 

8.  Show  from  these  expressions  that  the  amplitude  of  the  rotation  is  the 
same  as  hefore.  

If  ^  he  the  amplitude,    sin^^^  =  J  a/^t — 2  =  sinJI^ ;     .\  <(>  =  e. 

9.  ABCD  is  a  frame  composed  of  three  hars  connected  hy  joints  at  B  and 
C.  It  is  capahle  of  moving  in  one  plane,  the  points  A  and  D  being  fixed. 
Determine  the  relation  hetween  the  angular  velocities  of  AB  and  DC. 


B  O 


D 

At  any^  instant  B  is  moving  in  a  circle  round  A,  or  at  right  angles  to  AB ; 
and  C  at  right  angles  to  DC.  Hence  the  instantaneous  centre  of  rotation  oiBC 
is  Oy  the  point  of  intersection  ofAB  and  CD ;  wherefore  AB  .<e\=OB  .n,  and 

DC.U2  =  OC.fa ;  hence  —  =  ---  .  -— -  (Thomson  /indTait). 

€02      AB     CO 

10.  A  har  AB  moves  in  one  plane  with  given  angular  velocity  round  A, 
while  at  ^  it  is  freely  jointed  to  another  har  BC,  whose  extremity  Cis  con- 
strained to  move  along  a  fixed  straight  grooye  passing  through  A ;  find  the 
velocity  of  C7  in  any  position. 
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Draw  a  perpendicular  to  AC  &t  C,  and  let  it  meet  AB  in  0 ;  then  0  is  the 

instantaneous  centre  of  rotation  oi  BC.    If  f  he  the  velocity  of  C,  and  w  the 

OG 
angular  velocity  of  AB,  v  =?  AB  .  ;rs .  «  =  AF,  «,  where  AF  is  drawn  at  right 

OB 

angles  to  -4  C  to  meet  ^C  in  P.     For  the  further  discussion  of  this  question  the 

reader  is  referred  to  Minchin,    Uniplanar  Kinematics,   p.  47,   or  Goodeve, 

Elements  of  Mechanism,  Chap.  i.     The  arrangement  of  machinery  mentioned  in 

this  example  is  called  the  crank  and  connecting  rod. 

11.  A  har  moves  in  a  horizontal  plane  with  uniform  angular  velocity  round 
one  extremity.  To  the  other  extremity  a  horizontal  circle  is  attached.  If  the 
circle  he  regarded  as  rotating  round  its  centre,  what  additional  motion  must  it  he 
considered  to  have  P 

A  velocity  of  translation  at  right  angles  to  the  har,  and  equal  to  aa,  where  a 
is  the  distance  of  the  centre  of  the  circle  from  the  fixed  end  of  the  har,  and  w  the 
angular  velocity. 

12.  If  two  definite  points  of  a  plane  figure  are  constrained  to  move  along 
two  straight  lines  in  its  plane,  which  are  fixed  in  space,  the  space  centrode  and 
the  hody  centrode  are  circles,  the  former  heing  douhle  the  latter  {Differential 
Calculus,  Art.  296). 

13.  In  Feaucellier's  arrangement  find  the  relation  hetween  the  velocity  of 
the  point  describing  the  straight  line  and  that  of  one  of  the  adjacent  comers  of 
the  parallelogram. 

M.  Peaucellier,  in  1864,  first  succeeded  in  transforming  circular  into  recti- 
linear motion  by  the  following  arrangement : — A  and  B  are  fixed  points ;  AP 
and  AQ  are  two  equal  bars  which  can  turn  freely  round  A  ;  BR  is  another  bar 
turning  freely  round  B,  and  equal  in  length  to  AB ;  QEFX  is^  a  jointed 
parallelogram  composed  of  four  equal  bars  turning  freely  round  their  points  of 
intersection.  If  a  motion  be  imparted  to  the  system,  the  points  F,  Q,  R  describe 
circles.     That  the  point  X  describes  a  straight  line  may  be  shown  as  follows : — 

In  any  position  of  the  system,  since  L  FRX  =  L  QRX,  and  L  FRA=  L  QRA, 
XB  and  RA  are  in  one  straight  line ;  then  XFR  being  an  isosceles  triangle,  and 


FA  a  line  drawn  from  the  vertex  to  the  base,  AR .  AX  =  AF^  -  RF^  =  const. ; 
wherefore  X  describes  a  curve  which  is  the  inverse,  with  respect  to  -4  as  origio^ 
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of  that  described  by  S.    Now  the  point  H  describes  a  circle  which  passes  through 
A  ;  hence  X  describes  a  straight  line,  perpendicular  to  AB  at  the  point  S,  where 

A8.AD  =  AJ^  -  J2i«. 

We  proceed  to  find  the  relation  between  the  yelocities  of  P  and  X.  Draw 
XO  at  right  angles  to  8X ;  then  0  is  the  instantaneous  centre  of  rotation  of  the 
barPX 


Let  AP=  a,  FX  »  b,  BR  (in  former  figure)  =  e ;  then  to  being  the  angular 

Telocity  of  AF^  w  that  of  PJT,  and  v  the  velocity  oiX\  we  have,  since  0  is  the 

instantaneous  centre, 

v  =  OX. «',  and  OF.w'  =  AF,  w ; 

therefore 

OX 
V  =  Tr=  .  AF,  (a  =  AT,  to. 

Again,  if 

FAT-  e,  FTA  =  ipy  we  have  AT=  a  sintf  (cot©  +  cot^) ; 

therefore 

t>  =  a  sin  0  (cot  $  +  cot  ^)  w, 

where  ^  is  given  by  the  equation 

a*"  b* 
a  cos  $  +  b  cos  A  e  — - — . 

2c 

14.  A  plane  area  is  moving  in  its  own  plane ;  determine  the  accelerations  of 
any  point  in  it  parallel  to  the  tangent  and  the  normal  to  the  space  centrode  at 
the  instantaneous  centre  of  rotation. 

Let  Xo,  yo  be  the  coordinates  of  a  point  fixed  in  the  lamina,  |,  n  those  of 
any  point  in  it  referred  to  xo,  t/o  as  origin,  and  to  axes  parallel  to  those  oi  x,  y; 
then 

-w  being  the  angular  Telocity  of  the  body ;  whence 


**■*""•' 


dx      dxo 
dt'^'^ 

dy      dyo 
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d^x  _d^Xo       2       dw 
1J^'"W'^  ^'dt^* 

d^y  ^  d^po     f^y       2 
dfi  ~  dt^    '^  dt^""^  ^' 

Call  the  centrode  fixed  in  space  C,  that  fixed  in  the  hody,  r.  The  velocitj 
of  the  point  0  of  the  hody  which  coincides  at  any  instant  with  the  instantaneous 
centre  of  rotation  is  zero.  At  the  next  instant  me  instantaneous  centre  of  rota- 
tion has  moved  to  the  consecutive  position  on  each  of  the  curves  C  and  r.  At 
the  end  of  this  instant  Ohas  a  velocity  in  the  normal  to  Cequalto  Flwy  where  /,  T 
are  consecutive  positions  of  the  instantaneous  centre  on  the  tangent  to  C,  Hence 
the  acceleration  of  0  along  the  tangent  to  C'  is  zero,  and  along  the  normal  to  C 

dn  dd 

is  «*  — -,  if  we  put  ri=  dff,  and  »  =  37.    Now  if  p  and  p'  he  the  radii  of  cur- 
dd  dt 

vature  of  C  and  r,  and,  if  we  put  —  —  =  — ,  it  is  easily  seen  that  3-  =  — . 

p      p     jR  dff      Jx 

Hence,  if  :royo  coincide  with  0,  and  we  take  as  axes  the  tangent  and  normal 

to  C,  we  have 

d^x  df» 


15.  Determine  the  points  of  the  body  which  have  at  any  instant  (1)  no 
acceleration  parallel  to  the  tangent  to  (7  at  the  instantaneous  centre  of  rotation  ; 
(2)  no  acceleration  parallel  to  the  normal. 

These  points  consist  of  two  straight  lines  in  the  body  at  right  angles  to  each 
other,  the  first  of  which  passes  through  the  instantaneous  centre  of  rotation. 

16.  Determine  at  any  instant  the  position  of  the  point  in  the  body  having 
no  acceleration. 

It  18  the  intersection  of  the  two  lines  mentioned  in  the  last  example. 

If  a  be  the  angle  which  the  line  of  non- tangential  acceleration  (Ex.  15) 
makes  with  the  axis  of  x,  the  coordinates  of  this  point  may  be  expressed  in  the 
form 

(  =  J2  sin  a  cos  a,     m  =  It  sin'a. 

These  expressions  readily  follow  from  the  equations  of  Ex.  14.    This  point  is 
called  the  acceleration-centre. 

17.  The  acceleration  of  any  point  of  the  body  is  the  same  as  if  the  body  were 
turning  round  the  acceleration-centre  as  an  absolutely  Jixed  point. 

18.  All  points  of  the  body  which  have  a  common  acceleration  lie  on  a  circle 
having  the  acceleration- centre  as  centre. 

19.  Find  the  points  of  the  body  for  which  the  acceleration  normal  to  the 
path  described  by  the  point  is  zero. 

Take  the  centre  of  rotation  as  origin  of  {97 ;  any  point  is  describing  a  circle 
round  it ;  hence  the  line  joining  the  origin  to  (17  is  the  normal  to  the  path  of 
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the  latter ;  and  if  N  be  tlie  normal  acceleration,  and  r  the  distance  from  the  in- 
stantaneous centre  of  rotation, 


jr=«-(-««{-J,)  +  ;(-»it+Ji-.H)=- 


w 


e-^v' .  1? 


+  ^««j?. 


r  r 

Hence,  at  any  instant,  the  points  for  which  iV  =  0  lie  on  the  circle 

f  +  ij*  =  R-n, 

This  circle  passes  through  the  instantaneous  centre  of  rotation,  touches  the 
curve  Cy  and  has  a  radius  =  \R.  For  the  reason  stated  in  £x.  21  it  is  called 
the  circle  of  inflexions. — Differential  CalculuSf  Art.  290. 

20.  Determine  the  points  of  the  system  for  which  the  acceleration  along  the 
path  is  zero. 

They  lie  on  a  circle  whose  equation,  referred  to  the  centre  of  rotation  as 
origin,  is 

J  (f' +  l')  +  »'iJ{  =  0, 

and  which  passes  through  the  instantaneous  centre  of  rotation  and  cuts  the 
curve  C  orthogonally. 

The  theorems  of  the  last  two  examples  are  due  to  Bresse  {Journal  de  Vecole 
polyteehniquey  t.  xx.). 

21.  Determine  at  any  instant  the  points  of  the  body  which  are  passing  over 

points  of  inflexion  on  their  respective  paths. 

»*  . 
They  are  the  points  having  no  normal  acceleration  (Ex.  19) ;  for,  as  —  is 

P 

then  zero,  and  v  not  zero,  p  must  be  infinite. 

22.  Determine  the  coordinates  of  the  acceleration  centre  referred — (1)  to  axes 
fixed  in  space  ;  (2)  to  axes  fixed  in  the  body  {see  Article  223). 

Let  xi,  yi,  |i,  i\i  be  the  coordinates  in  question,  then,  «',  y'  being  the  space- 
coordinates  of  the  point  of  intersection  of  the  body-axes,  we  have 

{«»  +  «*}  {xi  -  ixf)  =^  -  d>  y'  +  01* aT, 

{«*  +  a>*}  |i  =  »  (if  sin  y^  —  y'  cos  ^)  +  »*  (i"  cos  if/  +  y'  sin 4'), 
{«2  +  0,4  J  ^j  -_  (J  (a;"*  cos  4»  +  y'  sin  y^)  —  ti^  {x'  sin  if/  ~  y'  cos  tp). 

C\  Section  II. — Kinetics. — Constrained  Motion. 

^  Va^    227.    Speeial    Cases    of   Motion.        Degrees     of 

l^  Freedom. — In  order  to  transform  the  general  equations  of 
motion  in  such  a  way  as  to  be  of  use  in  particular  problems, 
it  is  necessary  to  know  something  of  the  special  conditions  of 
the  problem  which  it  is  required  to  solve. 

We  have  seen  in  Article  214  that  six  conditions  are  re- 
quired to  fix  the  position  of  a  rigid  body,  and  we  have  found 
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accordingly  six  equations  of  motion  for  a  body  perfectly  free. 
Such  a  body  is  said  to  have  six  degrees  of  freedom  (Art.  215). 
We  have  obtained  the  equations  for  this  case  in  their  most 
general  form  (Art.  204),  but  we  shall  now  adopt  the  reverse 
method  of  procedure,  and  consider  the  special  equations  to  be 
employed  for  a  body  having  one  degree  of  freedom. 

228.  One  Degree  of  Freedom. — A  body  is  said  to 
have  one  degree  of  freedom  when  its  position  is  limited  in 
such  a  way  as  to  depend  on  a  single  indeterminate  quantity. 
It  will  be  shown  subsequently  that  the  variations  of  the  co- 
ordinates of  any  point  of  a  body  entirely  free  are  linear  func- 
tions of  six  undetermined  quantities.  If  these  six  quantities 
are  connected  together  in  such  a  way  that  one  being  given 
aU  the  rest  are  determined,  the  body  has  one  degree  of 
freedom. 

The  simplest  cases  of  one  degree  of  freedom  occur  when 
some  of  the  six  undetermined  displacements  are  zero.  We 
shall  consider  here  only  two  cases. 

(1).  If  the  motion  of  the  body  be  limited  to  a  series  of 
pure  translations,  and  the  path  of  one  of  its  points  be  as- 
signed. 

(2)  If  the  motion  of  the  body  be  limited  to  a  rotation 
round  an  axis  fixed  in  space. 

In  the  first  case  the  problem  is  readily  reducible  to  that 
of  the  constrained  motion  of  a  particle. 

This  reduction  is  most  easily  effected  by  employing 
D'Alembert'»  Principle  as  expressed  by  Lagrange.  In  fact 
we  have 

&,(r.»g)s»,(^-»5j&).o. 

Now,  by  the  conditions  of  the  question,  8a?,  8y,  8z  must  be 
the  same  for  every  point  of  the  body,  and  ds  being  the  arc 
of  the  curve  described  by  the  centre  of  inertia, 

ds  ds  ds 
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Making  these  sabstitutions,  we  obtain  the  single  equation  of 
motion, 

\^'^de)Ts^\^'^d^)di^\^d^)-ds 

or,  as  ds^  =  da?  -k-  dy*  +  dz^^ 

we  have  finally,  if  we  put  9)?  for  the  whole  mass  of  the  body, 

where  S  is  the  sum  of  the  components  of  all  the  applied 
forces  along  the  tangent  to  the  path  of  the  centre  of  inertia ; 
but  this  is  obviously  the  equation  required  for  determining 
the  constrained  motion  of  a  particle. 

229.  motion  of  a  Body  round  an  Axis  fixed  in 
Space. — The  condition  of  equilibrium  of  a  rigid  body  having 
a  fixed  axis  is,  that  the  moment  of  the  forces  round  this  axis 
should  be  zero.  Take  the  fixed  axis  as  axis  of  x,  then  the 
single  equation  of  motion  is  the  first  of  equations  (18)  or 
(16),  Art.  204,  according  as  the  forces  acting  on  the  body 
are  impulsive  or  continuous.  Adopting  the  notation  of  Art. 
210,  the  equation  of  motion  is  thus  : 

H,  -  H^  =  i,  or  ^  =  Z. 

Let  p  be  the  perpendicular  on  the  axis  from  any  point  P  of 
the  body,  ai  its  angular  velocity  at  any  instant,  and  /  its 
moment  of  inertia  round  the  axis;  then,  since  ^cu  is  the 
velocity  of  the  particle  P,  its  moment  of  momentum  is  wp^cu, 
and  -Hi  =  (u2wp*  =  /w.  Substituting  this  value  for  Hi,  and 
remembering  that  /  is  constant,  we  obtain  as  the  equation  of 
motion  in  the  case  of  impulses 

/(w  -  w'j  =  i,  •   k-  (2) 
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and  in  the  case  of  continuous  forces 

I^.L.  (3, 

Equation  (3)  was  obtained  before  in  Art.  138  by  a  different 
method. 

230.  CSqaation  of  ¥is  ITiva  for  a  Body  movtiig: 
roand  a  Fixed  Axis.. — The  expression  for  the  vis  viva  of  a 
body  moving  round  a  fixed  axis  has  been  given  abeady. 
Art.  133.  If  we  take  the  fixed  axis  for  the  axis  of  x,  we 
have,  as  the  equation  of  vis  viva, 

7w*  =  2^!{Tdy  +  Zdz)  +  c.  (4) 


Examples. 

1.  To  the  ends  of  a  thin  light  piece  of  wood  are  fastened  spheres  of  lead 
whose  masses  are  P  and  P'.  The  piece  of  wood  turns  on  a  horizontal  axis 
through  its  middle  point.  Its  length  being  21,  and  its  mass  negligible,  deter- 
mine the  time  of  a  small  oscillation,  the  spheres  being  so  small  that  the  squares 
of  their  radii  are  negligible  as  compared  with  I. 


Ans. 

By  changing  F,  and  comparing  the  times  of  oscillation,  an  apparatus  of  the  kind 
mentioned  can  be  used  to  yerSy  the  Laws  of  Motion. 

2.  A  heayy  pendulum,  capable  of  revolying  round  a  horizontal  axis,  is 
struck  when  at  rest  by  a  bullet  moying  in  a  horizontal  direction  at  right  angles 
to  the  fixed  axis.  The  bullet  remains  in  the  pendulum.  If  6  be  the  distance 
<rf  the  extremity  of  the  pendulum  from  the  axis,  e  the  distance  traversed  by  that 
extremity  under  the  influence  of  the  shot,  a  the  distance  £rom  the  axis  at 
which  the  bullet  penetrates,  v  the  velocity  of  the  bullet  at  impact,  m  its  mass, 
M  that  of  the  pendulum,  k  its  radius  of  gyration  round  the  fixed  axis,  and  p  the^ 
distance  of  the  latter  from  the  centre  of  inertia ;  prove  that 

f>  =  -^  V{^(lffc2  +  ma^)(Mp  +  ma)}. 

A  pendulum  such  as  that  described  above  is  called  a  Ballistic  Pendulum, 
has  been  employed  by  numerous  Physicists  to  determine  die  velocity  of  bullets. 

3.  A  plane  area  is  made  to  rotate  with  an  angular  velocity  ut  round  a  fixed 
axis  in  its  own  plane  by  the  expenditure  of  a  given  amount  of  work.  When 
rotating  it  strikes  a  sphere  of  mass  m,  at  a  distance  a  from  the  fixed  axis,  whose 
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velocity  at  the  instant  of  impact  is  zero.  Determine  the  moment  of  inertia  of 
the  plane  area  round  t&e  fixed  axis  in  order  that  the  yelocity  imparted  to  tbe 
sphere  should  be  a  maximum. 

If  R  be  the  impulse  on  the  sphere  in  the  first  period  of  impact,  v  its  velocity, 
and  »  the  angular  velocity  of  the  lamina  at  the  end  of  this  period, 

mv  =  R,    /(«  -«')=  —  aRy     aw  =  v, 

mala 
whence  R  =  -zr-, k. 

The  whole  impulse  given  to  the  sphere  is  (1  +  e)R.     Hence  i?  is  to  be  a  maxi- 

Vj 

mum ;  but  Jw'*  =  given  constant ;  therefore  •= =  maximum  ;  and  therefore 

"  I+ma^ 

I  =  ma^. 

4.  In  Atwood's  machine,  if  the  pulley  be  not  perfectly  rough,  and  slipping 
takes  place,  determine  the  motion  :  the  weight  of  the  rope  and  the  friction  of 
the  piUley  on  the  axle  being  neglected. 

If  an  acceleration  equal  and  opposite  to  that  by  which  it  is  actually  animated 
were  applied  to  each  element  of  lie  string  it  would  be  in  equilibrium ;  but  the 
mass  of  the  string  being  negligible,  the  force  corresponding  to  this  acceleration 
is  zero  q.p.  Hence  the  other  forces  acting  on  the  element  of  the  string  are  in 
equilibrium,  and  /i  being  the  coefficient  of  friction,  and  T,  T  the  tensions  of 

the  two  ends  of  the  rope  (Minchin,  Statics),  T  =  Te'^^  =\T. 

If  z  be  the  height  from  the  ground  of  the  ascending  weight  W^,  M  tbe  mass 
of  the  pulley,  A;  its  radius  of  gyration,  a  its  radius,  e  the  angle  through  which  it 
has  turned,  we  have  also 

T'-JT'     _dh  _W-T 

Mk^—^a(T-T), 

a^ 
If  the  pulley  be  homogeneous,  k"^  =  — ,  and  we  have  finally, 


r= 


\w+w"   dt^    \jr-\-  w""' 


€^9     ,,^       ,         WW 


dt^     '      'M(\w+  jry 

6.  Taking  into  account  the  friction  on  the  axle,  and  supposing  the  outside  of 
the  pulley  to  be  perfectly  rough,  and  the  inside  to  slip  on  the  axle,  determine 
the  motion. 

The  niass  of  the  string  being  neglected,  we  may,  as  in  the  last  example, 
regard  it  as  acted  on  by  a  system  of  forces  in  equilibrium.  Hence  (as  this 
equilibrium  would  not  be  disturbed  if  the  string  were  rigid)  the  tensions  T  and 
T'  at  its  extremities  must  equilibrate  the  pressure  and  friction  exerted  by  the 
pulley  against  the  string ;  and,  conversely,  T  and  T  must  be  equivalent  to  the 
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pressure  and  friction  exerted  by  the  string  against  the  pulley.  Hence  we  may 
consider  the  pulley  as  acted  on  by  the  forces  Tt  T^  and  its  own  weight ;  and  if 
^be  the  horizontcd,  and  Q  the  vertical,  pressure  on  the  axle,  and  /i  the  coefficient 
of  fiiction,  since  the  centre  of  inertia  of  the  pulley  is  at  rest,  we  have  (Art.  206), 
T=  iiQy  (2=T+T'  +  Mg  —  /nP.  The  moment  of  the  couple  resulting  from 
the  Motion  is  ;ii(P  +  Q)  a,  where  a  is  the  radius  of  the  axle,  and  may  therefore 
be  written  in  the  form  fi(T+  T  +  Mg),  where  (1  4-  /**)  i8  =  /*(1  +  m)  «• 

cPe 

Substituting  for  the  equation    Mk^  —  =  a  (T-  T')  of  Ex.  4, 

the  equation  JfJfc* ^  =  fl(T-  r)  -  i8(r+  T'  +  Mg); 

nd  remembering  that  as  the  pulley  is  perfectly  rough,  a  —-=-;-,  we  obtain,  if 

at      at 

fi  a^ 

we  put  ¥  =  —  and  assume  that  k^  =  — , 
a  2 


Mg  ■\- 2(1  ^v)W+2(\'¥v)W' 

{l-2¥)Mg^-^\-v)W 
'  Mg+'i{\-v)W-v2{l-^v)W'"      ' 

^t     {\-v)W-(l  +  v)W'''vMg 
dfi~(l-  p)  W-\-  (1  +  y)  »^'  +  ^Mg'^' 


6.  If  the  pulley  be  not  perfectly  rough,  and  slipping  of  the  string  on  the 
pulley  takes  place,  determine  the  motion,  taking  into  account  the  friction  on  the 
axle,  and  supposing  the  inside  of  the  pulley  to  slip  as  before. 

In  this  case,  as  in  Ex.  4,  the  acceleration  of  the  weights  is  quite  independent 
of  the  mass  and  size  of  the  pulley,  and  we  have 


€P$  _  L4{l-y-\(l'\-v)JFJr*         \ 
dfi~\      Mg(\W+W'\  ]^' 


231.  momento  of  momentam  of  Body  having  fixed 
Axis. — The  expression  for  the  moment  of  momentum  of  a 
rigid  body  round  an  axis  fixed  in  space  was  found  in  Art. 
229.  Adopting  the  notation  of  that  article,  we  shall  now,  by 
B,  more  general  method,  obtain  expressions  for  the  moments 
of  momentum  round  each  of  the  three  coordinate  axes. 
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We  have  (Art.  222),  since  the  body  is  supposed  to  be 
rotating  round  the  axis  of  x^ 

X  =  Oy    y  =  -  Z(Oy    z  =  yo) ; 
whence  by  (22),  Art.  210, 

Hi  =  u}^m{i/^  +  s*),     JJi  =  -  ui^mxyy     Hz  =  -  wSmars.     (5) 

Also,  by  diflEerentiation,  and  substitution  of  their  values  for 
Xy  y,  and  2,  we  obtain 

dHi        rfdi  ^    ,  J. 

=     --  Sm(y»  +  s'). 


dt         dt 

dSa  dio 


--=7-  f=  -  37-  imxy  +  tj^J,mxZy   v  . 
at  at  f 

dSz        d(o 


(6) 


dt      •  dt 


^mxz  -  (o^Xmxy 


If  the  axis  of  rotation  be  a  principal  axis  for  the  origin, 
equations  (5)  and  (6)  become , 

M..M..  m-O.  B.-0,§'-A%  f =0,  f.O,   (7, 

where  A  is  the  moment  of  inertia  of  the  body  round  the 
fixed  axis. 

232.  Acceleration  of  any  Point  of  a  Body  baling 
a  Fixed  Axis. — If  we  diflPerentiate  the  expression  for  i,  y, 
and  z  given  in  Art.  231,  and  then  substitute  in  the  results 
thus  obtained  the  values  of  Xy  y,  z  already  employed,  we  get 

;p  e.  0,     y  =  -  tt)s  -  io^yy     z  =  Ay  -  w's.  (8) 

233.  Stresses  on  tbe  Axis  of  Rotation. — ^We  have 
seen  that  D'Alembert's  Principle  furnishes  at  once  the  single 
equation  of  motion  which  is  required  to  determine  the  velo- 
city and  position  of  a  body  rotating  round  a  fixed  axis.  The 
same  principle  enables  us  to  write  down  the  equations  which 
are  required  to  determine  the  stresses  on  the  axis. 
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In  order  to  determine  these  stresses,  we  may  regard  the 
body  as  compelled  to  rotate  round  the  fixed  axis  by  forces 
acting  on  the  body  at  any  two  points  on  the  axis.  The  body 
is  then  to  be  considered  free,  but  the  magnitude  of  the  forces 
replacing  the  constraints  is  such  as  to  compel  the  body  to 
rotate  round  the  given  axis. 

These  forces  are  obviously  equivalent  to  a  single  force 
passing  through  the  origin,  and  a  couple  whose  axis  is  per- 
pendicular to  the  fixed  axis. 

The  stresses  on  the  axis  are  equal  and  opposite  to  the 
forces  by  which  we  have  supposed  the  axis  to  be  replaced. 

234.  Stresses  due  to  Impulses. — In  this  case  we  shall 
suppose  the  stresses  to  consist  of  an  impulse  passing  through 
the  origin  whose  components  are  Xoy  Pi,  Zo,  together  with 
an  impulsive  couple  whose  components  roimd  the  axes  of 
p  and  z  are  Mo  and  No. 

If  we  suppose  the  body  to  start  from  rest,  equations  (17) 
and  (18),  Art.  204,  become,  by  Art.  231,  . 

SF-  Fo  =  Swy  =  -  (jj^mz  =  -  wSMi,  [ ,  (9) 

SZ  -  Zo  =  Sws  =    to^imt/=     wSEHy 

L  =  wSw  (y*  +  2*)  =  lu),  \ 

N-  No  =  -  ioiimrz       / 

When  to  has  been  found  from  the  first  of  equations  (10)  the 
remaining  five  equations  determine  the  stresses. 

If  the  fixed  axis  be  a  principal  axis  at  the  origin  the  last 
two  equations  become 

Jf-Jfo  =  0,    N-'No^O. 

Hence,' if  a  body  having  a  fixed  axis,  which  is  a  principal 
axis  for  one  of  its  points,  be  set  in  motion  by  an  impulsive 
couple  whose  plane  is  perpendicular  to  the  axis,  there  is  no 
impulsive  stress  couple. 

t2 


276     Constrained  Motion  of  Rigid  Body  Parallel  to  Fixed  Plane. 

From  this  we  infer,  that  if  a  body,  having  a  fixed  point 
0,  be  acted  on  by  an  impulsive  couple  in  one  of  the  principal 
planes  at  0,  it  will  commence  to  turn  round  the  axis  perpen- 
dicular to  the  plane  of  the  impulsive  couple.  Again,  if  the 
body  be  acted  on  by  an  impulse  whose  line  of  direction  is 
situated  in  one  of  the  principal  planes  at  0,  it  will  commence 
to  turn  round  the  normal  to  this  plane. 

For  9i,free  body,  likewise,  having  0  for  its  centre  of  inertia, 
these  results  are  true;  but,  in  the  case  of  the  second,  the  body 
has  also  an  initial  motion  of  translation. 

If  the  body,  before  the  action  of  the  impulses  i,  &c., 
be  already  rotating  round  the  fixed  axis  with  an  angular 
velocity  w',  equations  (9)  and  (10)  still  hold  good  in  their 
final  form,  provided  w  -  oi'  be  substituted  for  w. 

If  we  suppose  the  origin  0  to  be  the  centre  of  suspension, 
or  point  in  which  the  fixed  axis  is  met  by  the  perpendicular 
p  from  the  centre  of  inertia  (?,  and  take  the  axis  of  y 
to  coincide  with  this  line,  and  if  we  denote  the  sum  of  the 
components  of  the  applied  impulses  parallel  and  perpen- 
dicular to  OGhj  P  and  Q,  and  the  corresponding  impulsive 
stresses  by  Po  and  Qo,  equations  (9)  become 

Si  -  -To  =  0,"    P  -  JPo  =  0,     Q  -  Qo  =  5Kpa>.      (11) 

235.  Centre  of  Percassion. — If  a  body  receive  a  blow 
which  makes  it  begin  to  rotate  round  a  fixed  axis,  without 
causing  any  impulsive  pressure  on  the  axis,  the  point  in  which 
the  direction  of  the  blow  intersects  the  plane  containing  the 
fixed  axis  and  the  centre  of  inertia  is  called  the  centre  of 
percussion.  In  order  that  such  a  point  should  exist,  both 
the  axis  and  the  line  of  direction  of  the  impulse  must  fulfil 
certain  conditions,  which  we  proceed  to  investigate. 

In  this  case,  the  fixed  axis  being,  as  before,  the  axis  of  x, 
we  have,  by  hypothesis,  Xo  =  0,  Fo  =  0,  Zq  =0,  Jfo  =  0, 
No  =  0,  If  we  denote  the  components  of  the  impulse  due  to 
the  blow  by  i,  P,  (2  J  and  the  components  of  the  impulsive 
couple  which  it  produces  by  L,  M^  N;  equations  (11)  and 
(10)  become 

i  =  0,    P  =  0,  Q  =  3»p.>,  j^  ^^2^ 
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Since  X  =  Oy  and  P  =  0^  the  centre  of  inertia  must  lie  in  a 
plane  through  the  fixed  axis^  at  right  angles  to  the  direction  of 
the  impulse. 

Again,  since  X  =  0,  the  direction  of  the  blow  may  be 
supposed  to  lie  in  the  plane  of  yzy  and  therefore  the  resulting 
couple  has  no  components  in  the  plane  of  zx  or  of  xy; 
aooordingly,  M=0  and  ^^7"=  0.  Hence,  we  have  Sma;y  =  0, 
and  l,mxz  =»  0 ;  consequently,  the  axis  of  rotation  must  be  a 
principal  axis  for  the  point  in  which  it  is  met  by  its  shortest 
distance  from  the  line  of  direction  of  the  impulse.  If,  now,  g'be 
the  distance  from  the  fixed  axis  of  the  line  of  action  of  the 
blow,  L  =  Qq^  and  therefore  ^pq  =  /. 

If  5KA*  be  the  moment  of  inertia  of  the  body  round  an 
axis  through  its  centre  of  inertia  parallel  to  the  fixed  axis, 
/  =  Sro  (/c*  +y).    {Integral  CalculuSy  Chap.  X.) 

i*  +  p' 
Hence  q  = —. 


Accordingly,  the  distance  of  the  centre  of  percussion  from  the 
fixed  axis  is  the  same  as  that  of  the  centre  of  oscillation.  (Art. 
136.) 

Moreover,  if  $,  i|,  ^  be  the  coordinates  of  any  point  rela- 
tively to  the  centre  of  inertia, 

jitzdm  =  9Rirs  +  j^i^dm ; 

hence,  if  the  axis  of  suspension  be  parallel  to  a  principal 
axis  through  the  centre  of  inertia,  ^  =»  0,  and  the  shortest 
distance  between  the  direction  of  the  blow  and  the  fixed  axis 
passes  through  the  centre  ofinertia^  and  the  centre  of  percussion 
coincides  with  the  centre  of  oscillation, 

236.  Stress  on  Fixed  Axis   daring  Rotation. — In 

accordance  with  Art.  233,  and  following  the  analogy  of  Art. 
234,  we  shall  suppose  the  stress  at  any  instant  to  consist  of  a 
force  passing  through  the  origin,  whose  components  are  Xo, 
Fo,  and  Zo,  together  with  a  couple  whose  components  round 
the  axes  of  y  and  z  are  Jfo  and  Nq. 
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In  tMs  case,  by  Arts.  231  and  232,  equations  (15)  and 
(16),  Art.  204,  become 

SX  -  Zo  =  0, 

SF  -  Fo  =  -  m<b  -  myu>\  ^.  (13) 

I 

-  d)%mxy  +  a>*2w^2  =  Jf -  Jfo,  V  fi4) 

r 

-  colXmxz  -  iii?^mxy  =  iV-  JVj,  J 

If  the  axis  of  rotation  be  a  principal  axis  for  the  origin, 
the  last  two  equations  reduce  to  Jf  -  Jlfo  =  0,  iV  -  iVi  =  0. 

If  also  the  couple  resulting  from  the  applied  forces  be 
perpendicular  to  the  axis  of  rotation,  we  shall  have 

Jfo  =  0,  and  iVo  =  0. 

Accordingly,  in  this  case,  the  stress  couple  vanishes  when 
the  axis  of  rotation  is  a  principal  axis  for  the  origin. 

If  the  axis  of  rotation  pass  through  the  centre  of  inertia 
of  the  body,  we  have 

SZ-Xo  =  0,    SF-Fo^O,    2Z-Zo  =  0. 

Accordingly,  if  a  body  be  rotating  round  a  principal  aacia 
through  its  centre  of  inertia,  no  external  forces  being  supposed 
to  acty  there  is  no  stress  on  the  axisy  and  the  body  will  continue  to 
rotate  round  that  axis  tvith  a  uniform  angular  velocity. 

This  result  was  obtained  before  in  Article  98. 

If  we  make  the  same  hypotheses  as  those  at  the  end  of 
Art.  234,  and  adopt  a  similar  notation,  equations  (13) 
become 

SX-io=0,    P-Po=-a»pw',     Q-Qo=SWp«.    (15) 

These  equations  of  motion  of  the  centre  of  inertia  can  of 
course  be  obtained  directly  from  the  consideration  that  this 
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point  is  describing  a  oirole  round  the  origin  with  an  angular 
velocity  cu. 

In  general,  a>  and  w  can  be  determined  from  the  first 
of  equations  (14),  and  the  stresses  can  then  be  found  from 
the  remaining  equations  of  this  Article. 


Examples. 


1.  A  rigid  body  is  turning  round  a  fixed  axis  under  the  influence  of  a  couple, 
whose  axis  is  parallel  to  the  axis  of  rotation :  what  condition  must  be  fulfilled  in 
order  that  the  axis  should  suffer  a  nressure  at  only  one  point  ?  (Schell,  Theorie 
der  Bewegung  und der  Kriifte.)     /Y^-'^  J^i*        * 

The  axis  of  rotation  must  be  a  pnncipal  axis  at  this  point.  The  pressure  is 
then  at  right  angles  to  the  axis. 


2.  If  the  pressure  at  the  fixed  point  vanishes,  what  further  condition  must 
be  fulfilled  ? 

The  point  must  be  the  centre  of  inertia. 

3.  If  a  homogeneous  cubical  mass  at  rest  receive  an  impulse,  determine  the 
resulting  motion. 

4.  A  body  starting  from  rest  turns  under  the  action  of  gravity  round  a  fixed 
horizontal  axis,  which  is  a  principal  axis  at  the  centre  of  suspension.  Find  the 
stress  on  the  axis. 

Take  the  centre  of  suspension  (Art.  136}  for  origin,  and  the  fixed  axis  for 
that  of  X. 

Let  0  be  the  angle  which  the  line  joining  the  origin  to  the  centre  of  inertia 
makes  at  any  instant  with  a  horizontal  line  perpendicular  to  the  fixed  axis,  then 

«  s  — -,  and  the  axis  of  x  being  a  principal  axis  at  the  origin,  the  stress  couple 
at 

IB  zero.    Again,  m  being  the  mass  of  the  body,  X  =  mpg  cos  0,  and  therefore, 

du  _d^0  _  gp  cos  9  ^ 

whence,  by  integration, 

2gp 


-©- 


k'^+p 


(sind  — sino). 


where  a  is  the  initial  value  of  9. 

Finally,  P=  mg  sin  0,  and  Q  =  m^  cos  9 ;  whence,  substituting  their  values 
for  P,  Q,  ai\  and  do  in  equations  (15),  we  obtain 

5.  In  Ex.  3  find  the  position  of  the  body  in  which  the  stress  on  the  axis  is 
A  minimum. 
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From  the  expressions  for  Po  and  (2o)  we  obtain 

PoHOo«  =  r^5-^,{**  +  2A2/>2  8in«(38ine-28in 

and,  since  0  is  neyer  less  than  a,  this  expression  is  a  minimum  when  9  =  a. 

6.  A  bar,  revolying  with  an  angular  velocity  n  round  a  fixed  axis  perpendi- 
cular to  its  length,  strikes  perpendicularly  against  a  fixed  obstacle ;  find  the 
impulses  a^;ainst  the  obstacle  and  the  axis,  and  the  angular  velocity  of  the  bar, 
after  collision. 

Let  0  be  the  point  in  which  the  fixed  axis  meets  the  bar,  G  its  centre  of 
inertia,  A  the  point  at  which  it  strikes  the  obstacle,  m  its  mass,  and  k  its  radius 
of  gyration  round  an  axis  through  G  parallel  to  the  fixed  axis  ;  let  K  and  Qf  be 
the  magnitudes  of  the  impulses  produced  by  the  obstacle  and  the  axis  in  the 
first  period  of  impact,  R"  and  Q"  those  produced  in  the  second  period,  and  » the 
angidar  velocity  after  collision ;  then,  rf  OG  =  a,  GA  =  d,  since  the  velocity  of 
the  bar  is  reduced  to  zero  in  the  first  period,  we  have 

^'  +  Q'  =  mad,     B!{a  +  *)  =  m  {^  +  ai)Q, ; 
whence, 

a  -i-  0  a  +  0 

Again,  since  in  the  second  period  the  bar  starts  from  rest,  we  have 

IV'  +  Q"  =  fnaof,    It"{a  +  b)  =  m(A*+ ««)», 

and  also  (Art.  78), 

-fi"  =  e£^j    whence    Q"  =  eQ^,     w  =  eCly 

since  Q"  and  »  are  the  same  functions  of  E"f  which  Q^  and  Q,  are  of  Rf. 

It  is  to  be  observed  that  in  the  equations  above  the  algebraical  signs  of  the 
angular  velocities  have  not  been  taken  into  account,  and  that  the  direction  of  a» 
is  opposite  to  that  of  a. 

Finally,  if  R  and  Q  be  the  total  impulses, 

a  +  0  a  +  0 

When  ab  B  k^y  the  point  A  is  the  centre  of  percussion  and  Q  =  0.    This  agrees 
with  the  result  arrived  at  in  Art.  236. 

7.  A  bar,  revolving  as  in  Ex.  6,  strikes  against  a  sphere  whose  centre  is 
moving  with  a  velocity  IT  in  a  direction  perpendicular  to  the  bar ;  find  the 
ma^tudes  of  the  impulses,  and  the  velocities  of  the  bar  and  sphere,  after 
collision. 

Let  M  be  the  mass  of  the  sphere,  u'  and  u  the  velocities  of  its  centre,  and 
w'  and  w  the  angular  velocities  of  the  bar,  at  the  end  of  the  first  and  of  the 
second  period  of  impact ;  then,  since  the  impulses  tend  to  diminish  both  the 
velocity  of  the  centre  of  inertia  and  the  angular  velocity  of  the  bar,  we  have 

where  A  b  a  +  d. 

At  the  end  of  the  first  period  of  impact  the  relative  velocity  of  the  colliding 
points  is  zero,  and  therefore,  hu  =  u\ 
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Li€t  fl  —  o»'  =s  zs',  then  we  have 

and  also 

m(*a  +  a«) OT'=  Jtf;^(«'  -  CO  »  Jf A (A«'  -  17)  =  JfA{A(n  -  W)  --  IT-}, 

hence  {ot(A2  +  rf»)  +  ifA'}  W  =  ifA(Aa  -  U). 

Again, 

iZ^'^  (y' ==  <w«(»'- «),  1J''A = m(Ar»+a2)(«' -  «),  i?" =if («-i/),  and  J^' ==  ^ir. 
Hence  we  have 


if=(l+e)i2'  =  (l  +  ^) 


Q=(l  +  ir)Q'  =  (l+^) 


Also, 


«  =  n-  (i  +  «)w*  =  a-(i  +  <5) 


Mm{ab-k^{hQ-U) 
m(A*  +  a*)  +  lfA2    • 

ifA(Aa-Br) 


m(*Ha«)  +  Jf»«' 


Here,  as  in  the  former  Example,  Q  =  0  when  the  impact  takes  place  at  th& 
centre  of  percussion. 

8.  Show  that  the  results  in  Ex.  6  can  he  deduced  immediately  from  those  in 
Ex.  7. 

Make  Cr=  0  and  Jr=  oo  in  Ex.  7. 

9.  Find  at  what  point  of  its  length  the  bar  should  strike  the  sphere  in  order 
that  the  impulse  of  the  blow  should  be  a  maximum. 

If  we  put    *w(A2  +  a^)  =  7,  we  have  to  determine  A,  so  that 

hCi-U 

shall  be  a  maximum.    Hence,  to  determine  A  we  have  the  quadratic  equation 

JfaA*  -  2MUh  -  Jft  =  0. 

By  assuming 

U=s  rxi,    and  /=  Mp^, 

this  equation  becomes 

A'-2rA-i>2  =  0. 

We  have  then  the  following  construction  for  the  two  values  of  A.  At  0  erect 
OF  perpendicular  to  the  bar,  and  make  it  equal  to  p,  take  OC  in  the  direction 
of  O  equal  to  r,  with  C  as  centre,  and  CF  as  radius  describe  a  circle ;  it  will  meet 
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the  bar  in  the  points  required.  The  value  of  h,  which  is  greater  than  r,  makes 
the  expression  for  B  a  maximum ;  the  other  value  of  h  makes  this  expression  a 
minimum,  but  at  the  same  time  makes  jS  negative.  Thus  both  values  of  h  make 
Jt  irrespective  of  sign  a  wiftTimiiTn  ;  but  one  impulse  is  opposite  in  direction  to 
the  other. 


B      O 


If  the  sphere,  when  struck,  has  no  velocity  in  a  direction  perpendicular  to 
the  bar,  we  have  h=p  when  i2  is  a  maximum. 

10.  Find  the  point  of  impact  in  order  that  the  impulse  on  the  fixed  axis  should 
be  a  maximum. 

If  we  put  {k^  +  a*)  =  X^y  we  have  to  determine  h  so  that 

(ah-JBP^){ha-U) 
mjr»  +  Jf A» 

flihall  be  a  maximum.    We  have  then  for  h  the  quadratic 


By  assuming 


A*  —  2  — ^^ h =  0. 

Jf(a[7+JP»a)  M 


and  (as  in  last  Example), 
the  equation  for  h  becomes 


A»-2r'A-/i»  =  0, 


and  the  two  values  of  h  are  determined  by  a  construction  similar  to  that  of  the 
last  Example. 

If  the  fixed  axis  pass  through  the  centre  of  inertia  we  have  a  =  0,  and  the 
points  for  which  Q  is  a  maximum  coincide  with  those  for  which  i2  is  a  maximum. 

If  a 27+  JT^a  =  0,  one  value  of  h  is  zero,  and  the  percussion  on  the  axis  is 
a  maximum  when  the  sphere  strikes  at  the  axis. 
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Section  III. — Kinetics — Free  Motion  Parallel  to  a  Fixed 

Plane. 

237.  Eqaations  of  Motion. — The  motion  of  a  body 
relative  to  its  centre  of  inertia  consists  at  any  instant  of  a 
rotation  round  some  axis  through  that  point.  Moreover,  in 
the  case  here  considered,  this  axis  must  be  at  right  angles  to 
the  fixed  plane,  and  is  fixed  in  space  if  the  centre  of  inertia 
be  regarded  as  invariable.  Now,  by  Art.  209,  the  motion 
relative  to  the  centre  of  inertia  is  the  same  as  if  that  point 
were  fixed  in  space,  the  forces  remaining  imaltered.  Hence, 
taking  the  plane  of  yz  for  the  fixed  plane,  we  have,  to  deter- 
mine the  motion  of  the  body,  the  equations 

where  p  and  z  are  the  coordinates  of  the  centre  of  inertia,  k 
the  radius  of  gyration  round  an  axis  through  it  at  right 
angles  to  the  fixed  plane,  and  L  the  moment  of  the  applied 
forces. 

If  the  axis  of  rotation  through  the  centre  of  inertia  be 
always  parallel  to  a  line  fixed  in  space,  it  is  plain  that  the 
last  of  these  equations  holds  good  no  matter  whether  the 
whole  motion  of  the  body  be  parallel  to  a  fixed  plane  or  not. 
In  the  latter  case  the  only  difference  will  be  that  an  addi- 
tional equation,  viz., 

will  be  required  to  determine  the  motion  of  the  centre  of 
inertia.  In  any  case,  therefore,  the  motion  of  the  body  is 
determined,  when  we  know  the  motion  of  its  centre  of  inertia, 
and  the  angular  motion  relative  to  that  point. 

238.  Connexion  of  the  Anf  niar  Telocity  witli  tlie 
Telocity  of  tbe  Centre  of  Inertia. — As  the  motion  is 
parallel  to  a  fixed  plane,  the  parallel  section  of  the  body 
passing  through  the  centre  of  inertia  must  at  each  instant  be 
rotating  round  a  point  in  its  own  plane  (Art.  219).  If  p  be  the 
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distanoe  from  this  point  (the  instantaneous  centre  of  rotation) 
to  the  centre  of  inertiai  b  the  path  of  the  latter,  and  oi  the 

angular  velocity,  then  pw  =  —,  as  is  obvious.     Also  w  =  -7;. 

at  at 


Examples. 

1.  A  body  is  moving  parallel  to  a  fixed  plane  under  the  action  of  forces 
which  are  in  equilibrium  :  show  that  the  locus  of  the  instantaneous  centre  of  ro- 
tation in  the  body  is  a  circle,  having  the  centre  of  inertia  for  centre,  and  a  radius 

V 

— ,  where  v  is  the  velocity  of  the  centre  of  inertia,  and  »  the  angular  velocity. 

2.  The  locus  of  the  instantaneous  centre  of  rotation  in  space,  under  the 
circumstances  of  Ex.  1,  is  a  straight  line  parallel  to  the  path  of  the  centre  of 

V 

mertia,  and  at  a  distance  from  it  equal  to  -. 

w 

3.  If  a  body  move  parallel  to  a  fixed  plane,  and  be  acted  on  by  a  constant 
couple,  lying  in  the  plane ;  show  that  the  locus  of  the  instantaneous  centre  of 
rotation  in  space  is  an  equilateral  hyperbola. 

4.  An  inextensible  string,  whose  mass  is  negligible,  passes  over  the  line  of 
intersection  of  two  smooth  inclined  planes.  Each  end  of  tibe  string  passes  under 
and  round  a  smooth  circular  homogeneous  cylinder,  to  which  it  is  attached,  and 
which  rests  on  one  of  the  inclined  planes.  The  line  of  intersection  of  the  inclined 
planes  is  parallel  to  the  axes  of  the  cylinders,  and  perpendicular  to  a  vertical 
plane  containing  their  centres  of  inertia  and  the  string.  Determine  the  tension 
of  the  string. 

As  in  Ex.  4,  Art.  230,  the  portion  of  the  string  wrapped  round  one  of  the 
cylinders  may  be  regarded  as  in  equilibrium  under  the  action  of  the  tensions  at 
its  extremities  and  of  the  pressure  produced  by  the  cylinder.  Hence  all  the 
forces  exerted  by  the  string  on  the  cylinder  are  equivalent  to  the  tension  T  act- 
ing at  the  point  of  contact  of  the  cylinder  with  the  inclined  plane. 

If  8  and  s'  be  the  distances  at  any  time  of  the  points  of  contact  of  the  cylin- 
ders and  inclined  planes,  from  the  point  of  intersection  of  the  latter  with  the 
vertical  plane  perpendicular  to  them ;  9  and  Q'  the  angles  through  which  the 
cylinders  have  turned  from  their  initial  positions ;  a  and  c^  their  radii ;  m  and  m' 
their  masses ;  and  i  and  i'  the  inclinations  of  the  inclined  planes  to  the  horizon, 
the  equations  of  motion  are 

m'— =  mV8m."-r,     m' -  —  =  Ta'. 
If  <r  be  the  distance  the  string  has  slipped  at  any  time  along  the  inclined 
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planes,  and  b  and  b*  the  initial  values  of  $  and  «S  we  have,  since  the  string  is 
inextensible, 

9  =  b-\-ae  +  (r,     a'=i'  +  a'a'-cr,    and  therefore    «  +  «'  =  6  +  y+ aa  +  aV. 
Differentiating  twice  we  obtain,  by  means  of  the  equations  of  motion, 

fn  +  tn 
The  motion  can  then  be  completely  determined. 

239.  Vis  ¥iva. — It  was  shown  in  Art.  134,  that  the  vis 
viva  of  any  system  Smt?*  =  SBIV^  +  Smz;'*,  where  SDt  is  the 
entire  mass  of  the  system,  Fthe  velocity  of  its  centre  of  inertia, 
and  V  the  velocity,  relative  to  the  centre  of  inertia,  of  any 
particle  m.  If  the  body  be  moving  parallel  to  a  fixed  plane, 
the  motion  relative  to  the  centre  of  inertia  is  a  rotation  round 
an  axis  fixed  in  the  body,  whose  direction  is  fixed  in  space. 
Hence  Sm«?'^  =  Wllc^o)^  (Art.  133),  and  the  equation  of  vis  viva 
becomes 

Wl{V'  +  k^uf)  =  2^i{Ydy  +  Zdz)  +  C.  (2) 

The  equation  of  vis  viva  may  be  put  into  another  shape 
which  is  sometimes  useful.  If  /  be  the  moment  of  inertia  of 
the  body  round  the  instantaneous  axis  of  the  rotation  by 
which  the  whole  motion  of  the  body  may  be  represented,  then 

Again,  if  /  and  s'  be  the  coordinates  of  any  point  referred 
to  that  space  point  as  origin  which  coincides  with  the  instan- 
taneous centre  of  rotation.  Art.  238,  then 

<f/  ,      dz' 

hence  the  equation  of  vis  viva  assumes  the  form 

|(/„').2j(rf.4).2.w^-^r); 

1   d 
therefore  ^  -r.  (/w')  =  J,  (3) 

where  J  is  the  moment  of  the  applied  forces,  round  the  in- 
stantaneous axis  of  rotation. 
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240.  Moment  of  tiie  Forces  ot  Inertia. — ^If  h  and  c 

be  the  coordinates  of  any  point,  fixed  or  moyable,  the  moment 
of  the  applied  forces,  roxmd  an  axis  through  it  parallel  to  the 
axis  of  Xy  must  be  equal  and  opposite  to  the  moment  of  the 
forces  of  inertia  round  the  same  ;  hence,  calling  the  former 
moment  J^  we  have 

If,  as  in  Art.  209,  we  put  y  =  y  +  ij,  2  =  s  +  ?,  we  get,  by 
omitting  the  terms  which  vanish, 

*!»-')?- <-")^^'-|^!-'-     c) 

If  we  suppose  the  point  6,  c  to  coincide  with  the  origin 
fixed  in  space,  and  to  lie  in  the  plane  of  the  motion  of  the 
centre  of  inertia,  this  equation  becomes,  if  we  call  r  and  x  the 
polar  coordinates  of  the  centre  of  inertia. 


^U'W''^' '■      <'> 


241.  Moments  of  Momentum  relative  to  any 
Point. — Since  the  body  is  supposed  to  be  moving  parallel 
to  a  fixed  plane,  its  motion  at  any  instant  is  a  pure  rotation. 
If  we  take  a  line  coinciding  with  the  instantaneous  axis  of 
rotation  as  axis  of  or,  then  x,  p,  z  being  the  coordinates  of 
the  centre  of  inertia,  we  have,  by  Art.  222, 

•  •  « 

X  =  Oy    ^  =  -  soi,    s  =  yo). 

Substituting  these  values  in  (31),  Art.  210,  and  introducing 
the  values  of  Hi,  J?2,  -Ss,  given  by  (5),  Art.  231,  we  obtain 

S\=^[I'3R{by  +  cz)]w, 

E\  =  [Wtay  -  Sma?y)w,  [  •  (6) 
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Examples. 

1.  The  motion  of  a  body  consists  of  a  pure  rotation ;  find  the  conditions  that 
it  should  be  brought  to  rest  by  a  single  impulse. 

Take  the  axis  of  rotation  as  the  axis  of  iF,  and  a  perpendicular  p  on  it  from 
the  centre  of  inertia  G  as  that  of  y,  then  the  whole  velocity  of  O  is  parallel  to- 
the  axis  of  2,  and  is  equal  topw,  where  to  is  the  angular  velocity  of  the  body. 
Hence  the  impulse  which  reduces  the  body  to  rest  must  be  parallel  to  the  axis 
of  z,  and  is  given  by  the  equation 

Z=-Snpco. 

Let  b,  e  be  the  coordinates  of  the  point  in  which  the  impulse  J^  meets  the 
plane  of  xy ;  the  moments  of  momentum  relative  to  be  are  each  zero  after  the 
body  is  reduced  to  rest ;  but,  since  the  impulse  passes  through  be,  these  moments 
are  the  same  as  they  were  before  the  action  of  the  impulse.    Hence,  originally 

Substituting  for  Si%  &c.,  their  values  from  (6),  we  have,  if  Khe  the  radius  of 
gyration  round  the  axis  of  rotation, 

E^  ^bp  =  0,    :S,mxy  =  0,    -Smxz  «=  0, 

_  Hence  we  conclude  that  the  axis  of  rotation  must  be  a  principal  axis  at  the 
point  in  which  it  is  met  by  the  perpendicular  from  G,  that  the  impulse  must  be 
perpendicular  to  the  plan  containing  G  and  the  axis  of  rotation,  and  that  its 
shortest  distance  b  from  the  axis  is  given  by  the  equation 

bp  =  ^'  (Compare  Art.  235.) 

2.  A  uniform  circular  plate  whose  centre  is  fixed  lies  on  a  smooth  horizontal 
plane.  An  insect  starts  from  the  centre  of  the  plate,  and  returns  to  the  same 
point  after  describing  a  circle  whose  diameter  is  the  radius  of  the  plate ;  find 
the  angle  through  which  the  plate  has  turned. 

Let  <t>  be  the  angle  through  which  the  plate  has  turned  at  any  time,  a  its 
radius,  m  its  mass,  m'  that  of  the  insect,  r  and  e  its  polar  coordinates  in  space 
r  and  if^  its  polar  coordinates  relative  to  tiie  plate ;  then  ' 

a^   d<f>  d$ 

^T  Tt'^  ^'^  di^^'     4'  =  ^  -  ^,     r  =  a  cos  V'. 

TT                                              f      2m' C08^\tf 
Hence  a  =  -  l 1 —  e^A. 

^        J  m  +  2m'cos2»f»^' 
and  the  angle  required  is 

(        \m  +  2m'/    } 

242.  Kquattons  of  Motioii  for   Impulses. — In  the 

case  of  impulses  the  changes  of  velocity  which  they  produce 
are  determined  by  the  equations  (Arts.  204,  209,  229), 

where  w^  is  the  angular  velocity  of  the  body,  «?'  and  w^  the 
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components  of  the  velocity  of  its  centre  of  inertia,  before  the 
action  of  the  impulses ;  and  oi,  Vj  and  w  the  corresponding 
quantities  after  their  action. 

243.  Impact. — When  impact  occurs  between  two  smooth 
bodies,  a  mutual  impulsive  force  is  developed  in  the  direction 
of  the  common  normal.  In  the  first  period  of  collision  this 
force  reduces  the  relative  normal  velocity  of  the  colliding 
points  to  zero.  In  the  case  of  motion  parallel  to  a  fixed 
plane,  there  are  for  two  bodies  seven  unknown  quantities, 
viz.  the  changes  in  the  two  components  of  the  velocity  of  the 
centre  of  inertia,  and  in  the  velocity  of  rotation  for  each  body, 
and  the  magnitude  of  the  mutual  impulse.  There  are  like- 
wise seven  equations  to  determine  these  quantities,  viz.  the 
six  equations  of  motion,  and  the  equation  which  expresses 
that  the  relative  normal  velocity  of  the  colliding  points  is 
2ero  at  the  instcgit  of  greatest  compression. 

In  the  second  period,  a  new  mutual  impulsive  force  is 
developed,  whose  impulse  bears  a  constant  ratio  to  that  of  the 
former,  and  can  therefore  be  found.  The  changes  of  velocity 
which  it  produces  can  then  be  determined. 

If  the  bodies  which  colHde  be  perfectly  elastic,  the  im- 
pulse developed  during  the  period  of  restitution,  or  second 
period,  is  equal  to  that  developed  during  the  period  of  com- 
pression. What  is  here  stated  is  merely  a  generalization  of 
the  theory  given  in  Articles  78  and  202. 

Examples. 

1.  A  bar,  which  is  rotating  round  an  axis  perpendicular  to  its  length,  and 
whose  centre  of  inertia  is  moving  in  a  plane  at  right  angles  to  the  axis  of  rota- 
tion, strikes  perpendicularly  against  a  fixed  obstacle ;  determine  the  impulse 
of  the  blow,  and  the  subsequent  motion. 

Let  m  be  the  mass  of  the  bar,  k  its  radius  of  gyration,  V  the  velocity  of  its 
centre  of  inertia  6^  in  a  direction  perpendicular  to  its  length,  and  £t  its  angular 
velocity  before  impact ;  also  let  v'  and  a,  v  and  w  be  the  corresponding  velocities 
at  the  end  of  the  first  and  of  the  second  period  of  impact,  respectively ;  and  let 
A  be  the  distance  from  G  of  the  point  A  at  which  the  bar  strikes  the  obstacle ; 
then,  if  £'  be  the  impulse  of  the  blow  during  the  first  period  of  impact,  and  if 
we  suppose  the  velocity  of  A  due  to  the  motion  of  trancdation  to  be  in  the  same 
direction  as  that  due  to  the  rotation  round  an  axis  through  G,  we  have,  since 
the  blow  diminishes  both  the  velocity  of  translation  and  the  angular  velocity 
of  the  bar, 

jr  =  m(F -  V'),    S'h  «  f»A»  (ft  -  «') ; 


Examples.  289 

but  also,  since  at  the  instant  of  greatest  compression  A  is  reduced  to  rest, 
v'  +  huo'  =  0.    Hence  we  obtain 

therefore  n  -  «'  =    \^,^^,  ■,  whence  JR  =      ^^  ^  ^^     . 

Now,  as  in  Ex.  5,  Art.  236,     B={l  +  e)Sf,    and    n-«  =  (!  +  <!)  (ft  -  «'), 
V-v=  (l  +  e){V-v').    Hence  we  have  (A;2+A2jj2^  (1  ^  e)mk^{r+ ha) ; 

iP -ek^)V-{\+e)  Ic^ha             {k' - eh})a-  {l-^e)hV 
consequentiy    i;  = ^^—j^^ ,     «= ^^—^^^ . 


2.  Find  the  point  at  which  the  bar  in  Ex.  1  should  strike  the  obstacle  in 
order  that  the  impulse  of  the  blow  should  be  a  maximum. 

F+  ha 
We  have  here  to  determine  h  so  that  -7^ — r^-  shall  be  a  maximum,  and  the 

required  values  of  h  are  given  by  the  quadratic  equation  A*  +  2  —  A  —  A;'  =  0, 

or  h^  +  2rh  —  A*  =  0,  if  we  put  ra  =  F.  If  (7  be  the  instantaneous  centre  of 
rotation  of  the  bar,  corresponding  to  V  and  ft,  we  have  GO—  —  r,  and  the 
points  of  the  bar  at  which  the  impact  produces  the  maximum  impulse  are 
determined  by  erecting  a  perpendicular  GF  equal  to  k,  and  with  C  as  centre, 
and  CF  as  radius  describing  a  circle.  The  points  A  and  B  in  which  this  circle 
meets  the  bar  are  the  points  required.     (See  Fig.  p.  282.) 

Let  Iti  and  B2  be  the  values  of  the  impulse  JR,  corresponding  to  the  points 
A  and  £,  respectively,  we  readily  find  that 

\  -i.  g                                   1  +  tf 
£1  =  — ^r—  ma .  BG,  and  ^2  = r—  ma ,  GA. 

The  negative  sign  of  B.2  shows  that  in  this  case  the  impulse  must  act  at  the 
opposite  side  of  the  bar ;  hence,  if  we  consider  magnitude  only,  without  regard 
to  sign,  each  impulse  may  be  regarded  as  a  maximimi. 

3.  A  bar  moving  as  in  Ex.  1  strikes  against  a  sphere  of  mass  Jf,  whose 
centre  has  a  velocity  CTin  a  direction  perpendicular  to  tiie  bar ;  find  the  impulse 
of  the  blow,  and  the  subsequent  motion. 

Let  vl  and  u  be  the  velocities  of  the  centre  of  the  sphere  at  the  end  of  the 
first  and  of  the  second  period  of  impact,  then,  the  bar  being  supposed  to  over- 
take the  sphere,  we  have 

B!  =  w  (F-  f/),  R'h  =  mF(n  -  w'),  Bf  =  M{u'  -  U)  ;       (a) 
and  also,  t?'  +  Aa'  =  «/.  (b) 

If  we  put  a  -  «'  =  zjy  from  equations  (a)  we  have 

„      ,     ^     .     ,     „     m  k^     , 

r-,'  =  -^;u--u=^-^; 

U 
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whence,  substituting  in  (b)  for  t>',  «',  and  »',  we  obtain 

w  —  — TT — v^T^ii — TK^i  wid  therefore  it  =  (1  +  «)  — ,^     ,,^,^ — rrr^. 

Consequently  the  motion  after  collision  is  given  by  the  equations 

<»  =  n-(l  +  tf)w',    r=F-(l  +  <?)^OT',    «  =  ^+(l+tf)-^^«T'. 

h  J£  h 

4.  Find  in  Ex.  3  at  what  point  of  its  length  the  bar  should  strike  the  sphere 
in  order  that  the  impulse  of  the  blow  should  be  a  maximum. 

The  values  of  h  which  make  R  a  maximum  are  given  by  the  quadratic  equa- 
tion 

A2  +  2rA-  /^^i^)  A2  =  0,  where  rn  =  F-  U. 

The  points  of  the  bar  at  which  the  impulse  of  the  blow  is  a  maximum  may  be 
determined  by  a  construction  similar  to  that  of  Ex.  2.  In  the  present  case,  C 
is  the  point  whose  velocity  perpendicular  to  the  bar  is  equal  to  that  of  the 


sphere.    The  perpendicular  to  be  erected  at  G  is  now  k 


j(^). 


5.  In  Ex.  I  find  the  loss  of  kinetic  energy  due  to  the  impact. 

If  7'  be  the  kinetic  energy  lost  during  the  first  period  of  impact,  we  have,  by 
Ex.  2,  Art.  202,  27'  =  i2'(  r+  An),  but  if  y  be  the  total  loss  of  kinetic  energy, 

7  =  (1  -  «J«)7'  (see  Ex.  4,  Art.  202).     Hence  27  =  (I  -  ««)  ^^|f  "^.f^^  . 

k^-\-  nr 

6.  Find  at  what  point  the  bar  should  strike  the  obstacle  in  order  that  the 

loss  of  kinetic  energy  should  be  a  maximum.  .        .     k^a 

Ans.  A  =  -— . 

7.  In  Ex.  3  find  the  total  loss  of  kinetic  energy  of  the  system  ;  and  determine 
at  what  point  the  bar  should  strike  the  sphere  in  order  that  this  loss  should  be  a 
maximum. 

Here,  if  7'  be  the  kinetic  energy  lost  by  the  system  during  the  first  period 
of  impact,  by  Ex.  2,  Art.  202, 

27'  =  S!(V+kCi)-SfU, 
hence  27  =  (1  -  ^')^"''<^^'^"  ^'. 

M      V-U' 


This  expression  is  a  maximum  when  h  — 


8.  Find  at  what  point  the  bar  should  strike  the  sphere  in  order  that  the  gain 
of  kinetic  energy  by  tbe  sphere  should  be  a  maximum. 

The  required  points  are  those  at  which  JS  is  a  maximum. 
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9.  Find  the  loss  of  kmetic  energy  by  the  bar. 

If  I?"'  be  the  loss  of  kinetic  energy  during  the  first  period  of  impact,  we  have, 
Ex.  1,  Art.  202, 

27'  =  i?'(F+An  +  f/  +  A«'); 

JO/ 

but  f?'+ AV  =  tt'  =  17'+  — r,  and  therefore,  since  27  =  (1  -  ^2)7',  we  have 

-{1-^ XmB^mk'  ^^^,  +  if  (A»  +  A  ;  +m*»  + if (*>+*>)!• 

10.  In  Ex.  1  find  the  conditions  that  the  whole  motion  of  the  bar  should  be 
destroyed  by  the  coUision. 

^ns.  le^Ci  =  hV,  and  e  =  0.     This  is  also  easily  seen  from  first  principles. 
See  Ex.  1,  Art.  241. 

11.  A  body  is  moving  parallel  to  a  fixed  plane,  when  a  line  AB  in  the  body 
perpendicular  to  the  plane  becomes  suddenly  fixed ;  determine  the  subsequent 
motion. 

Let  f»  be  the  mass  of  the  body,  Jits  moment  of  inertia  round  AB,  k  its  radius 
of  gyration  round  a  parallel  axis  through  its  centre  of  inertia  Q,  A  the  angular 
velocity  of  the  body,  and  V  the  velocity  of  G  just  before  the  line  AB  becomes 
fixed,  p  the  shortest  distance  between  the  line  of  motion  of  G  at  this  time  and 
AB,  and  » the  angular  velocity  of  the  body  round  AB  just  after  this  line  is  fixed, 
then  we  have 

J(»=m(Fip  + Ar^n). 

12.  A  plane  lamina  is  moving  in  its  own  plane  when  one  of  its  points  0 
becomes  suddenly  fixed ;  determine  the  subsequent  motion. 

Let  us  suppose  that  the  lamina  is  constrained  to  rotate  round  a  perpendi- 
cular axis  through  0,  then,  adopting  the  same  notation  as  in  Ex.  11,  we  have, 
by  (10),  Art.  234,  since  the  axis  of  rotation  is  a  principal  axis  at  0, 

J»  =  fn(F]p  +  A;2n),  Mq  =  0,  JVq  =  0. 

•  • 

Hence  the  actual  motion  of  the  lamina  when  0  is  fixed  is  a  rotation  roimd  a 
perpendicular  axis,  and  the  angular  velocity  »  is  given  by  the  first  of  the 
equations  above. 

13.  A  bar  moving  in  a  vertical  plane  impinges  upon  a  smooth  horizontal 
plane  ;   find  the  motion  immediately  after  impact. 

If  the  horizontal  and  vertical  components  of  the  velocity  of  the  centre  of 
inertia  G  of  the  bar  be  represented  by  CTand  F  immediately  before  the  impact, 
and  by  u  and  v  immediately  after,  if  A  and  «  be  the  corresponding  angular 
velocities,  a  the  distance  from  G'io  the  point  of  impact  of  the  bar,  and  a  the 

TJ2 
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angle  which  it  makes  with  the  horizontal  plane  at  the  instant  of  impact,  the 
▼alues  of  V  and  »  are  obtained  by  substituting  in  the  equations  of  Ex.  1,  a  cos  a. 
for  h.    Accordingly  we  have 

^  _  (g'  cos^  g  -  ek^)  r-  (1  -f  e)  k^aQ,  cos  a 

'   *'"  Ar^+a^cos'o  ' 

_ {k^ -  ea^  cos» o)n -  (1  +e)aVcoaa 
k^  +  a^  cos^a 

If  the  bar  be  homogeneous,  3*'  =  d^^  and  we  get 

(3  cos-a -  e)V  —  {I  +  e)  aCi  COS  a 
^^  1  +  3  cos^a  ' 

_  (1  -•  3g  cos^g)  gfl  —  (1  +  tf)  F cos  g 
(l  +  3cos2g)'a  * 

14.  In  what  direction  must  an  impulse  be  applied  to  a  sphere  in  order  that  its 
initial  motion  may  be  one  of  rotation  round  a  given  tangent  P 

The  direction  of  the  initial  motion  of  the  centre  of  inertia  of  the  sphere  is  in 
this  case  given.  Hence  the  direction  of  the  impulse  is  a  line  parallel  to  this, 
lying  in  the  plane,  which  passes  through  the  centre,  at  right  angles  to  the  given 
tangent,  and  distant  from  the  centre  by  f  radius. 

15.  A  beam  placed  in  a  smooth  horizontal  plane  is  turning  with  a  given  velo- 
city w  round  a  pivot  which  passes  through  a  given  point.  The  pivot  breaks  ; 
determine  the  subsequent  motion. 

If  d  be  the  distance  of  the  centre  of  inertia  of  the  beam  from  the  pivot,  this 
point  of  the  beam  continues  to  move  with  a  constant  velocity  hot  in  the  straight 
line  which  is  at  right  angles  to  the  beam  at  the  moment  when  the  pivot  brei^, 
and  the  beam  rotates  with  a  constant  angular  velocity  »  round  a  vertical  axis 
through  its  centre  of  inertia. 

16.  A  uniform  bar,  resting  on  a  smooth  horizontal  table,  revolves  round 
a  vertical  axis  through  its  middle  point.  The  bar  suddenly  snaps  at  its  middle 
point.     Determine  the  subsequent  motion  of  the  parts. 

17.  In  the  same  case,  find  the  point  of  its  length,  at  which  either  half  of  the 
bar  would  strike  perpendicularly  against  a  fixed  obstacle  with  the  greatest  force 
of  percussion. 

18.  Assuming  that  the  Earth's  orbit  is  circular,  show  that  its  motion,  both 
of  translation  and  of  rotation,  could  be  destroyed  by  a  sudden  impulse  applied 
when  the  Earth  is  in  a  solstice. 

19.  Assuming  the  Earth  to  be  a  homogeneous  sphere,  calculate  in  the  pre- 
ceding Example  the  distance  from  the  Earth's  centre  of  the  line  of  action  of  the 
required  impulse.  Am.  24  miles,  approximately. 

244.  Stress  In  Initial  SEotion. — Stresses  are  de- 
terminedy  as  we  have  seen,  by  usmg  the  dynamical  equa- 
tions for  a  free  body,  and  introducing  unknown  reactions 
instead  of  the  geometrical  conditions.  In  many  cases  where 
the  general  equations  of  motion  cannot  be  integrated,  the 
initiaJ  stresses  may  be  obtained  by  differentiating  the  geo* 
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metrical  equations  twice,  and  introducing  into  the  equations 
thus  obtained  the  initial  values  of  the  coordinates  and  of 
their  differential  coefficients  with  respect  to  the  time,  which 
are  supposed  to  be  given.  The  initial  values  of  the  accelera- 
tions are  then  in  general  determined,  and  thence  the  un- 
known reactions,  by  means  of  the  dynamical  equations. 


Examples. 

1.  A  lamina  is  suspended  by  strings  attached  to  two  of  its  points  A  and  B^ 
not  in  the  same  straight  line  witn  its  centre  of  inertia,  and  fastened  to  two  fixed 
points  0  and  (/,  The  string  joining  (X  to  B  is  cut ;  determine  the  initial  tension 
of  the  other. 


The  plane  of  the  lamina  in  its  position  of  equilibrium  must  pass  through  the 
points  0  and  0',  and  the  subsequent  motion  will  take  place  in  this  plane,  which 
we  shall  take  as  the  plane  of  yz,  the  axis  of  y  being  horizontal,  and  the  positive 
direction  of  z  downwards,  the  origin  being  0.  Let  O  be  the  centre  of  inertia  of 
the  lamina,  ^  and  e  the  angles  which  OA  and  AG  make  with  the  axis  of  y  at 
any  time,  I  and  a  the  lengths  of  OA  and  AG,  m  the  mass  of  the  lamina,  k  its 
radius  of  gyration  round  a  perpendicular  axis  through  G,  and  y  and  z  the  coordi- 
nates of  G ;  then,  if  T  be  the  tension  of  the  string  OA  at  any  time,  we  have 

wA;2  —  =  -  aTsin  {$  -  ^),  (a) 

d*y  d^z 

m— ■=-Tcos^,    *»  —  =  fw^ -  Tsin ^.  (*) 

Also,  y  =  I  COB  <p  ■{■  a  COS  9,    2e=^sin^  +  asin^.  (e) 

Differentiating  these  latter  equations  twice,  and  in  the  second  differentiation 
treating  0  and  <p  as  constants,  since  initially  — -  and  ~  are  each  zero,  and  finally 
substituting  their  initial  values  a  and  fi  for  d  and  ^,  we  obtain 
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Hence,  eliminating  -—-,  we  get 


di^ 


d£^ 


d^0 


=  0. 


Substituting  from  (a)  and  (b),  and  putting  a  and  fi  for  $  and  ^  in  those  equa- 
tions, we  get  for  To,  the  initial  value  of  the  tension, 

A;»8inj8 

2.  A  body,  whose  centre  of  inertia  is  G^  is  suspended  by  strings  attached  to 
two  of  its  points  A  and  B,  and  fastened  to  two  fixed  points  0  and  0\  The 
plane  AGJB  is  a  principal  plane  at  G,  the  string  (yS  is  cut ;  determine  the 
initial  tension  of  the  other. 

We  may  here  suppose  the  body  compelled  to  rotate  round  an  axis  through  G, 
whose  direction  is  fixed  in  space,  and  is  perpendicular  to  the  initial  position  of 
the  plane  AGS.  Since  this  axis  is  a  principal  axis  at  G,  we  find,  then.  Art.  236, 
equation  (14),  that  the  components  of  the  stress  couple  on  this  axis  are  zero,  and 
therefore  that  the  body  rotates  round  it  freely.  Hence  the  whole  motion  of  the 
body  is  parallel  to  the  vertical  plane  which  is  the  initial  position  of  AGB^  and 
the  question  becomes  the  same  as  in  the  last  example. 

3.  A  circular  disk  is  hung,  with  its  plane  horizontal,  from  a  fixed  point 
vertically  over  its  centre,  by  means  of  three  equal  strings  attached  to  three  fixed 
points  in  the  circumference  of  the  disk  at  equal  distances  from  each  other.  One 
of  the  strings  is  cut ;  determine  the  initial  tensions  of  the  other  two. 

The  two  tensions  along  the  threads  OA  and  OB  may  be  replaced  by  the 
single  force  J*  along  OS,  where  F=  2 T  cos  AOS,  i$  being  the  middle  point  of 
the  chord  joioing  the  fixed  points  A  and  B. 


In  this  case  intakes  the  place  of  T,  and  the  point  8  oiAin.  Ex.  2.  Then, 
$  being  the  initial  value  of  the  angle  which  08  makes  with  the  horizontal  Une 
which  is  the  initial  direction  of  SG,  the  length  of  the  latter  being  a,  we  have, 
since  8G  is  originally  horizontal, 

*2sini8 

F=  mg — . 

^  **  +  ««sin«iB 
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If  I  be  the  length  of  08,  the  expression  for  F  may  be  put  into  the  form 

Ar^siniS 


F-mg 


Ar«  +  f«8in2i3co8^i8 


4.  Determine  in  Ex.  9,  Art.  202,  the  initial  tensions  of  the  strings,  and 
their  tensions  when  the  bar  is  at  its  greatest  height,,  the  length  of  each  string 
being  2a. 

If  0  be  the  angle  one  of  the  strings  makes  with  a  vertical  line  at  any  time, 
z  the  vertical  coordinate  of  the  middle  point  of  the  bar,  ^  the  angle  the  bar 
makes  with  a  horizontal  line  parallel  to  the  fixed  bar,  and  T  the  tension  of  one 
string;  then 

a^  ^([^ 

^  "TT  -T^  =  -  2a Tsine  cos  J«^, 
3   dt^  * 

also,  from  the  geometrical  conditions, 

^  =  i^»  as  2a  sin 8  =  2a  sin  J 1^,  ^X^     X  /  // 

« =  2a  (1  -  cos  e) .  X       / // 

Substituting  ^  i^  for  0  in  the  last  equation,  differen-  \jfc'' 

dating  twice,  and  observing  that  initially  ^  =  0,  and  -y-  =  »,  we  gev  for  the 

at 

initial  tension  of  one  string  T  =  J  m^  +  J  maw^, 

d}b 

To  get  the  tension  when  the  bar  is  at  its  highest  position,  make  -j^  =  0, 

dt 

2a  —  A 
COS  1^  a  — s >  where  h  has  the  value  in  Ex.  9,  Art.  202 ;  then 

4a3  288^3 

T=mff-- rrT  =  ^ 


(2a-/0{4a2+3A(4a-A)}        ^  (12// -«««){ 48/H«2(24fl^-a2«2) }' 

5.  In  Ex.  1,  find  the  values  of  a  and  /S,  in  order  that  To  shall  be  the  greatest 
possible. 

Ana.  a  =  i8  =  -.     The  corresponding  value  of  To  is  w^,  i.e.  the  weight  of 

the  lamina. 

6.  If  /3  be  given,  find  a,  so  that  To  shall  be  a  minimum. 

Here  sin (o  — /3)  =max.,  and  therefore  o-/8  =  -,  or  A&  w  perpendicular 

to  OA. 

7.  If  the  initial  position  of  A&  be  horizontal,  find  jS,  so  that  To  shall  be  a 
maximum. 

Here  we  have  to  find  /8,  so  that  —r^r-  +  -r-: —  may  be  a  minimum.    There- 

A*        a'siniS 

fore,  A  =  a  sin  jS  =  po,  where  po  is  the  initial  value  of  the  perpendicular  from  O 

on  OA. 

The  result  here  obtained  holds  good  for  Ex.  3,  if  OS  be  substituted  for  OA, 

and  J"  for  T. 
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245.  Friction. — Friction  [see  Art.  60)  is  a  tangential 
force  passing  through  the  point  of  contcu^t  of  two  roagh 
surfaces,  which  tends  to  prevent  the  one  from  slipping 
on  the  other.  If  there  be  slipping,  the  Motion  is  in  an 
opposite  direction,  and  takes  its  greatest  possible  value,  which 
is  in  a  constant  ratio  to  the  normal  pressure  between  the 
surfaces.  If  the  motion  be  pure  rolling,  just  enough 
friction  is  exerted  to  maintain  pure  rolling.  The  force  of 
friction  is  then  usually  less  than  its  maximum  value,  and  is 
determined,  as  if  it  were  an  unknown  reaction,  by  means  of 
the  equations  of  motion  and  the  geometrical  condition  which 
expresses  that  the  motion  is  pure  rolling.  If  the  value  thus 
found  for  the  force  of  friction  does  not  exceed  its  maximum 
value,  and  pure  rolling  be  consistent  with  the  initial  condi- 
tions, it  will  be  the  actual  motion.  When  there  is  slipping, 
the  friction,  which  is  then  a  maximum,  and  therefore  de- 
termined, tends  to  make  the  motion  pure  rolling.  If  pure 
rolling  be  attained,  the  friction  at  the  instant  pure  rolling 
commences  changes  in  general  its  value,  and  must  be  de- 
termined in  the  manner  stated  above. 

It  is  to  be  observed,  as  already  stated  in  Art.  60,  that  the 
maximum  value  of  friction,  when  slipping  actually  takes 
place,  is,  in  general,  less  than  its  maximum  value  when  there 
is  no  slipping,  and  friction  is  acting  against  a  force  which 
tends  to  produce  slipping. 

When  a  surface  is  said  to  be  perfectly  rough  it  is  under- 
stood that  no  slipping  can  take  place  between  it  and  any 
other  surface  with  which  it  is  in  contact.  The  amount  of 
force  which  it  is  capable  of  exerting  by  means  of  friction  is, 
in  this  case,  imlimited. 

Examples. 

I.  A  homogeneous  cylinder,  having  its  axis  horizontal,  rolls  without  slipping 
down  a  rough  inclined  plane ;  determine  the  amount  of  friction  brought  into 
play  (see  Ex.  1,  p.  139). 

The  equations  of  motion  are 

the  axis  of  y  being  a  line  in  the  inclined  plane  at  right  angles  to  its  intersection 
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with  the  horizon.    Also,  add=  dy  ;  whence 


a^+k^' 


a« 


but  since  the  cylinder  is  homogeneous  we  have  k^  =  — , 
and  therefore  ^  =  i  Mg  sin  i. 

2.  If  a  sphere  be  substituted  for  a  cylinder  in  the  last  example,  determine 
the  amount  of  friction  brought  into  play.  Ana,  -F*  =  f  Mg  sin  t. 

3.  A  lamina  is  placed  on  a  rough  horizontal  table  in  such  a  manner  that  its 
centre  of  inertia  lies  beyond  the  edge  of  the  table,  and  that  the  line  in  which 
the  edge  meets  the  lamina  is  a  principal  axis  for  the  point  0  in  which  it  is  met 
by  the  perpendicular  from  the  centre  of  inertia  O ;  determine  the  motion  of  the 
lamina  before  it  slips,  and  its  inclination  to  the  table  when  slipping  begins. 

Since  the  force  tending  to  make  the  lamina  slip  is  at  first  zero,  the  motion 
of  the  lamina  begins  by  a  rotation  round  the  edge  AB  of  the  table,  as  a  fixed 
axis. 

Putting  M  for  the  mass  of  the  lamina,  and  otherwise  adopting  the  same 
notation  as  in  Ex.  3,  Art  236,  we  have,  since  a  =  0, 

Je^  +  3  »2  ;fc2 

^^  =  ^9    M  .     o  sin  ^»      Qo^Mg  cos  a. 

The  lamina  continues  to  rotate  round  AB  till  Pq  =  M-Qof  where  fi  is  the  coefficient 
of  friction.  The  value  of  6  when  the  lamina  begins  to  slip  is  given  therefore 
by  the  equation 

tan0  = 


F  +  3p« 


4.  In  Ex.  3  a  mass  m  is  placed  at  a  point  D  on  the  lamina,  in  the  perpen- 
dicular from  its  centre  of  inertia  on  the  edge  of  the  table  ;  investigate  the 
motion,  and  find  the  inclination  at  which  slipping  begins. 

Let  OD  =  hy  then,  since  the  initial  motion  is  a  rotation  BOimd  AB  as  a.  fixed 
axis,  we  have 

{M{k^  +p^)  +  mA«}  —  =  (Mp  +  mh) g  cos  0.        {a) 
Hence,  by  integration, 

«  =  I  -TT  )   =2  ^izrrnr^ — ^r r^Q  sin  0.  {p) 

The  forces  acting  on  w,  in  addition  to  gravity,  are  the  force  of  friction  P  along 
DOy  and  the  resistance  Q,  perpendicular  to  BO^  of  the  plane.  Hence  the 
accelerations  of  m,  along  2>0,  and  perpendicular  thereto,  are 

P  Q 

0  sin  9 ,  and  g  cos  9 ; 

m  m 
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but,  since  01)  is  invariable  so  long  as  m  does  not  slide,  tbe  accelerations  of  m 
are  also  — A»^,  and  A  — ,  by  (11)  and  (12),  Art.  28  ;  bence  we  bave 

P=  m (^  sin 0  +  A«2),     Q  =  m  (g  cobO  -  h  j-\, 

(Mp  +  mh)h 
If  we  put  X  = 


M  {k^  +p^)  +  mA«' 
equations  {a)  and  {b)  give 

h  -T-  =  \g  cos  0,  and  Aw*  =  2\g  sin  9 ; 

bence  we  get 

P=w^sine(l +  2a),     Q  =  mg  coae  {I- \), 

"We  bere  observe  tbat  Q  becomes  negative  if  X  be  greater  tban  unity ;  accord- 
ingly in  tbat  case  tbe  mass  m  is  left  behind  by  tbe  lamina  from  tbe  very  com- 
mencement of  tbe  motion,  unless  we  place  it  beneath  tbe  lamina. 

If  X  =  1,  or  ph=  ^  ^p^y  we  bave  Q  =  0  :  m  is  in  this  case  placed  at  the 
centre  of  oscillation,  and  begins  to  slip  at  tbe  very  commencement  of  the 

motion.     If  X  <  1,  fw  begins  to  slip  wben  tan  6i  =  /x  - — -—. 

Next,  let  Fq  and  Qq  be  tbe  forces  parallel  and  perpendicular  to  OG,  exerted 
against  tbe  edge  of  tbe  table,  we  bave,  (15),  Art.  236,  since  tbe  wbole  system 
at  first  is  moving  as  a  rigid  body, 

jPq  =  {Mp  +  mh) «2  +  (if  +  fw)^  sin  0, 

dot 
QQ=:{M+m)ff  cos  B  -  {Mp  +  mh)  -r-. 

at 

Hence,  if  v  =  -— -7,  we  readily  get 

Po  =  (-Sf+ wi)^sinfl(l  +  2Xv),     Qo=  (Jf  +  w)y  cose(l  -  Xk). 

If  tbe  coefficient  of  friction  relative  to  tbe  lamina  be  tbe  same  for  tbe  edge 
as  it  is  for  m,  tbe  lamina  begins  to  slip  wben  Pq  -  H'Qo*  ^^  wben 

tan6o  =  ^^^-^'^>. 
1  +  2x1^ 

Hence,  if  v  <  1,  i.«.  if  A  >  j»,  we  bave  Qq>  di^  and  tberefore  in  tbis  case  the 
mass  will  slip  before  tbe  lamina  begins  to  slip. 

On  tbe  otber  band,  if  A  <  ^,  we  bave  B\  >  Op,  and  slipping  begins  at  the 
edge  A£, 
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5.  In  Ex.  3,  if  any  number  of  masses  mi,  m^t  &c.,  be  placed  on  the  lamina 
at  points  Di^  Dz,  &c.,  on  the  line  OG,  inyestigate  the  motion. 
Let     ODi  =  Ai,  OD2  =  A3,  &c.,  then, 

dut  _         Mp  +  mihi  +  m2h2-\-&o. 

dt  ~  M{J^  \f)  +  wi  Ai*  -f  ma  Aj2  +  &c.  ^  ^^   ' 

,  Jfj?  +  miAi  +  m2A2  +  &c.  . 

*^  "    ilf(Ar«+l?2)  +  miA,2+m2A2*+&c/^^" 

If  we  put 

Mp \m\h\-V m%h%  +  &c. ^^  _  ^2  _  a. 

5'(Ar2+i72)  +  mi  h^  +  m2A2*  +  &o.  "  aI  ~  iii  "       ' 

Mp  +  mi  Ai  +  m2  A2  +  &c. 


we  have 


and  also 


=  l'lAiasi'2A2  =&C., 

Jf  +  mi  +  m2  +  &c. 

Pi  =  (1  +  2Ai)  mi^  sin  ^,     Qi  =  (1  ~  Ai)  mi^  cos  9 ; 

i*3  =  (1  +  2x2)  »»2y  sin  0,     Q2  =  (1  -  A2)  iin%g  cos  0 ; 
&c.,  &c. ; 

Po 


(If  +  mi  +.m2  +  &c.)^  sin  6 


r— -  =  1  +  2Aiyi  =  1  +  2X2^2  =  &c., 


=■  I  —    Aivi  =  1  —    A2V2  =  &C. 


{^M  +  mi  +  m2  +  &c.)  g  cos  0 
The  rest  of  the  inyestigation  is  the  same  as  in  the  last  example. 

If     Ai  >  A2,  then  Ai  >  A2,  and  - — -1  <  ,   ~    ', 

1  +  2Ai      1  +  2A2  . 

and  therefore  9\  <  $2,  or  mi  slips  before  m2 :  that  is,  the  mass  farthest  from  the 
edge  begins  to  slip  first. 

6.  If  a  hoop  rolls  down  a  rough  inclined  plane  without  sliding,  show  that 
tan  i<2fi;  the  initial  position  of  the  hoop  being  in  a  vertical  plane  at  right 
angles  to  the  intersection  of  the  inclined  plane  with  the  horizon. 

Take  the  initial  position  of  the  centre  of  the  hoop  for  origin,  and  the  inter- 
section of  the  inclined  plane  with  a  vertical  plane  at  right  angles  thereto  as  axis 
oi  y,  its  positive  direction  being  downwards.  Let  the  positive  direction  of  rota- 
tion be  &om  the  upper  side  of  the  inclined  plane  towards  y  positive.  Then, 
y  being  the  coordinate  of  the  centre  of  the  hoop,  m  its  mass,  a  its  radius,  and 
-Fthe  friction  brought  into  play,  the  equations  of  motion  are 

_rf«      „  d^y  .    .      „ 

ma'  -J-  =  FUf     m  —r-=mg  salt  —  F\ 
dt  dr 
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but  the  motion  being  pure  rolling,  a«  =  —• ;  hence,  eliminating  we  obtain, 
F  =  -^ ;  but  J^<  ^img  cos • ;  therefore  tan  i  >  2/*. 


7.  A  homogeneous  circular  disk,  whose  radius  is  a,  rolls  inside  a  rough  yer- 
tical  circle  whose  radius  is  b ;  the  motion  is 
pure  rolling  under  the  action  of  gravity; 
show  that  tibe  rolling  forward  and  backward 
of  the  disk  is  isochronous  with  the  oscilla- 
tions of  a  simple  pendulum  whose  length 
iBf(i-a). 

We  have,  /  being  the  moment  of  inertia 
of  the  disk  round  an  axis  through  P,  w  the 
angular  velocity,  and  9  the  angle  between 

1  d 

CA  and  CP,  -  ~  ( /«')  =  2mga  sin  B  {9  being 
wat 

reckoned  from  the  vertical  line  CA,  where  C 
is  the  centre  of  the  vertical  circle,  and  a  being  the  angular  velocity  of  the  disk 
rolling  down).  As  the  instantaneous  centre  of  rotation  lies,  in  this  case,  on  the 
circumference  of  the  disk,  I  remains  constant  throughout  the  motion ;  there- 
fore / —  =  mga  sin  B  ;  but  I  —  fma'  (Integral  Calculus,  Chap.  X.),  and 
dt 

aw  =  —  (b  —  a)  — ,  since  either  represents  the  velocity  of  0.    Hence 

d^B 
i(b-a)—  =  -gsinB;  .*.  &c. 

The  student  will  observe  that  the  friction  at  P  does  not  enter  this  equation. 

8.  A  uniform  sphere,  resting  on  a  rough  horizontal  plane,  is  set  in  motion  by 
an  impulse  applied  in  a  vertical  plane  passing  through  its  centre.  Show  that, 
when  sliding  ceases,  the  rolling  motion  will  be  direct,  stationary,  or  retrograde, 
according  as  the  direction  of  the  impulse  intersects  the  vertical  diameter  above, 
at,  or  below  the  point  of  contact  with  the  plane. 

Let  V  be  the  velocity,  at  any  time,  of  the  centre  of  the  sphere  parallel  to  the 
intersection  of  the  horizontal  plane  with  the  vertical  plane  containing  the 
impulse ;  the  direction  of  the  latter  making  an  acute  angle  with  the  positive 
direction  of  v.  Let  w  be  the  angular  velocity  of  the  sphere,  counted  from  the 
vertical  towards  the  direction  of  v  positive  :  then  V  and  n,  the  initial  values  of 
V  and  w,  are  determined  by  the  equations 

mr=Y,     mk^a^Jb, 

where  Y  is  the  horizontal  component  of  the  impulse,  and  b  the  distance  from 
the  centre,  at  which  its  line  of  direction  intersects  the  vertical  diameter  of  the 
sphere.    Eliminating  F,  we  obtain 

«  *^ 
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For  the  subsequent  motion,  if  JP*  be  the  force  of  friction,  we  have  the  equations 

dv  dw 

whence  «  -r-  +  A'  -r-  =  0. 

de  dt 

Integrating,  we  obtain 

«v  +  F»  =  constant  =  aV  +  k^Ci  ^  {a  +  b)  V. 

When  sliding  ceases  v  =  a«.  Substituting  for  v  in  the  preceding  equation,  wo 
have 

{a+  b)r 

M    5=    — — — — . 

a^  +  P 

Hence,  since  V  is  necessarily  positive,  »,  when  sliding  ceases,  is  positive,  zero,, 
or  negative,  according  as 

a  +  b>Oy    a-\-  b  =  0,     or    a  +  b<0. 

The  first  condition  holds  good,  if  ^  is  either  positive,  or  negative  and  less  than  a 
in  absolute  magnitude  ;  the  second,  if  6  =  —  a ;  the  third,  if  6  is  negative  and 
greater  than  a  in  absolute  magnitude. 

The  results  of  this  example  may  be  extended  to  other  solids  of  revolution. 

9.  A  circular  plate  rolls  down  the  inner  circumference  of  a  rough  circle  imder 
the  action  of  gravity.  The  plane  of  the  plate  coincides  with  that  of  the  rough 
circle,  which  is  vertical.  Determine  the  amount  of  friction  brought  into  play 
if  the  plate  start  from  rest,  the  motion  being  pure  rolling.     {See  £x.  7.) 

If  «  be  the  angular  velocity  of  the  plate,  the  equations  of  motion  are 

du  dH 

iwa«  ■—  =  Fa,     m (b"  a)  -—r  =  -  mg  Bm  e  +  F 
dt  dt* 

together  with  the  equation  of  condition 

d$ 

hence  F  =  Jm^  sin  0. 

10.  Show  that  the  plate  in  the  last  example  will  ascend  to  the  same  height 
as  that  from  which  it  started,  and  that  the  motion  will  go  on  for  ever. 

The  via  viva  =  2mg  {z  -  «o) :  this  will  vanish  when  z-zq;  therefore,  &c. 

11.  Determine  the  velocity  of  rotation  of  the  plate  at  any  time. 

Ans,    ul^  =  i     "^    -  (cos fl  -  cos Oo)- 
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246.  Tendency  of  a  Rod  to  Break. — When  a  body 
is  under  the  influence  of  any  forces,  it  experiences  pressures 
or  tensions,  which  tend  to  alter  the  relative  positions  of  the 
molecules.  This  tendency  is  resisted  by  the  mutual  action 
of  the  molecules.  Under  such  circumstances  the  body  is 
said  to  be  in  a  state  of  stress. 

If  we  consider  a  small  rectangular  parallelepiped  in  the 
body,  the  stresses  acting  on  one  of  its  faces  may  be  resolved 
into  three  forces  at  right  angles  to  each  other — one  normal, 
and  two  parallel  to  the  face  under  consideration. 

To  ascertain  the  tendency  of  a  body  to  undergo  a  rupture 
in  any  part,  we  must  consider  the  stresses  to  which  it  is  sub- 
jected in  that  part.  If  the  mutual  cohesion  of  the  molecules 
is  unable  to  resist  these  stresses  'the  body  must  give  way. 
The  question  is,  in  general,  one  of  great  complication,  and 
for  its  full  discussion  the  reader  is  referred  to  treatises  on 
Elasticity  and  Strength  of  Materials. 

If  the  body  under  consideration  be  a  rody  that  is,  if  two  of 
its  dimensions  are  at  each  point  very  small,  the  question  be- 
comes much  simplified. 

The  axis  of  the  rod  may  be  a  straight  line,  or  may  form 
A  curve  of  any  kind.  We  shall  suppose  that  this  curve  is  not 
olosed,  that  it  lies  in  one  plane  P,  and  that  the  rod  is  in 
equilibrium  under  the  action  of  forces  in  this  plane.  If  we 
consider  a  section  at  right  angles  to  the  axis  of  the  rod,  at 
any  point  A  of  its  length,  the  action  of  the  molecules  at  one 
side  of  this  section  on  those  at  the  other  must  equilibrate  all 
the  forces  acting  on  the  rod  at  the  latter  side.  These  may  be 
reduced  to  a  force  Fy  passing  through  -4,  and  a  couple  Oy 
roimd  an  axis  o  at  right  angles  to  the  plane  P.  This  force 
and  couple,  therefore,  are  equivalent  to  the  stresses  acting  on 
the  rod  through  the  section  containing  A. 

That  the  tendency  of  the  rod  to  break  results  chiefly  firom 
the  couple  may  be  shown  as  follows : — 

The  stresses  in  the  plane  of  the  section  cannot  give  any 
couple  round  the  axis  a,  since  a  either  meets  them  or  is  parallel 
to  tiiem.  Hence  the  couple  O  must  produce  stresses,  parallel 
to  the  axis  of  the  rod  at  the  point  -4,  whose  moment  round  A 
is  equal  to  O.    If  iV  be  the  value  per  unit  of  area  of  the 
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greatest  of  these  stresses,  and  a  be  the  distanoe  from  A  of  the 

most  remote  point  of  the  section,  whose  area  may  be  denoted 

by  8 ;  the  moment  round  A  of  the  stresses  parallel  to  the 

axis  must  be  less  than  N8a,    Hence,  if  we  assume  O  =  Fp^ 

we  have 

F  p 
NSa  >  Fp^  and  therefore  N  >  77 -. 

o  a 

If  we  now  seek  for  the  stress  per  unit  of  area  caused  by 

F  a 

the  force  F.  we  have  iV'  =  77  ;    .\  N'  <-N. 

S  p 

Hence,  if  a  is  very  small  compared  with  p,  N'  is  unim- 
portant compared  with  N,  Accordingly,  in  general,  the 
tendency  of  the  rod  to  break  at  any  point  A  depends  simply 
on  iV,  Le,  on  G,  the  moment  round  A  of  the  forces  acting  on 
the  rod  at  one  side  of  A. 

We  have  hitherto  supposed  the  rod  to  be  at  rest.  If  it 
be  in  motion,  we  can,  by  D'Alembert's  Principle,  consider  it 
as  in  equiKbrium  under  the  action  of  the  applied  forces  and  the 
forces  of  inertia,  and  the  question  of  stress,  or  the  tendency  to 
break  at  any  point,  becomes  the  same  as  before,  except  that 
we  must  now  add  the  forces  of  inertia  to  the  other  forces 
acting  on  the  rod. 

If  thei^odbe  acted  on  by  impulses,  the  impulsive  tendency 
to  break  at  any  point  is  obtained  in  a  similar  manner,  and 
the  preceding  investigation  holds  good  provided  the  impulses 
be  substituted  for  the  applied  forces,  and  the  resulting 
changes  of  momentum  for  the  forces  of  inertia. 

To  find  the  couple  which  fneasures  the  tendency  of  a  rod  to 
break  at  any  point  P. 

Let  G  be  the  required  couple,  V  the  moment  round  P  of 
the  forces  applied  to  the  portion  of  the  rod  on  one  side  of  this 
point,  501'  the  mass  of  this  portion  of  the  rod,  k'  its  radius  of 
gyration  round  its  own  centre  of  inertia  C,  and  A'  the  moment 
of  the  acceleration  of  C  round  P,  then  by  (4),  Art.  240, 


«  =  i'-3»'(A'.rJ). 


(8) 
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In  the  case  of  impulses,  if  O  be  the  impulsive  couple  oor- 
responding  to  Q,  we  have 

(?  =  i'-3»'{A'+ A'' («-«')).  (9) 

•  •  • 

where  A'  is  the  moment  round  P  of  the  change  of  velocity  of 

C  due  to  the  impulses,  and  oi  and  w'  are  the  angular  veloci- 
ties of  the  rod  after  and  before  the  action  of  the  impulses. 

Another  expression  for  O  which  is  often  useful  may  be 
found  as  follows  : — Let  ^,  z  be  the  coordinates,  referred  to  a 
fixed  origin,  of  the  centre  of  inertia  C  of  the  whole  rod ;  6,  c 
those  of  P ;  y',  s'  those  of  0\  and  ij,  1^  those  of  any  point  of 
the  rod  referred  to  axes  through  C  parallel  to  the  fixed  axes, 
then, 

0  =  Zr'-  S'm  {(y  -h)'z-{z'c)  y). 

But  y  =  V-^-ny    z  =  §  +  ^; 

substituting,  and  remembering  that 

^my^'^y',     ^'mz  =  Wz\ 
we  obtain 

G  =  X'-3R'{(/-^)5-(2'-c)|;)-S'm{(y-J)S-(s-c)n).   (10) 

In  the  case  of  impulses  applied  to  a  rod  at  rest, 

O^L'-^'{y-b)i-{z'-c)^]-^'m{{y-b)t-{z-c)if}.  (11) 

■       • 

If  the  rod  be  in  motion  when  the  impulses  are  applied,  we 

must  substitute  in  (11)  for  ^,  z,  i),  and  ^  the  changes  in  their 
values  due  to  the  action  of  the  impulses. 

Examples. 

1.  A  uniform  straight  rod  AB  rotating  round  a  perpendicular  axis  passing 
through,  one  extremity  A  is  struck  perpendicularly  at  a  point  Q ;  find  the  ten- 
dency to  break  at  any  point  P. 

Let  B  be  the  impulse  of  the  blow,  a  the  length  of  the  rod,  m  its  mass,  u  and 
w  its  angular  yelocities  before  and  after  the  blow ;  also  let  C  be  the  midie  point 
of  FJS,  and  let  ^P=  r,  AQ  =  h;  then, 

r  =  S,FQ,    A'=PC".^C"(«-o>'),     Z^i  =  FCr^,     m'a  =  2mFC\ 
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hence  we  have 

But  M— (»-«')  =  ^.-4(2  = -BA, 

Sabdtitatmg  these  yaluea  in  the  equation  for  O  we  obtain 

^  =  -^{^i.h-r)-h{a-rf(-ia  +  r)} 

2.  In  Ex.  1  find  the  position  of  the  point  at  which  the  tendency  to  break  is 
a  maximum. 

If  3A  >  2a,  the  tendency  to  break  is  a  maximum  when 


-Ji-ii 


3.  A  uniform  rod  is  turning  in  a  vertical  plane  roimd  a  horizontal  pivot  A, 
at  one  of  its  extremities.     Find  the  tendency  to  break  at  any  point  P. 

Adopting  the  same  notation  as  in  Ex.  1,  and  denoting  by  0  the  angle  which 
the  rod  nuOlces  with  the  horizontal  line,  we  have 

a  —  T 
L'  =  — - —  m'g  cos  Q. 
It 

Moreover,  since  C  is  moving  in  a  circle  round  A  as  centre,  its  acceleration  has 
two  components— one  at  right  angles  to  TC\  which  is 

2     rf^' 

and  the  other  along  PC\    The  latter  gives  no  moment  round  P;  hence 

_ «  +  r  a-  r  d^d 
2        ~  dt^' 

2        ^  \     ^       dt  dt^r 

but  }wa2— =  Jw^acos0,  and  A;'g^  ; 

(a  -  r)2 
whence  G^-mg      ^y  rcosg. 
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4.  A  cracked  hoop  rollB  on  a  perfectly  rough  horizontal  plane.  Determine 
the  inclination  to  the  horizon  of  the  Une  joining  the  crack  to  the  opposite  point 
when  the  tendency  to  hreak  at  this  point  is  the  greatest  possible. 


In  this  case  the  centre  of  inertia  of  the  hoop  moves  in  a  straight  line^with  a 
constant  velocity.  Hence  its  acceleration  is  zero ;  also  if  a  be  the  radiosrof  the 
hoop, 

L  ==  —-^ iaco80  +  —  8in(>l,  smce  CO  =  — , 

0  being  the  centre  of  inertia  of  the  semi-hoop  comprised  between  the  crack  Q 
and  the  opposite  point. 

Now,  since  the  angular  Telocity  round  a  horizontal  axis  through  G  is  con- 
stant, the  system  offerees  mi;,  mC,  &c.  in  (10),  are  equivalent  to  a  single  force 
K^ .  CO  va.  the  direction  of  CO.     The  moment  of  this  force  round  P  is 

M —  a%  which  is  independent  of  $.    The  tendency  to  break  at  P  is  given  by 

IT 

the  equation 

^      ,^f      /cos«      sine\       a*«*) 

2 
Hence  the  tendency  to  break  is  a  maximum  when  tan  0  =  -,    provided 

IT 

g{2-\-  Vir*  +  4)>4a«'.    This  condition  appears  by  considering  when  (?  attains 
its  greatest  magnitude,  irrespective  of  sign,  if  it  should  become  negative. 

5.  In  Ex.  3  find  at  what  point  of  the  rod  the  tendency  to  break  is  a  maxi- 
mum. Ans,  r  =  ia. 

6.  A  semicircular  wire,  of  radius  a,  lying  on  a  smooth  horizontal  table,  turns 
round  one  extremity  A,  with  a  constant  angular  velocity  ».  Find  the  tendency 
to  break  at  any  point  P. 

Let  0  be  the  centre  of  inertia  of  tiie  arc  PB,  and  let  FCA  =  ^.  Join  AO^ 
APf  and  FO ;  then,  since  the  angular  velocity  is  constant,  the  acceleration  of  0 

iaal^ ,  AO.     Consequently  ~  is  double  the  area  of  the  triangle  AFO ;  but  since 

AP  and  CO  are  parallel,  the  triangle  APO  ia  equal  to  the  triangle  ^CP ; 

hence  A'  =  a' «'  sin  <^,    and    G  =  fn  - — -  a*- «'  sin  ^. 


IT 
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Aocordingly  the  tendency  to  break  is  amazimtim  at  the  point  determined  by 
the  equation  tan  ^  =  ir  -  ^. 


\ 


This  example,  as  well  as  3  and  4,  are  taken  from  Bouth,  Rigid  Jh/namiet, 

7.  A  free  uniform  straight  rod  is  set  in  motion  by  a  perpendicular  impulse ; 
find  the  tendency  to  break  at  any  point  P. 

Let  AB  be  tne  rod,  Cits  middle  point,  Jf  its  mass,  2a  its  length,  Q  the  point 
at  which  it  receives  the  impulse  jS,  C  the  middle  point  of  JPJB,  M'  its  mass, 
V  the  velocity  of  (7,  and  »  the  angular  velocity  of  the  rod  after  the  action  of  the 
impulse ;  let  CP=  r,  CQ  =  h,  then  / 

2'm {(y-*) f-(s-«)^}  =  ir  (PC.  (7C"« +Ar'2«) ; 

PC*  a  —  r  a+r 

but  *''  =  ^»    -P^'  =  V'     ^^=^' 

and  also,  Mv  ^  E,     Jf  —  w  =  J?A ; 

hence  from  (11)  we  obtain  by  substitution 

G^=^[4a>(A-r)-(a-r)2(a«+2Aa+Ar)]=:^(r  +  a)2(2aA-a»-Ar). 

8.  In  Ex.  7  find  at  what  point  of  the  rod  the  tendency  to  break  is  a  maximum. 

dG  /        2a\ 

The  value  of  r  which  makes  -;^=0  isa  ll  —  rr/*  If  we  substitute  this  value 

dr  \       oh* 

d^Q  d^Q 

of  r  in  6^  and  in  —ri ,  we  find  that  Q  is  positive  and  -—•  negative  when  3A  >  a ; 

•  dT*  •  (*T* 

d^O 
also  6r  is  negative  and  -r-j  positive  when  3A  <  a.    Hence  in  any  case  the  ten- 

dency  to  break  is  a  maxinium  when  »•  =  «  (^^ol)* 

x2 
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247.  ImpulslTe  Friction. — ^When  two  rough  surfaces 
collide,  the  investigation  of  what  takes  place  is,  in  general, 
somewhat  complicated.  We  must  regard  R  and  jP,  the  im- 
pulses of  the  normal  reaction  and  friction,  as  variable  quan- 
tities, connected,  at  each  instant  of  the  impact,  by  Hnear 
equations  with  the  coexisting  values  of  the  velocities  of  rota- 
tion of  the  bodies  and  of  the  velocities  of  translation  of  their 
centres  of  inertia.  The  laws  which  regulate  the  impulse  of 
friction  may  then  be  stated  as  follows  : — 

(1)  The  direction  of  the  elementary  impulse  dF  due  to 
friction  is  opposite  to  that  of  the  slipping  of  the  point  of 
contact,  if  there  be  slipping ;  and  if  there  be  no  slipping,  is 
such  as  to  prevent  slipping. 

(2)  The  magnitude  of  dF\A^  if  possible,  just  sufficient  to 
prevent  slipping,  and  when  slipping  takes  place  dF  =  fidR^ 
(Lt  being  the  coefficient  of  dynamical  friction. 

The  equations  of  motion  for  impulses  (Art.  242)  show 
that  the  relative  normal  and  tangential  velocities  of  the  points 
of  the  bodies  in  contact  are,  at  each  instant,  of  the  form 
AR  +  BF  +  (7,  where  -4,  S,  and  C  are  constant  during  the 
impact. 

The  value  of  i2  is  at  first  zero ;  when  it  becomes  Ri  (at  the 
end  of  the  first  period  of  the  impact),  the  relative  normal 
velocity  is  zero;  and  the  maximum  value  of  iJ,  which  it 
assumes  at  the  end  of  the  whole  impact,  is  (1  +  e)Ri. 

These  principles  afford  a  sufficient  number  of  equations  to 
determine  the  motion ;  and,  in  the  case  of  motion  parallel  to  a 
fixed  plane,  the  equations  are  always  soluble. 

If  the  bodies  which  collide  biq  perfectly  roughs  the  relative 
tangential  velocity  of  the  colliding  points,  or  the  velocity  of 
slipping,  is  always  zero ;  and  when  R  =  iJi,  the  relative  nor- 
mal velocity  is  likewise  zero.  Hence  we  have  two  equations  to 
determine  Ri  and  the  corresponding  value  of  F.  At  the  end 
of  the  impact  JK  =  (1  +  e)Ri ;  and  the  relative  tangential  velocity 
being  still  zero,  the  corresponding  value  of  F  can  be  de- 
termined. 

If  the  bodies  slip  on  each  other  in  the  same  direction  during 
the  whole  of  the  impact^  dF  is  always  equal  to  iidR ;  hence 
F^  fiR  throughout.  .  Ri  is  then  determined  from  the  equation 
expressing  that  the  relative  normal  velocity  is  zero ;  and  the 
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final  values  of  R  and  F,  which  determine  the  motion  after  the 
impact,  are  (1  +  e)Ri    and  ju(l  +  e)Ri. 

For  a  discussion  of  the  problem  in  more  complicated  cases 
the  reader  is  referred  to  Eouth,  Rigid  Dt/namics. 

If  a  sphere  impinges  against  a  fixed  surface,  or  if  two 
spheres  collide  with  each  other,  the  relative  tangential  velo- 
city V  depends  upon  the  velocities  of  rotation  of  the  spheres, 
and  the  velocities  of  their  centres  parallel  to  the  common 
tangent.  It  is  therefore  independent  of  the  normal  reaction, 
and  the  relative  normal  velocity  in  like  manner  is  independent 
of  the  friction.  In  this  case,  if  v  become  zero  it  must  re- 
main zero,  as  friction  cannot  initiate  a  relative  tangential 
velocity  in  its  own  line  of  direction.  Hence  v  must  be  either 
zero  at  the  end  of  the  impact,  or  in  the  same  direction  as  at 
the  beginning.  Moreover,  the  value  of  Ri  is  independent  of 
F.  The  problem  is,  therefore,  reducible  to  one  of  the  two 
oases  treated  above. 

If  we  assume  at  first  that  there  is  no  slipping,  and  obtain 
the  final  value  of  F  on  this  hypothesis,  the  solution  is  correct, 
provided  the  value  of  J?  so  obtained  does  not  exceed  )u(l  +  e)Ri, 
If  this  value  of  -Pdoes  exceed  /lc(1  +  c)J?i,  then  slipping  takes 
place  in  the  same  direction  throughout  the  impact,  and  the 
final  value  of  F  which  determines  the  subsequent  motion  is 
/[i(l  +  e)Ri. 

Examples. 

1.  A  box,  placed  on  a  rough  horizontal  table,  carries  two  yertical  rods  which 
support  a  horizontal  rod  from  which  a  mass  m  is  suspended.  A  fine  string, 
fastened  to  the  box,  and  passing  over  a  pulley  at  the  edge  of  the  table,  is 
attached  to  a  mass  M'  which,  when  set  in  motion,  causes  the  box  and  suspended 
mass  m  to  move  with  a  uniform  Telocity.  The  string  which  supports  m  is  now 
cut,  and  m  falls  into  the  box.  If  its  yelocity  after  m  has  struck  it  be  equal 
to  its  original  yelocity,  and  if  the  friction  on  the  axle  of  the  pulley  be  neglected, 
show  that  the  coefficients  of  impulsiye  and  continuous  friction  are  equal. 

Let  If  be  the  mass  of  the  box  and  frame- work,  v*  its  original  yelocity,  /x  the 
coefficient  of  dynamical  friction,  M  the  impulse  of  the  normal  reaction,  and  F 
the  impulse  of  the  friction,  deyeloped  between  the  table  and  box  when  the  latter 
is  struck  by  m.  Since  the  box  originally  moyes  with  a  constant  yelocity,  we 
haye  M'g  =  fi  (M  +m)ff.  After  the  string  supporting  m  is  cut,  the  box  is  acted 
on  by  an  acceleration/,  during  the  time  t,  in  which  m  is  fallhig.  If  J  be  the 
moment  of  inertia  of  the  pulley,  and  a  its  radius,  /is  giyen  by  the  equation 

(m'  +  M+  ^\ /=  {M'  -  fiM)ff  =  fimg,  (a) 
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The  velocity  of  the  box  when  rtrnck  by  m  is  r'  -f  ft.     Hence  its  Telocity  v 
after  the  impact  is  given  by  the  equation 


(if+m  +  if'  +  ^)  r=  (if+Jlf'  +  ^](v'+y*)  +  mir'-J'. 


W 


If  «  =  v',  from  {h)  we  get  f  Jf  +  if '  +  -j)/*  =  -P;  this,  by  (a),  is  reduced  to 

Fes  fAfUfft;  but  JS  s  mgt,  and  therefore  JPs  /ii2. 

This  example  is  a  description  of  the  expeiiment  by  which  Morin  showed 
that  impulsive  and  continuous  friction  obey  the  same  law,  and  have  the  same 
coefficient. 

If  the  friction  on  the  axle  of  the  pulley  were  taken  into  account,  the  termB 
arising  from  thence  in  the  above  equations  would  each  contain  as  a  factor  the 

quantity  -,  where  a  is  the  radius  of  the  axle.     But  as  a  is  very  small  compared 

with  a,  these  terms  may  be  neglected. 

2.  A  sphere,  rotating  with  an  angular  velocity  a  round  a  horizontal  axis 
at  right  angles  to  the  plane  of  the  trajectory  of  its  centre,  impinges  on  a  perfectly 
rough  horizontal  plane :  find  the  motion  immediately  after  impact. 

Suppose  the  sphere  is  movingf  rom  left  to  right  before  impact  with  a  velocity  V, 
whose  direction  makes  an  angle  i  with  the  plane  of  the  horizon.  Let  »  be  the 
angular  velocity  in  the  direction  of  the  motion  of  the  hands  of  a  watch,  and 
V  tiie  horizonttu  velocity  of  the  centre  at  the  instant  after  impact.  F  being 
the  impulse  arising  from  Mction,  the  equations  of  motion  are 

Mv  =  MVcoBi  +  Ff 
iJfa««  =  iJfa«a-aJF'. 

The  geometrical  condition  for  no  slipping  is 

V  —  fl«  =  0 ; 

F 

whence  ~  =  -  f  ( Fcos  i — afl), 

v  =  au  =  f  Fcost+f  «n. 

If  F  cos  i  s  oA,  no  impulsive  friction  is  called  into  play.  If  F  cos  t  >  oXl,  the 
horizontal  velocity  of  the  centre  of  the  sphere  is  diminished,  and  the  sphere  re- 
bounds at  a  greater  angle  than  if  there  were  no  friction.  If  F  cos  i  <  oH  the 
horizontal  velocity  of  the  sphere  is  increased,  and  the  sphere  rebounds  at  a 
smaller  angle  than  if  there  were  no  friction.  In  this  case  friction  accelerates  the 
horizontal  velocity  of  the  centre  of  the  sphere. 

If  A  is  opposite  in  direction  to  the  motion  of  the  hands  of  a  watch, 

rrsfFcosi-f  on. 

The  velocity  of  the  centre  of  the  sphere  along  the  horizontal  line  is  dimi- 
nished, and  the  sphere  will  rebound  at  a  greater  angle  than  if  there  were  no 
friction.  If  5  F cos  t  «=  2aa  the  sphere  wiU  rebound  vertically.  If  2aa> 5  Fcos  i 
the  sphere  will  hop  back.  This  explains  the  effect  of  slow  under-cut  in  tennis. 
The  numerical  factors  for  a  tennis  ball  may  of  course  be  different  from  those 
given  above. 


Moiling  and  Timting  Friction.  311 

The  magnitude  of  the  total  normal  reaction  between  the  sphere  and  tlie  plane 

-    ,--  /,       X  -r^  .    .     -n-  .  .1.1         2(  Fcofl  i  -  nQ)   „ 

is  M(l-\-e)  Vem  t.    Hence,  in  any  case  m  which  u  >  ;rn .  ^  .    .,  the  pre- 

^        '  '  •'  '^    7(l  +  «)Fsmt 

ceding  investigation  holds  good,  eyen  though  the  plane  be  not  perfectly  rough. 

If  a  be  counter-clockwise  its  sign  must  be  changed  in  the  above  expression  for 

the  limiting  value  of  /a. 

3.  If  the  plane  in  the  last  example  be  imperfectly  rough,  so  that  the  impul- 
sive friction  is  not  sufficient  to  destroy  the  whole  tangential  velocity  of  the  point 
of  contact  of  the  sphere  with  the  plane,  determine  the  motion. 
The  equations  are,  if  V  cos  i>aQ, 

Mv  =  if  F  cos  ♦  -  fA(l  +  e)]lfVBmif 

f  Jfa3«  =  iMa^Q  +  fi(l  +  e)  MYa  sin*. 

The  sign  of  /a  must  be  changed  in  these  equations  if  F  cost  <  ati^  and  the 
sign  of  O  if  its  direction  be  counter-clockwise. 

248.  RolUng  and  Twisting  Friction. — In  questions 
relating  to  friction,  if  great  accuraoy  be  required  in  the 
determination  of  the  motion,  it  is  necessary  to  take  into 
account  not  only  the  tangential  force  of  friction,  but  also 
what  is  called  the  couple  of  rolling  friction^  which  is  a  couple 
haying  for  its  axis  the  tangent  to  the  rough  surface  roimd 
which  the  body  is  rotating.  Its  maximum  value  is  the 
normal  pressure  multiplied  by  a  linear  constant,  and  is 
generally  small  in  amount,  so  that  in  solving  questions  con- 
nected with  friction  this  couple  is  usually  neglected.  The 
direction  in  which  the  couple  of  rolling  friction  tends  to  turn 
the  body  is  opposite  to  that  in  which  it  is  actually  rotating. 
If  the  body  be  not  actually  rotating,  but  be  acted  on  by  forces 
tending  to  make  it  rotate,  the  couple  of  rolling  friction  tends 
to  prevent  rotation  round  a  common  tangent  to  the  two  rough 
surfaces.) 

If  the  surfaces  have  a  relative  angular  velocity  about  the 

common  normal,  then,  besides  the  tangential  force  of  friction, 

and  the  couple  of  roUing  friction,  there  is  also  a  couple, 

having  the  normal  as  its  axis,  called  the  couple  of  twisting 

friction.     This  couple  likewise  is  usually  small  in  amount. 

Examples. 

1.  Taking  into  account  the  couple  of  rolling  friction,  and  supposing  the 
motion  to  be  still  pure  rolling,  determine  in  Ex.  9,  Art.  246,  the  amount  of 
friction  brought  into  play,  and  the  angular  yelocity  in  any  position. 
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Let  R  be  the  normal  reaction  between  the  plate  and  circle  at  any  time,  and 
fR  the  couple  of  rolling  friction ;  then  the  equations  of  rotation  of  the  plate  are 

dw  d'^B 

\ma^ -f^Fa  -fit,  m{b-a)  —  =  F- mg  sm  B. 

Also  JJ  =  m{yco8d+  (J-a)^*},  and  (i-a)6=-««. 

Hence,  putting    -  =  v,    F=\m  j^sind  +  2k^cob«  +  2v(b - a)0* |  ; 

consequently  we  obtain 

f(*-a)  ^  =  yj^cose  +  (ft-«)e«| -^  sine. 

If  we  change  the  independent  variable  by  means  of  the  symbolic  equation 

d       .  d        ,  a  . 

—  =  0  — ,  and  put  r-^—  =«,  we  get 
dt         dB  h  —  a 

^{^  =*U(ycos0-sine)  +  »'e2|- 
The  solution  of  this  di^erential  equation  is  of  the  form 

02  =  Ce^"^  +  J)  cos  0  +  ^sin0, 

where  C  is  an  arbitrary  constant.    Determining  the  constants  2>  and  B^  we 
obtain 

02  =  0^"^  +  _i!L_((3  -  4y2)  cos  0  +  71/  sin  0  J . 

If  00  be  the  initial  value  of  0,  we  have,  since  0o  =  0,  * 

^^  _     4»      ( ,^     ^^^   _  ^    ,  ^_.^  ^  \   -\yB^ 


I  (3  -  4^2)  cos  00  +  7vsin  0o| 


9+16»/2 

When  0  is  determined,  w  can  be  found  by  the  equation  a«  =  -  (i  —  «)0. 

2.  A  circular  plate  is  projected  along  a  rough  horizontal  plane,  with  an 
initial  velocity  F  of  translation,  and  an  angular  velocity  n,  round  an  axis  through 
its  centre,  at  right  angles  to  its  plane.  Determine  the  motion,  neglecting  the 
couple  of  rolling  friction. 

Let »  denote  the  angular  velocity  -j^^  and  v  the  velocity  of  the  centre,  at  any 

time,  and  let  ic,  the  horizontal  coordinate  of  the  centre,  be  measured  in  the  direc- 
tion of  r,  as  in  the  figure ;  then  the  whole  velocity  of  P  is  t>  -  a»,  where  a  is 
the  radius  of  the  plate. 


X'  P  X 

Different  phenomena  present  themselves  according  to  the  values  of  Fand  O 
(1)  a  positive,  and  Y>  aa. 
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Since  F—  aCl  is  positiye,  Pbegina  to  slip  along  FX ;  therefore  F^  /i^fft  ^^'^ 
the  equations  of  motion  are 

F—  aft 
Pure  rolling  commences  whe  n   t;  —  a«  =  0,  t. « .  at  a  time  ^o  equal  to  — r ; 

then  a<»  =  v  =  i  V+  J  aa. 

The  equations  for  the  suhsequent  motion  are 

dv  dw 

*        dt  *    ^        dt 

where  F  is  the  amount  of  friction  hrought  into  play. 

Hence  F=  0,  and  the  disk  wfll  roU  on  with  a  constant  velocity  of  rotation 
round  the  instantaneous  axis. 

(2)  XI  positive  as  before,  V<aa. 

Since  V—  (m>  is  negative,  F  commences  by  slipping  back  towards  X'. 

The  equations  given  above  must  in  this  case  be  modified  by  changing  the 
sign  of  fi.  The  initial  velocity  of  translation  of  the  centre  is,  in  this  case, 
increased. 

(3)  Initial  angular  velocity  negative  and  equal  to  ~  fi. 

Here  we  must  change  the  sign  of  A  in  the  equations  of  case  (1). 

If  aA>  2F,  both  v  and  w  wiU  be  negative,  that  is,  the  motion  of  translation 
of  the  centre  will  be  iu  the  direction  opposite  to  that  originally  imparted,  and 
the  rotation  will  be  in  the  same  direction  as  the  initial  rotation. 

^  3.  Discuss  the  same  problem,  taking  into  account  the  couple  of  rolling 

friction. 

Here  we  have 

d^sc  dv 

M—  =  -  piMg,    iMa^—=  fiMga -fMg. 

Putting  -  =  If,  we  find  then  that  pure  rolling  commences  when 

V-aa 

'"(3;rr2;^^-'«- 

At  this  instant  v  =  — \f*'~^i — f!: —  -.  „ 

3/u-2v 

After  this  the  equations  of  motion  become 

d^x  .         d<a 

along  with  v  =  a»;  whence  F=  %vMg. 

This  expression  shows  that  the  friction  brought  into  play  varies  inversely  as 
the  radius  of  the  plate,  provided  its  mass  be  constant. 
The  plate  wiU  come  to  rest  at  a  time 

^__3ro 

^"^Tg' 

where  If  is  counted  from  the  instant  when  pure  rolling  begins. 
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In  order  that  the  motion  should  become  pure  rolling  it  is  necessary  that 

The  student  will  have  no  difficulty  in  investig^tiDg  cases  (2)  and  (3)  of  Ex.  2, 
when  the  couple  of  rolling  friction  is  taken  into  account. 

4.  A  sphere  is  projected  down  a  rough  inclined  plane,  along  a  line  of 
greatest  slope  of  the  plane.  The  sphere  has  an  initial  Telocity  of  rotation  round 
a  horizontal  axis  parallel  to  the  inclined  plane ;  determine  the  motion~(l)  neg- 
lecting the  couple  of  roUing  friction ;  (2)  taking  that  couple  into  account. 

Let  the  line  of  projection  be  the  axis  of  x^  and  let  x  positive  be  measured  to 
the  right,  and  a»,  die  angular  velocity,  be  in  the  direction  of  the  motion  of  the 
hands  of  a  watch.  Let  V  be  the  initial  velocity  of  translation  of  the  centre  of 
the  sphere,  and  fi  the  initial  angular  velocity. 

(1)  The  equations  of  motion  are, 

and  the  condition  for  pure  rolling  is 

If  tQ  be  the  time  at  which  pure  rolling  begins,  then 

2{V-aO)  2(an-r) 


(7/4  cost -2sini)y'  (7ficosi  +  2sini)/ 

according  as  V>  oA,  or  oA  >  F,  where  fi  is  the  coefficient  ot  dynamical  friction. 
If  V"  oA  >  0,  we  must  have  T/n  cos  i  >  2  sin  i  in  order  that  pure  rolling  should 
be  attainable.    If  F  —  oO  =  0,  pure  rolling  wUl  continue,  provided  7/i'  cos  i 

>  2  sint  ^where  ft'  is  the  coefficient  of  atatieal  friction).  If  F—  oA  <  0,  pure 
rolling  will  be  reached  necessarily,  and  wiU  then  continue,  provided  7/i*  cos  » 

>  2  sint. 

If  vo  and  wq  be  the  values  of  v  and  w  when  pure  rolling  is  attained, 

6fiV  coBi  —  2  (sin  i  —  fx  cos  t)  oA 
awo  =  t>o  = 


or  aotfo  =  f?o  = 


7/A  cos  t  —  2  sin  t 

6fA  V  cos  t  +  2  (sin  i  +  pi  cos  t)  gA 
7fi  cos  t  +  2  sin  t  * 


according  as  F  —  oA  is  positive  or  negative.  It  may  be  observed  that  the 
equations  for  the  latter  case  can  be  obtained  from  those  for  the  former^  by 
changing  the  sign  of  f» .    After  pure  rolling  begins,  if  it  continues,  F=  f  Mjf  sin 

i;  =  aiu  s  f  (^  —  <o)  ^  sin  t  +  ac$Q» 

(2)  The  equations  of  motion  are 

lf^=ify8int-i^,     iMa^^=  Fa-fMff  (mi, 
at*  at 
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Hence,  putting  -  «  y,  we  have,  when  V>  afi,  fi  being  positiye, 


» 


{7fi  —  6y)  COS t  -  2  Bin  i}  ^ ' 

and  in  order  that  pure  rolling  may  be  possible,  7/«  —  6v  >  2  tan  t. 

.     .  5(^  —  1')  F cost  — 2(sin»  —  ii cost) afl 

Again,  VA=a«o  =  -^ tz r~;^ — ^   ;    . — ^ — , 

^^      '  0    --^  (7Ai-6y)  cost-2smt  ' 

and  at  any  time  after  pure  rolling  is  established, 

aw  =  ouq  +  ^g  (sini  -  p  cos  i){t  —  <o). 

When  V<aCiy  the  equations  corresponding  to  this  case  are  obtained  from 
those  aboye  by  changing  the  sign  of  /i. 

If  the  initaal  angular  velocity  be  negative,  and  equal  to  -  fi,  the  equations  of 
motion  are 

M -jx  =  Mg  sin t  -  aMg  cos  t, 
dr 

dw 
iMa^  —  =  afiMg  cost  +fMg  cost, 
dt 

until  a  =  0.    This  takes  place  at  a  time  fi  given  by  the  equation 

__  2aQ, 

bg  cos  %  {fjt  +  py 
Then 

2a  ft(sin  t  —  /n  cos  t)  +  5  K  cos  t  (|i  +  v) 

Vi  s= ; r . 

5  COS  t{fA+  v) 

After  this  o»  is  positive,  and 

<>      ^+  {(7/*-5v)cost-2sint}^        (/i  +  if)  {(7/*- 6v)cost  -  2sint}/ 

_  ^  -  y    6  (li  +  v)  Fees  t  +  2  (sint  -  fi  cos  t)  aCl 

and  Vo  =  ^'•'o  =  — r~  • 7^ T~\ '- — 7r~- — • 

fA  +  p  {l/i  —  OP)  cos  t  —  2  sm  t 

5.  A  number  of  spheres  are  projected  in  different  directions  with  different 
initial  velocities  along  a  rough  horizontal  plane  ;  find  the  path  of  their  common 
centre  of  inertia. 

Ant,  A  series  of  parabolas,  and  finally  a  straight  line  (see  (1),  Ex.  2). 
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6.  A  hollow  cylinder  filled  with  water  is  projected  without  initial  rotation 
in  a  direction  perpendicular  to  its  axis,  along  a  rough  horizontal  plane ;  deter- 
mine the  time  at  which  pure  rolling  hegins,  the  amount  of  friction  suhsequently 
hrought  into  play,  and  the  time  at  which  the  cylinder  comes  to  rest. 

Let  M  he  the  mass  of  the  cylinder  and  contained  water,  /  the  moment  of 
inertia  of  the  cylinder  round  its  central  axis,  a  the  radius  of  its  external  surface, 
II  and/  the  coefficients  of  sliding  and  rolling  friction,  Fthe  initial  velocity  of  the 
common  centre  of  inertia  G  of  the  cylinder  and  contained  water,  ti  the  time  at 
which  pure  rolling  hegins,  F  the  friction  suhsequently  hrought  into  play,  t^i  the 
velocity  of  the  point  O  at  the  time  t\y  tz,  the  time  at  which  the  cylmder  comes 

/ 
to  rest.    Then,  putting  -  =  y,  we  find 

a 


/i  +  A(/i-v)^'  1  +  X        ""  ^  +  A(/i-ir)  vg 

where  Xl=  Ma^,  As  \  increases,  F  increases,  and  so  in  |;eneral  does  f  i,  whilst 
ti  diminishes,  and  h  in  every  case  remains  constant,  heing  the  same  as  in  the 
case  of  a  solid  cylinder  (see  Ex.  3). 
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CHAPTER  XL 

MOTION  OF  A  RIGID  BODY  IN  GENERAL. 

Section  I. — Kinematics. 

249.  Motion  of  a  Body  baving   one   Point  fixed. — 

If  a  rigid  body  have  a  fixed  point,  a  spherical  surface  8  fixed 
in  the  body,  with  this  point  as  centre,  must  move  about  on  the 
surface  of  an  equal  concentric  sphere  fixed  in  space.  The 
position  in  space  of  /8,  or  of  any  definite  great  circle  on  it, 
determines  that  of  the  body.  Hence  the  motion  of  a  body 
haying  a  fixed  point  is  reducible  to  the  motion  of  a  spherical 
fig^e  on  a  sphere  fixed  in  space.  The  position  of  such  a 
figure  is  determined  by  the  positions  of  any  two  definite 
points  A  and  jB  in  it.  ■  If  the  points  A  and  B  move  into  new 
positions  A  and  J5',  arcs  of  great  circles  bisecting  AA!  and 
BS  at  right  angles  will  meet  in  a  point  0,  and  the  angle 
AOA!  =  BOS\  but  the  great  circle  OA  can  be  moved  into 
the  position  OA!  by  turning  it  through  the  angle  AOA  round 
the  axis  CO  {C  being  the  centre  of  the  sphere) ;  and  since 
AOA  =  BOB^y  the  same  rotation  brings  OB  into  the  position 
OB^.  Hence  a  rotation  round  OC  brings  the  spherical  figure, 
of  which  A  and  B  are  definite  points,  from  the  first  position 
into  the  second.  l?he  point  0  is  called  the  pole  of  rotation 
{Differential  Calculus,  Ait.  300). 

Consequently,  a  rigid  body  having  a  point  fixed  can  be  moved 
from  any  one  position  into  any  other  by  a  rotation  round  an 
axis  through  the  point, 

250.  Composition  of  Rotations  round  Axes  meet- 
ing in  a  Point. — If  a  body  receive  rotational  displacements 
round  two  axes  fixed  in  space,  passing  through  the  same 
point,  the  resultant  displacement  may  be  effected  by  a  rota- 
tion round  a  single  axis. 

If  the  displacements  be  infinitely  small,  it  appears,  as  in 
Article  220,  that  the  order  in  which  they  are  effected  is  in- 
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different,  and  also  that  it  is  indifferent  whether  the  axes  be 
fixed  in  space  or  be  axes  fixed  in  the  body,  whose  positions  at 
the  commenoement  of  the  infinitely  small  motion  coincide 
with  those  of  the  axes  fixed  in  space.  If  the  two  displace- 
ments be  regarded  as  simultaneous,  the  resultant  rotation  is 
the  actual  motion  of  the  body.     Hence  we  see  that — 

A  velocity  of  rotation  round  a  single  axis  is  equivalent  to 
velocities  of  rotation  round  two  axes  meeting  the  axis  of  the 
resultant  rotation  in  the  same  point. 

Beiny  given  the  velocities  of  rotation  of  a  rigid  body  round 
two  axes  meeting  in  a  point,  to  determine  the  velocity  of  the  re^ 
sultant  rotatian  and  the  position  of  its  axis. 

Let  OA  and  OB  be  the  axes  of  the  component  rotations, 
and  JR  a  point  on  the  axis  of 
the  resultant  rotation.  As  i2  is 
at  rest  during  the  motion,  its 
displacement  from  the  rotation 
round  OA  must  be  equal  and 
opposite  to  that  from  the  rota- 
tion round  OB.  Hence  the 
circles  passing  through  i2,  and 
having  their  planes  at  right 
angles  to  OA  and  OB,  and  their 
centres  on  those  lines,  touch  at  jR. 
Hence  OA,  OB,  and  OB  lie  in  the  same  plane.  This  appears 
readily  from  the  fact,  that  if  two  small  circles  of  a  sphere 
touch,  the  arc  of  a  great  circle  joining  their  poles  passes 
through  the  point  of  contact.  Again,  AB  multiplied  by  the 
angular  velocity  roimd  OA  is  equal  and  opposite  to  BR  mul- 
tiplied by  the  angular  velocity  round  OB.  If  these  angular 
velocities  be  denoted  by  a  and  j3,  we  have 

a         _         (3 


sin  BOR     Bin  AOjtc^ 

To  find  w,  the  angular  velocity  of  the  resultant  rotation, 
consider  the  motion  of  A.  It  is  unaffected  by  the  rotation 
round  OA,  and  may  be  regarded  indifferently,  as  rotating 
round  OB  with  angular  velocity  |3,  or  as  rotating  round  OR 
with  angular  velocity  w. 
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If  perpendioTilars  AP  and  AQhe  let  fall  on  OB  and  OB^ 
we  have  then  AP.  /3  =  -4Q .  w.    Hence 

to  fi  a 


Bin  AOB     sin  A  OB     sin  BOB' 

Henoe,  finally — The  axis  of  the  resultant  rotation  lies  in  the 
same  plane  as  the  axes  of  the  component  rotations^  and  makes 
with  each  an  angle  whose  sine  is  proportional  to  the  velocity  of 
rotation  round  the  other  ;  and  the  velocity  of  the  resultant  rota^ 
turn  is  proportional  to  the  sine  of  the  angle  between  the  axes  of  the 
component  rotations. 

Accordingly,  velocities  of  rotation  are  compounded  in 
precisely  the  same  manner  as  velocities  of  translation,  or  as 
forces  meeting  in  a  point. 

By  reversing  the  reasoning  above,  it  can  be  shown  that  a 
point  By  taken  as  above,  remains  at  rest  under  the  influence 
of  two  velocities  of  rotation  round  OA  and  OB ;  whence  we 
have  an  independent  proof,  that  infinitely  small  rotations 
round  two  intersecting  axes  are  equivalent  to  a  single  one 
round  an  axis  lying  in  the  plane  of  the  two  former,  and 
passing  through  their  point  of  intersection. 

We  have  already  seen.  Article  221,  that  velocities  of 
rotation  round  parallel  axes  are  compounded  in  the  same  way 
as  parallel  forces.  Henoe,  in  general —  Velocities  of  rotation 
are  compounded  like  forces^  whose  directions  coincide  with  the 
axes  of  rotation^  and  whose  magnitudes  are  proportional  to  the 
velocities  of  rotation. 

The  attention  of  the  reader  has  been  directed  in  Article 
221  to  the  algebraical  signs  of  velocities  of  rotation.  In 
addition  to  what  was  there  stated,  it  may  be  observed, 
that  the  axis  of  a  rotation  may  be  made  to  represent  the 
rotation  both  in  magnitude  and  direction.  In  this  case  the 
axis  is  drawn  so  that  the  rotation  round  it  is  always  positive. 
For  example,  instead  of  speaking  of  a  negative  rotation 
round  the  axis  of  X,  we  may  designate  it  smiply  as  a  ro- 
tation round  the  axis  of  X  negative.  When  the  axis  of  a 
rotation  determines  the  direction  of  the  rotation,  the  latter  is 
always  understood  to  be  in  the  positive  direction  round  this 
axis,  that  is,  according  to  the  convention,  counter-clockwise. 
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When  rotations  axe  compoonded  by  means  of  their  axes,  like 
forces,  the  direction  of  the  axis  determines  in  this  way  the 
direction  of  the  rotation. 

For  example,  rotations  w^  W29  ciis  round  three  rectangular 
axes  produce  a  resultant  rotation  oi  which  is  always  positive ; 

but  the  direction  of  its  axis  is  determined  by  — ,  — ',  — ,  the 

(O       U)       fa) 

cosines  of  the  angles  made  with  the  coordinate  axes  ;  and 
these  again  depend  on  the  signs  of  coi,  wz,  and  wz^  as  well  as 
on  their  magnitudes. 

251.  Creometrical  representation  of  the  Motion  of 
a  Body  having  a  Fixed  Point. — When  a  body  has  a  fixed 
point,  its  motion  may  be  represented  in  a  manner  analogous 
to  that  mentioned  in  Article  225.  In  the  present  case  the 
curves  which  correspond  to  the  space  centrode  and  the  body 
centrode  are  spherical  curves  lying  on  the  surface  of  the  same 
sphere. 

The  motion  of  the  body  is  represented  by  the  rolling  of  a 
cone  fixed  in  the  body  on  a  cone  fixed  in  space  (see  Bi^eren- 
tial  Calculuiy  Article  301). 

252.  Motion  of  a  Body  wliich  is  entirely  Free. — 
A  rigid  body  can  be  moved  from  any  one  position  into  any  other 
by  a  motion  of  translation^  combined  with  a  tnotion  of  rotation 
round  an  axis  through  any  arbitrary  point  A  of  the  body. 

Let  Aiy  Az  be  the  two  positions  in  space  occupied  by  A 
in  the  diflferent  positions  of  the  body.  Give  to  every  point 
of  the  body  a  motion  equal  and  parallel  to  Ai  A2 :  this  brings 
A  into  the  required  position,  and  a  rotation  round  an  axis 
through  A  will  then  (Article  249)  complete  the  body's 
change  of  place. 

If  two  positions  of  a  body  in  motion  are  infinitely  near 
each  other,  any  infinitely  small  displacements,  by  which  it 
can  be  moved  from  the  first  of  these  positions  to  the  second, 
may  be  regarded  as  the  actual  motion  of  the  body. 

The  actual  motion  of  a  rigid  body  during  an  infinitely 
short  time  is,  therefore,  a  motion  of  translation  together  with 
a  motion  of  rotation  round  an  axis  through  any  arbitrskry 
point  of  the  body. 

The  initial  and  final  positions  of  a  body  being  given^  the  mag- 
nitude of  the  rotation^  which  is  required  to  make  it  pass  from  one  to 


Motion  of  a  Body  having  a  Mxed  Point.  321 

the  other y  and  the  direction  of  its  axis  are  determined;  but  the 
motion  of  translation  varies  according  to  the  point  through 
which  the  axis  of  rotation  is  supposed  to  pass. 

First,  let  the  axis  of  rotation  be  supposed  to  pass  through 
a  point  Ay  whose  initial  and  final  positions  are  Aiy  At.  The 
motion  of  translation  A1A2  is  composed  of  two  parts — one  AiA' 
in  the  direction  of  the  axis  of  rotation  through  A,  and  the 
other  A'Az  at  right  angles  to  it.  By  means  of  the  first  a  defi- 
nite plane  section  of  the  body,  passing  through  A  and  at  right 
angles  to  the  axis  of  rotation,  is  moved  into  the  plane  in  space 
in  which  it  lies  in  its  final  position,  and  the  subsequent  motion 
of  the  body  is  therefore  parallel  to  this  plane.  If,  now,  the 
axis  of  rotation  be  regarded  as  passing  through  another  point 
B  of  the  body,  whose  initial  and  final  positions  are  Biy  Bzy  we 
can  suppose  the  translation  B1B2  made  up  of  two  parts — one, 
BiB^y  equal  and  parallel  to  AiA';  the  other,  B'Biy  which 
depends  on  the  position  of  the  point.  B^B"  brings  the  body 
into  the  same  position  as  AiA\  Hence,  a  translation  B'Bz 
and  a  rotation  round  an  axis  through  B  are  equivalent  to 
an  equal  rotation  round  a  parallel  axis  through  A  and  a 
translation  A^A^  (Art.  219).  The  translation  B1B2  is  the 
resultant  of  BiB"  and  B'B2 ;  A1A2  is  the  resultant  of  AiA' 
and  A'A2 ;  J?i-B'  is  equal  and  parallel  to  AiA^;  but  -B'J?2  is 
not  in  general  either  equal  or  parallel  to  A'Az. 

253.  Analytical  Treatment  of  the  Motion  of  a 
Body  lia¥lng  a  Fixed  Point. — Suppose  three  rectangu- 
lar axes  fixed  in  the  body  passing:  through  a  point  0 ;  and 
three  others  fixed  in  space,  whioh^  at  the  beginning  of  the 
motion  coincide  with  the  former.  Let  the  coordinates  of 
any  point  of  the  body  referred  to  the  former  be  $,  1,,  ?,  and 
referred  to  the  latter,  a?,  y,  z.  Let  au  «2,  as;  6„  62,  63;  Ci, 
C2y  Ci  be  the  cosines  of  the  angles  which  ^,  77,  Z  ma^e  with 
Xy  t/y  z,  respectively;  and  let  the  angles  themselves  be  ai,  oj, 

«3 ;  Pu  ^2, 0s ;  71,  72, 73« 

If  the  point  0  be  fixed,  we  have  at  any  instant 

x  =  ai^-\-biti+CiZf  y  =  «25+&2»l+^2?>  2  =  03? +  63*1  +  ^3 J. 

If  at  this  instant  any  other  point  of  the  body  besides  0 
occupy  the  same  position  in  space  as  at  the  beginning  of  the 
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motion,  for  this  point,  a?  =  5>  y  =  »?>«  =  ?i  and  therefore  we 
should  have 

fli  - 1         bi  Ci 

Os         Jj  - 1         Ci         .0. 
Oz  bi         ^3  -  1 

But  it  is  easy  to  see  that  this  condition  is  fulfilled,  for 
putting 

ai     bi    Ci 

flj         ^2        ^2        =    ^ 

ch    bi    Ci 

and  denoting  the  former  determinant  by  A%  we  have,  by  the 
multiplication  of  the  determinants, 

A  A'  =  -  A',  and  therefore  A'  =  0. 

Hence  we  conclude  that  if  a  rigid  body  have  a  fixed  point, 
any  two  positions  have  a  line  in  common. 
Again, 

dx  =  Kddi  +  ridbi  +  Zdcif    dy  =  ^dOi  +  ^dbi  +  Z^dCiy 

dz  =  ^dtti  +  tidbi  +  ZdCi ; 

but  since,  at  the  beginning  of  the  motion,  £,  i|,  Z  coincide 
with  Xy  y,  2,  we  have  at  that  instant 

tti  =  cos  ai ;  .'.  dai  =  —  sin  aidai  =  0,  since  ai  =  0. 
In  like  manner  dbi  =  0,     dCj-  0; 

also  ttibi  +  ajbi  +  ajbi  =  0. 

Differentiating,  and  remembering  that  initially 

ai  =  1,    ^2  =  0,     08  =  0,     Ji  =  0,     62  =  1,     bi  =  0, 
we  have  dbi-\-  dot^^  0. 

In  like  manner    dci  +  dai  =  0,     dbi  +  dCi  =  0. 
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Let  now  dih  =  c?'/',     dbz  =  dOy    dci  =  dip ; 

then  dx=-'r\d\p  +  Zd^  =  - ydyp  +  zd^  \ 

df/=--Kdd-hKd\P  =  -zd9  +  xd\lj  >.  (1) 

dz^-'^d^  +  ridO  =  -xd(l>  +  ydO  J 
But  a  rotation  dd  round  x  would  give  (Art.  222) 

dy  =  -Zd0,     dz^ridO; 
dip  round  y  would  give 

dz=  -  ^djff     dx  =  Crf^  ; 
and  d\p  round  z  would  give 

dx  =  —  ridtfjy     dy  =  ^d\p. 

Hence  the  most  general  infinitely  small  displacement  the 
body  can  take,  0  remaining  fixed,  is  equivalent  to  rotations 
round  any  three  rectangular  axes  through  0. 

Moreover,  from  the  values  of  dx^  dy^  ofe,  given  above,  it 
appears  that  for  a  point  whose  coordinates  fulfil  the  condi- 
tions 'jh^'T'^'Tj  the- displacements  are  zero. 

Hence  the  three  rotations  dd^  rf^,  d\fjy  round  the  axis  a?,  y,  z, 
are  equivalent  to  a  single  rotation  round  an  axis  whose  posi- 
tion is  defined  by  these  equations.     If  we  put 

dd  =  d\  cos  A,     d<p  =  d')(^  cos  /i,    d^p  =  rf;^  cos  v, 

where  dx  =  \/dO^  +  c?^*  +  fl?i/*% 

the  equations  of  the  fixed  axis  are 

I         n         Z 


COS  A     cos/ti     oosv 
Also,  for  any  point  of  the  body, 

d^^dy^^  dz^  =  [(ij  cos  V  -  ?  cos  /i)*  +  (?  cos  A  -  £  cos  v)* 

+  (£  cos  /M  -  ?j  cos  A)']  d^  = />'  dy^y 

if  p  be  the  perpendicular  from  the  point  on  the  fixed  axis. 
Hence  d\  is  the  magnitude  of  the  resultant  rotation. 

Y2 
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Whence  infinitely  small  rotations,  and  therefore  velocities 
of  rotation,  are  compounded  like  forces  meeting  at  a  point. 

254.  Motloii  of  a  Body  entirely  Free. — If  the  point 
of  intersection  of  the  axes  fixed  in  the  body  be  itself  in 
motion,  and  if  its  coordinates,  referred  to  axes  fixed  in  space, 
be  afy  yfy  2' ;  then,  for  any  point  xyz  of  the  body, 

a?  =  ii<  +  ai5  +  Ji»i  +  CiHi^    y  =  y  +  «2£  +  bm  +  02^^ 

2  =  2'  +  <h^+  bzii  +  c^Z] 
whence 

dx  =  dx'  +  Sefoi  +  »|rf6i  +  Jrfci,  dp  =  rfy'  +  5^«2  +  tidb2  +  Zdcty 

dz  =  dz'  +  Srfas  +  tidbz  +  Jflfcj. 

If  we  suppose  the  axes  of  S,  y},  Z  parallel  to  those  of  Xy  y^  z 
at  the  beginning  of  the  motion,  we  get,  as  in  the  last  Article, 

dx  ^  dx' -  iidijf  +  Zdip  =  dx^-  {y - 1/)  diff -\- {z  -  z')d<^ 

dy  =  d^-Zde  +  Kdilf  =  di/"{z-z')de^{x-a^)d4r  [.  (2y 

dz^dz'  -  Kdift  +  ndO  =  dz'-{x''x')d<^  +  (y - /) dO  j 

and  we  see  that — 

The  moat  general  infinitely  small  displacement  which  a  rigid 
body  can  receive  consists  of  a  movement  of  translation^  and  a 
movement  of  rotation  round  an  axis  through  any  arbitrary  point 
of  the  body. 

Again,  whatever  he  the  point  through  which  the  axis  of  rota- 
tion is  supposed  to  pasSy  the  direction  and  magnitude  of  the  rota- 
tion remain  unaltered. 

Suppose  two  points  ixfy'z\  a:' 'y'V',  successively  regarded  as 
the  points  through  which  the  axis  of  rotation  passes ;  then, 

dx^dx''-{y  ^  y")d^"  +  (s  -  z")d^"\ 
also  dx'^dx"  ^[y'  -y'')d^''  -^{z'  -z")dii:\ 

Subtracting,  we  get 

dx  =  dx' ^  {y  ^  f/)d^''  +  f«  -  s')(/^''; 
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but  again, 

dx-'dx  "  {y  -iDdif/  +  («  -  e')^^'- 

Comparing  these,  we  see  that 

dijf  =  dij/  y    d^  =  d^  . 

In  like  manner  d9'  =  dQ'^\  hence  the  rotation  remains  un- 
altered in  magnitude  and  direction. 

255.  Telocity  of  any  Point  of  a  Body. — ^Infinitely 
small  displacements  divided  by  the  element  of  time  during 
which  they  are  effected  become  velocities.  If  the  axes  of 
Xy  y,  z  be  three  rectangular  axes  fixed  in  space,  and  if  the 
velocities  of  rotation  round  parallel  axes  meeting  at  the  point 
x'i/z\  be  o>x,  wyy  (1^,  we  have,  from  equations  (2), 


dx     dx       .         .  -. 

dz        dz'        /  /\  t  r\ 


>. 


(3) 


If  the  point  oiyz'  be  fixed  in  space,  and  be  taken  for 
the  origin,  we  have 


dt 

dy 
dt 

dz 


=  a)y2  —  ia%y 


=  Wail?  -  ft>xS       V 


(4) 


If  we  suppose  the  axes  fixed  in  space  to  coincide  at  the 
instant  under  consideration  with  axes  fixed  in  the  body,  and 
if  the  angular  velocities  round  the  latter  be  o>i,  ci>2,  o^,  we 
have  «,  =  ctfi,  wy  =  (112,  w«  =  <t>j.  Consequently,  if  £,  1?,  S  be  the 
coordinates  of  any  point,  referred  to  axes  fixed  in  the  body. 
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and  liuyVyW  be  the  components  of  its  velocity  parallel  to  these 
axes,  we  have 


u^ioJU- 


Wd»i 


(5) 


Equations   (3),  (4),  and  (5)  hold  good  for  every  instant, 

whereas  the  equations  a?  =  ?,  &o.,  wx  =  wi,  Ac,  -37  =  ti,  &c., 

a; 

hold  good  only  for  one  particular  instant. 

If  A,  /I,  V  be  the  direction  cosines  of  a  definite  line  in  the 
body  referred  to  axes  parallel  to  fixed  directions  in  space,  we 
have,  as  an  immediate  consequence  of  (4), 

dX 


dfA 

dv  ^ 


>. 


(6) 


The  motion  of  a  body  relative  to  the  space  in  which  it  is 
moving  is  unaltered  if  we  attribute  to  the  latter  the  motion 
of  the  body  reversed,  and  suppose  the  body  itself  to  be  at  rest. 
Hence,  if  /,  m,  n  be  the  durection  cosines  of  a  line  fixed  in 
space  referred  to  body  axes,  we  may  regard  the  latter  as  fixed 
in  space,  and  the  line  Imn  as  moving  roimd  them,  with 
angular  velocities  -  wi,  -  cwa,  -  cuj.  Accordingly,  from  (6), 
we  have 


dl  -^ 

--SB  —  co^n    +  cu^w 
at 


dm  ,  • 

-77  =  —  ws^    +  Win     > 
dt 

dn  , 

dt 


(7) 
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256.  Acceleration  of  Rotation. — If  oii,  o^s,  cos,  be  the 
angular  velocities  round  three  rectangular  axes,  0-4,  OJ?, 
OC  fixed  in  the  body,  and  wx,  wyj  ^  *^®  velocities  round  axes 
OX,  OYj  OZ  fixed  in  space ;  and  if  at  any  instant  we  suppose 
OX,  OYy  OZ  to  coincide  with  the  positions  occupied  at  the 
instant  by  OAy  OB^  OCy  then  not  only  is  o/i  equal  to  oj^^  «i>2 
to  cu^,  and  a>3  to  o;«,  but  also 

dAi^x     d<ox     dia)2     dwy     dfM)i     dw» 
'df^'dt'     dt^W     'dt^'dt' 

This  may  be  proved  as  follows : — 

Let  01  be  the  velocity  of  rotation  round  a  line  fixed  in  the 
body,  which  passes  through  0,  and  makes  angles  with  the 
axes  OX,  OF,  OZ,  whose  direction  cosines  are  A,  /u,  i; ;  then 

.1       «  dio     diOx^     dwy       dw» 

therefore  —  =  —  A  +  — -  u  +  —  v 


dX  dfi  dv 

dt'^'^'dt^'^di 


Henoe,by(6),     *?=  a^%m  — '  + v  ^.  (8) 

This  equation  shows  that  the  acceleration  of  rotation 
round  a  line  is  the  differential  coefficient,  with  respect  to  the 
time,  of  the  angular  velocity  round  the  same  line  even  though 
it  is  in  motion,  provided  it  be  fixed  in  the  body. 

Thus,  in  particular,  we  have  in  the  case  supposed  above. 


ddh     d<jjx     do)2     dwy     d(03     dwz 
W  ^  'df'     df^  It'     df^  'dt' 


(9) 


The  same  may  be  proved  geometrically  as  follows : — 

The  body  at  any  instant  is  rotating  round  a  certain  axis 
with  an  angular  velocity  cu.  Draw  a  line  through  the  fixed 
origin  in  the  direction  of  the  instantaneous  axis,  and  measure 
off  on  it  a  portion  0/,  proportional  to  a; ;  then  the  projec- 
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tions  of  this  line  on  the  axes  fixed  in  space  represent  cn^y  ^y^  ^% ; 
and  its  projections  on  the  axes  fixed  in  the  hody  represent 
oil,  tahy  0)3.  At  the  next  instant  the  body  is  rotating  round 
another  line  with  a  velocity  cu',  represented  by  0/',  and  the 
projections  of  OV  represent  w/,  a>/,  oi/;  cdi',  wa',  ws'.  But  the 
projection  of  OV  is  equal  to  the  sum  of  the  projections  of 
01  and  //'.    Hence 

diah  =  ^»  -  cii«  =  projection  of  //'  on  axis  of  x  fixed  in  space, 
rfwi  =  Oh'  -  wi  =  projection  of  //'  on  axis  of  5  fixed  in  the  body. 

At  the  first  instant  the  axes  of  x 
and  S  coincide;  and  at  the  next  the 
two  projections  of  //'  differ  only  by  a 
quantity  infinitely  small  compared  with 
//',  which  is  itself  infinitely  small  of 
the  first  order.  Hence  dwx  and  dioi 
differ  by  an  infinitely  small  quantity 
of  the  second  order ; 

dh}i     dwx     duh     dwy     d<i>z     dwg 
dt       dt       dt       dt '     dt       dt 

A  line  passing  through  O  parallel  to  //'  is  called  the  axis 

of  angular  acceleration.    If  we  put  -^  =  d>^,  &c.,  the  magm- 

at 

tude  of  the  resultant  angular  acceleration  is  y^  (&>,?*  +  c&y'  +  ©,'), 

as  it  is  the  resultant  of  the  three  accelerations  d>xy  a>y,  and  co,. 

257.  Accelerations  of  a  Point,  parallel  to  tbree 
Axes  fixed  In  the  Body. — If  Uy  Vy  w  be  the  velocities  of  a 
point  parallel  to  axes  fixed  in  the  body,  its  velocity-component 
Fi  along  a  line  whose  direction  cosines  referred  to  these  axes 
are  /,  m,  n^i&ul  -k-  vm  -k-  wn. 

If  we  suppose  this  latter  line  fixed  in  space,  the  aooelera- 

dV 
tion  of  the  point  parallel  to  it  is  —,  and  we  have 

av 

dV     ^du       dv       dw       dl       dm       dn 
dt         dt        dt        dt         dt        dt        dt 
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Substituting  the  values- of  —,  -rr,  and  -77,  given  by  (7), 

at    at  at 


we  obtain  -;-- 
at 

fdu 


\        (dv  \        fdw  \ 

I  1  +  W I  --  -  «?wi  +  Wcoj  J  +  ^  (  37  "  Wcoa  +  ViOi  ). 


Let  us  now  suppose  OX  to  be  the  fixed  line,  then 

dV     du 
/  =  1,    w  =  n  =  0,  and  therefore    -rr  -  -rr  -  t^ws  +  w?w2 ;  but 

at      at 

dV . 

—  is  now  the  acceleration  of  the  point  parallel  to  one  of 

the  axes  fixed  in  the  body ;  hence  we  have,  for  the  accele- 
rations of  a  point  parallel  to  three  rectangular  axes  fixed 
in  the  body,  the  expressions 

du  dv  dw 

at  at  at 

where  u,  t?,  w  are  the  velocities  of  the  point  parallel  to  the 
axes  fixed  in  the  body.  '  <*-. 

258.  Complete  Determinatioii  of  the  motion  of  a 
Body. — Every  motion  which  a  rigid  body  can  take  is  re- 
ducible to  a  motion  of  translation  and  a  motion  of  rotation. 
In  order  then  to  determine  the  motion  of  the  body,  a  point 
in  it  is  selected  (usually  the  centre  of  inertia),  and  the  motion 
of  the  body  is  reduced  to  the  motion  of  this  point,  together 
with  the  rotatory  motion  of  the  body  round  it. 

Geometrically  the  motion  may  be  represented  by  the 
rolling  of  a  cone,  fixed  in  the  body,  on  a  cone  unattached 
to  the  body,  except  at  one  point  (the  common  vertex  of 
the  cones),  the  latter  cone  undergoing  a  motion  of  trans- 
lation. If  the  two  cones  and  the  rate  at  which  the  one 
rolls  on  the  other  are  known,  as  well  as  the  position  in  the 
body  of  their  common  vertex,  its  velocity  at  each  instant, 
and  the  path  which  it  describes,  then  the  motion  of  the  body 
is  completely  determined. 
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It  is  usually  most  convenient  to  consider  the  motion  of 
translation  and  the  motion  of  rotation  separately.  The  in- 
vestigation of  the  former  motion  is,  as  we  have  seen  (Art. 
205),  reducible  to  the  problem  of  the  motion  of  a  particle. 
The  latter  motion  is  completely  determined  if  we  can  assign 
at  each  instant  the  position  of  the  body  and  its  velocities  of 
rotation  in  reference  to  axes,  through  the  centre  of  inertia, 
whose  directions  are  fixed  in  space. 

The  equations  of  Kinetics  usually  give  the  velocities  of 
rotation  round  axes  fixed  in  the  body ;  but  in  order  fully 
to  determine  the  motion,  it  is  necessary  to  ascertain  the 
effect  of  these  velocities  when  the  position  of  the  body  is 
referred  to  axes  whose  directions  are  fixed  in  space.  As  the 
points  of  intersection  of  these  two  sets  of  axes  coincide,  the 
velocities  of  rotation  have  no  effect  on  the  motion  of  this 
poiat  0 ;  and  therefore,  so  far  as  the  angular  velocities  are 
concerned,  we  may  regard  0  as  fixed,  not  only  in  the  body, 
but  also  in  space. 

Call  the  space-axes  OX,  OF,  OZ;  the  body-axes  OA, 
OBy  OCj  each  set  being  rectangular. 

Bound  the  point  0  as  centre  describe  a  sphere,  and  let 
the  axes  meet  it  at  the  points  X,  P*,  Z,  A,  J?,  C. 

Three  independent  angles  are  required  to  determine  the 
position  of  the  body  in  space. 

Those  which  are  probably  the  best  adapted  for  the  solu- 
tion of  the  problem  are  the  angular  coordinates  of  the  point 
(7,  or  of  the  line  00,  and  the  angle  ^,  which  the  plane  COA 
makes  with  the  plane  ZOC.  It  is  obvious  that  the  position 
of  00  fixes  the  plane  AOB^  but  does  not  determine  the 
position  of  the  lines  OA  and  OB  in  this  plane.  Hence, 
when  C  is  fixed,  if  the  angle  ^  which  the  plane  COA  makes 
with  the  plane  ZOC  be  given,  the  position  of  the  body  is 
completely  determined.  The  angular  coordinates  of  00  are 
Of  the  angle  which  it  makes  with  OZ,  and  ^,  the  angle 
which  the  plane  COZ  makes  with  the  plane  XOZ. 

Suppose  now  that  the  body  has  three  velocities  of  rota- 
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tion  :  (Mh ,  round  OA  ;   cu,  round  OB ;   and  013  round  OC,  in 
the  direction  of  the  arrow  heads.      We  have  to  express 

— ,  -—,  and  37  in  terms  of  these  velocities,  remembering  that 
at    at  at 

the  changes  of  0,  0,  and  ^  are  caused  solely  by  oii,  012,  wa- 


The  motion  of  the  point  C  on  the  sphere  is  unaffected  by  wj. 
If  the  radius  of  the  sphere  be  imity,  the  point  C  has  two 
velocities,  a>i  and  W2,  along  the  tangents  to  the  great  circles 
BC  and  CA.  Eesolving  these  velocities  along  the  great 
drde  ZCy  and  at  right  angles  to  it,  we  have 


dt 


=  o>2  COS  ^  +  ciii  sin  ^, 


sm  ft  -T^  =  W2  sm  0  -  wi  cos  tp. 
at 


(10) 


(11) 


These  equations  are  obvious,  since  the  arc  of  a  small  circle, 
on  a  sphere  whose  radius  is  unity,  is  equal  to  the  angle  sub- 
tended at  its  pole,  multiplied  by  the  sine  of  the  spherical 
radius.  As  regards  the  algebraical  signs  it  is  well  to  ob- 
serve that  ^  is  counted  from  ZX  towards  ZY ;  and  that  0  is 
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positive  and  aoute,  when  E  lies  in  the  quadrant  AB. 

J  A 

The  value  of  ~  is  easily  obtained  by  considering  the 

motion  of  the  point  A  in  the  plane  AB.  The  angular 
velocity  of  ^  in  the  plane  AB  is  ws,  but  it  is  also  the  com- 
ponent along  the  great  circle  AB  oi  the  velocity  of  8  together 
with  the  rate  of  increase  of  8 Ay  i.e.  of  ^ ;  and  since  8Z  and 
8 A  are  at  right  angles,  and  8  lies  on  ZC  at  a  distance  90^  +  0 

from  Zj  the  velocity  of  8  along  AB  is  cos  0  -^y  therefore 

^  d\L     ddt      .  d<J}  ^  d\L 

ai3  =  cos  0  37  +  ^,  whence  -^=  w^-  cosO  -^.     (12) 
dt      dt  dt  dt 

The  angles  made  use  of  by  Laplace  in  his  solution  of  the 
problem  of  Precession  and  Nutation  are  somewhat  different 
from  those  considered  above.  Laplace  supposes  that  a  point 
which  is  moving  from  Xio  Y  approaches  nearer  to  G  after 
passing  Ey  and  he  further  places  E  behind  A  and  X.  In 
this  way  the  various  lines  and  planes  assume  the  positions 
represented  in  the  accompanying  diagram. 


The  angles  employed  by  Laplace  are  ZOCy  which  we  may 
denote  by  O',  EOAy  or  0',  and  XOEy  or  i/»',  the  last  being 
positive  when  E  is  behind  X.  Taking  into  account  the  mode 
in  which  Laplace  supposes  the  axes  to  be  situated,  we  have, 
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then,  0'  =-  0,  0'  =  0  -  i?r,  ^'=  ^tt  -  «^,  and  equations  (10), 
(11),  and  (12)  become,  by  substitution, 

-TT  =  ct>2  Sin  ^  -  oil  COS  ^ 
sin  ft' -~  =  o>i  sin  0' +  cii2  cos  ^'    >•  (13) 

Cl'C 


v3V^ 


-^  =  ws  +  COS  e  -^ 

at  at 


259.  Screws  and  Twists. — It  was  shown  in  Article 
252  tbat  a  body  can  be  moved  from  any  one  position  into 
any  other,  by  a  translation  combined  with  a  rotation,  round 
an  axis  through  any  arbitrary  point  of  the  body. 

The  translation  may  be  resolved  into  two — one  parallel 
to  the  axis  of  rotation,  and  the  other  at  right  angles  thereto. 
The  latter  translation,  along  with  the  rotation,  may  be  re- 
placed by  a  pure  rotation  round  a  parallel  axis,  and  so  the 
whole  motion  will  consist  of  a  translation  parallel  to  a  certain 
fixed  line  and  of  a  rotation  round  it.  Such  a  motion  is  simi- 
lar to  that  of  a  nut  on  a  screw,  and  is  called  a  Twist,  Hence 
a  body  can  be  moved  from  any  one  position  into  any  other  by 
means  of  a  twist. 

In  order  to  determine  a  screw  it  is  necessary  to  specify — 
(1)  the  position  and  direction  of  the  line  round  which  the 
rotation  is  effected,  or  the  axis  of  the  screw ;  and  (2)  the  ratio 
of  the  translation  to  the  rotation.  This  last  is  a  linear 
magnitude,  and  is  called  the  pitch  of  the  screw.  In  order  to 
determine  a  twist,  we  must,  in  addition  to  the  screw  round 
which  it  is  effected,  specify  its  amplitude,  i,  e,  the  magnitude 
of  the  rotation. 

The  ttvist  by  which  a  body  can  be  moved  from  any  one  position 
into  any  other  is  in  gene^^al  unique. 

This  readily  appears  from  considering  that  if  two  posi- 
tions of  a  body  are  given,  the  magnitude  of  the  correspond- 
ing rotation  and  the  direction  of  its  axis  are  invariable ;  and 
that  if  two  positions  of  a  plane  figure  in  its  own  plane  are 
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given,  the  pofiition  of  the  oorresponding  centre  of  rotation  is 
thereby  determined. 

The  same  thing  is  proved  directly  by  Sir  Bobert  Ball 
(to  whom  the  Theory  of  Screws  is  principally  due),  as  fol- 
lows:— 

Any  point  of  the  body,  which  lies  on  the  axis  of  the 
twist,  must  continue  thereon  after  the  motion.  If,  therefore, 
the  motion  could  be  effected  by  two  different  twists,  there 
would  be  two  different  lines  along  which  points  of  the  body 
would  continue  throughout  the  motion.  In  order  that  this 
should  be  possible,  the  lines  must  be  parallel,  and  the  motion 
one  of  pure  translation. 

If  two  successive  positions  of  a  body  in  motion  are  infi- 
nitely near  each  other,  the  twist  by  which  it  can  be  broughtfrom 
the  one  position  to  the  other  is  the  actual  motion  of  the  body. 
We  see  then  that  the  most  general  motion  of  a  rigid  body 
consists  of  a  succession  of  twists.  The  screw  round  which  it 
is  twisting  at  any  instant  is  called  the  instantaneous  screw.  As 
the  position  of  a  straight  line  in  space  is  determined  by  four 
independent  quantities,  five  magnitudes  must  be  assigned  to 
determine  a  screw.  In  order  to  determine  a  twist,  its  ampli- 
tude, and  the  pitch,  as  well  as  the  position  of  the  axis,  of  the 
corresponding  screw,  are  required.  Hence  the  motion  of  a 
rigid  body  in  general  depends  on  six  independent  variables, 
and  we  see,  as  in  Article  215,  that  a  rigid  body  entirely  un- 
re£|tr^ned  has  six  degrees  of  freedom. 

^J/&60.  Composition  of  Twists. — If  a  body  receive  in 
^^Buccession  two  twists  whose  amplitudes  are  infinitely  small, 
the  order  in  which  they  are  effected  is  indifferent,  and  the 
resulting  change  of  position  may  be  produced  by  a  single 
twist,  which  is  the  resultant  of  the  two  former. 

More  symmetrical  results  are  obtained,  if  instead  of  seek- 
ing  for  the  twist  which  is  the  resultant  of  two  others,  we 
inquire  how  three  twists  having  infinitely  small  amplitudes 
must  be  related,  in  order  that  the  position  of  a  body,  after 
being  affected  by  them,  may  remain  unaltered. 

The  question  proposed  may  be  solved  directly,  but  the 
method  of  solution  devised  by  Sir  Bobert  Ball  leads  to  results 
of  a  more  instructive  character.  This  mode  of  solution  will 
be  found  in  Example  14. 
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Examples. 

1.  Determine  the  Telocity  with  which  the  plane  of  the  horizon,  at  a  place- 
whose  latitude  is  given,  turns  round  a  vertical  axis. 

Ana.  m  sin  X,  where  <o  is  the  earth's  angular  velocity,  and  A.  the  latitude. 

2.  If  the  velocities  of  rotation  of  a  body  round  three  rectangular  axes  are 
given  in  terms  of  the  time,  show  how  to  determine — (1)  the  velocity  of  rotation 
round  the  instantaneous  axis  ;  (2)  the  position  of  the  instantaneous  axis  ;  (3)  the 
equation  of  the  cone  which  is  the  locus  of  the  instantaneous  axis. 

3.  If  the  velocities  of  rotation  round  three  rectangular  axes  are  proportional 
to  the  time  which  has  elapsed  from  a  given  epoch,  the  position  of  the  instantaneous 
axis  is  fixed. 

4.  If  the  accelerations  of  rotation  round  three  rectangular  axes  are  constant, 
the  instantaneous  axis  lies  in  a  fixed  plane. 

5.  If  0,  ipi  r^i  »i,  m,  <V3  have  the  same  significations  as  in  Art.  258,  show 
that 

,    ^de       .   ^  d^ 

»i  =  sm  ^  - —  sm  0  cos  ^  ~, 
at  dt 

dB       .    ^   .       d^ 

a>2=co8  0  3-+  sin  0  sm  ^  --, 
dt  dt 

«3=37+C0S©  TT* 

(It  at 

6.  A  body  is  rotating  round  a  fixed  point  0.  If  OX,  OY,  OZ  be  rectangular 
axes  fixed  in  space,  and  OA,  OB,  00  rectangular  axes  fixed  in  the  body ;  and 
if  the  direction  cosines  of  the  latter  referred  to  the  former  be,  respectively^ 
0'\^  02}  O'Z  \  ^if  Hi  Hr  Ci,  C2t  cs'f  show  that 

dai  dbi  de\ 

—  =  *i»3-ci«2,     — =«i«i  — aipis,     -^  =  »i  ft'a  —  *i  •!, 

<^     -  dbz  dc% 

at  at  at 

daz  dbs  de^ 

at  at  at 

where  a>i,  us,  03  are  the  angular  velocities  of  the  body  round  OA,  OB,  OC. 

7.  Deduce  equations  (10),  (11),  (12),  Art.  268,  from  equations  (7),  Art.  265. 

8.  A  body  receives  in  a  given  order  rotations  of  finite  magnitude  round 
two  axes  fixed  in  space,  or  in  the  body,  and  meeting  in  a  point.  Find  the  posi- 
tion of  the  axis,  a  single  rotation  round  which  would  bring  the  body  into  the 
same  position,  and  determine  the  magnitude  of  the  resultant  rotation. 
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Tbii  qoMtJOQ  is  solrad  in  a  manner  dtnilnr  to  tlmt  employed  in  Examples  3 
and  4,  Art.  226  ;  the  conitructioil  in  tlie  present  cue  being  on  the  suiftkce  of  & 
sphere  ioBtead  or  a  plane. 

When  the  rotationa  round  the  given  axes  are  in  the  same  direction,  the 
reaulunt  rotation  is  double  the  Supplement  td  the  vertical  angle  of  a  spherical 
tiiangle,  wbojw  base  and  bsae  angles  are  the  angle  between  the  axes  and  the 
■emi- amplitudes  of  the  rotations  round  them. 

9.  A  rigid  body  receives  a  motioaof  traoaUtion,  whose  components,  parallel 
vo  the  axes,  are  a,  h,  c,  sod  a  rotation  t  round  an  asis  fixed  in  uie  body,  which, 
at  the  beginning  of  tbe  motion,  coincides  with  the  axis  of  c.  Determine  the 
position  and  pit^  of  the  screw,  a  twist  round  which  would  bring  the  bodj  into 
the  same  position ;  and  find  the  amplitude  of  the  twist. 

The  screw  passes  through  a  point  whose  coordinates  aro 

a  sin  )0  ~.  A  cos  \t  t  ain  )9  +  •■  cos  ^ 

'  asinje         '      "  2aini»         * 

Pitch  of  BCiew  =  -.    Amplitude  of  twist  =  9. 

10.  A  body  rooeives,  in  succesaioD,  rotationa  of  finite  magnitude  round  two 
nnn -intersecting  axes  a,  b,  either  fixed  in  space  or  fixed  in  the  body  :  if  rf  be  the 
ihortest  distance  between  the  lines  a  and  b ;  9  and  ^  the  amplitudes  of  the 
rotations  round  them ;  t  tbe  angle  between  them ;  ^  the  amplitiide  of  the  twist 
equivalent  to  the  motion ;  and  p  the  pitch  of  its  screw ;  prove  that 

^pp  sin  Jf  =  iJsin^ sinks'  sine. 
(This  theorem  is  due  to  Rodriguea  :  Liomilie,  T.  5,  p.  390.} 

Take  the  ahorteat  distance  between  a  and  b  for  axis  of  y ;  the  point  of  inter- 
section of  this  line  with  b  lor  origin  O ;  and  a  paraUel  to  a  for  axis  of  z. 


:e  rotation  round  a, 

B,  being  equal  and  opposite,  do  n< 
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Fiisty  suppose  a  and  h  to  be  fixed  in  space,  then  so  also  is  OZ, 
The  rotation  round  a  and  the  equal  and  opposite  one  round  OZ  are  (Ex.  5, 
Art.  226)  equivalent  to  a  translation,  whose  magnitude  is  2d  sin  \By  and  whose 
direction  lies  in  the  plane  XOY,  and  is  at  right  angles  to  a  line  OF  which 
makes  with  OZan  angle  -  \e. 

Describe  a  sphere  round  0  as  centre,  and  let  B  be  the  point  in  which  it  is 
met  by  b,  then  ZB  =  «.  The  axis  of  the  rotation,  which  is  equivalent  (Ex.  8) 
to  the  rotations  round  OZ  and  by  meets  the  sphere  in  R^  and  the  direction  of 
translation  meets  it  in  T;  where 

TX  =  ja,   Rzx  =  \e,   ZBB  =  ie'. 

Tken,  by  Ex.  8, 

TBB  =  i<l>, 

and  we  have  j70  =  component  of  translation  parallel  to  axis  of  screw 

=  2dan.id  cos  TB  =  2d  sin  }0  sin  ZBj 

whence 

ip<l>  sin  J0  =  <?  sin  Jd  sin  ZB  sin  }^  =  <f  sin  J0  sin  ^0'  sin  6. 

Secondly,  if  a  and  b  be  fixed  in  the  body,  so,  likewise,  is  OZ.  In  this  case 
the  line  OF  becomes  OF*,  which  makes  an  angle  J 6  with  OY,  and  the  points 
T  and  J2  become  T  and  B",  where  XT'  =  Ja,  B:BZ=  ie\  Then  (by  Ex.  8) 
BB'T  =  ^^,  and  the  result  is  obtained  in  the  same  manner  as  before. 

11.  A  body  receives  twists,  having  infinitely  small  amplitudes,  round  two 
screws  intersecting  at  right  angles.  Determine  the  amplitude  of  the  resultant 
twist,  and  the  position  and  pitch  of  its  screw. 

Take,  for  llie  axes  of  x  and  i/,  the  axes  of  the  screws ;  let  their  pitches  be 
p  and  qy  and  the  amplitudes  of  tiie  twists  round  them  0  and  <t>. 

The  rotations  0  and  <^  are  equivalent  to  a  single  rotation  ^  round  an  axis 
lying  in  the  plane  xy,  and  making  an  angle  \  with  the  axis  of  x,  where 

if/  cos  A.  =3  0,     1^  sin  A.  =  ^. 

The  translations  J70  and  ^^  are  equivalent  to  a  translation 

p0  COB  \  +  q<^  OR  \  =:  {p  cos'  \  +  q  sin'  A.)  4^ 
along  the  axis  of  the  resultant  rotation,  and  to  a  translation 

q(p  cos  \-pe  Bm\ss[q  —p)  ^^  sin  \  cos  \ 

at  right  angles  thereto.  The  latter  translation,  together  with  the  rotation  ^ 
round  the  axis  through  the  origin,  is  equivalent  to  a  rotation  ^  round  a  parallel 
axis  passing  through  a  point  on  the  axis  of  «,  whose  distance  from  the  origin  is 

{a—p)  sin  A.  cos  A. 

Hence  the  position  of  the  axis  of  the  screw  corresponding  to  the  resultant  twist 
is  given  by  the  equations 

y  s  jp  tan  A.,     2  =  (;  '  i?)  sin  \  cos  A, 

Z 
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and  its  pitch  by  the  equation    r=p  cos^  A.  +  ^  sin'  A.. 

Also,  if  ^  be  the  amplitude  of  the  resultant  twist,  we  haye 

fJ  =  ©2  +  ^2. 

12.  Any  screw,  a  twist  round  which  is  the  resultant  of  twists  round  two 
giyen  screws  intersecting  at  right  angles,  lies  on  a  surface  determined  by  Ihe 
giyen  screws ;  and  its  pitch  depends  on  the  angle  which  its  direction  makes 
with  one  of  these  screws.  The  amplitudes  of  the  twists  are  supposed  to  be 
infinitely  small. 

If  we  eliminate  \  from  the  equations  of  the  last  example,  which  define  the 
position  of  the  screw  belonging  to  the  resultant  twist,  we  obtain 

2(a;2  +  y2)  -  (q  ^  p)  xy  =  0, 

which  is  the  equation  of  the  surface. 

This  surface  is  called  the  eylindroid  by  Sir  Robert  Ball. 

The  pitch  r  of  the  screw  is,  as  shown  in  the  last  example,  giyen  by  the 
equation 

r=ip  cos'  A  +  y  sin'  x. 

If  we  describe  in  the  plane  of  xy  the  conic  whose  equation  is 

px'^  +  qy^  =  €', 

where  €  is  a  linear  constant,  the  square  of  the  reciprocal  of  any  diameter  of  this 
conic  is  proportional  to  the  pitch  of  the  parallel  screw  on  the  eylindroid.  When 
a  screw  is  spoken  of  as  belonging  to  the  eylindroid,  it  is  understood  that  not 
only  is  its  axis  one  of  the  generating  lines  of  the  surface,  but  also  that  its  pitch 
is  defined  in  the  manner  just  mentioned. 

13.  Proye  that  any  two  screws  belong  to  the  same  eylindroid.  Also  two 
screws  being  giyen,  determine  the  eylindroid  to  which  they  belong. 

Take  the  common  perpendicular  to  the  two  screws  as  axis  of  2 ;  we  haye  then 
to  determine  the  position  of  the  origin  and  of  the  axis  of  d?,  and  the  magnitudes 
of  the  quantities  p  and  q^  so  as  to  satisfy  the  equations 

ri=p  cos'  \\  +  q  sin'  \i,        21  =  (^  —  ^)  sin  Ai  cos  Ai, 

ra  =  ^  cos'  A2  +  ^  sin'  A2,        «2  =  (g  —  j?)  sin  Aj  cos  A2, 

-4  =  Xi  —  A2,  A  =21  —  22, 

where  A  is  the  angle,  and  h  the  distance  between  the  giyen  screws.  As  the 
number  of  quantities  at  our  disposal  is  equal  to  the  number  of  equations  to  be 
satisfied,  it  is  always  possible  to  determine  a  eylindroid  containing  the  giyen 
screws.    The  equations  are  solyed  as  foUows : — Subtracting, 

n^r%sz(q-p)  (dn'  Ai  -  sin'  A2)  -{q-p)  sin  (Ai  +  A2)  sin  (Ai  -  Aa), 

h=i{q--p)  cos  (Ai  +  A2)  sin  (Ai  -  Aa). 
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Adding, 

ri  +  ra  =s  2p  -  (i>  -  q)  (sin'Ai  +  sin*  Aa) 

=j?  +  fl'  +  J(p-j)  (cos  2ai  +  cos  2X3) 

=  J?  +  J?  +  (p  -  ^)  cos  (Xi  +  X2)  COB  (Xi  -  Xj), 

«i  +  «2  =  (?  -i>)  sin  (Xi  +  Xa)  COS  (Xi  -  Xa) ; 

hence  (q-p)^  (Xi  +  Xa)  =  —. — -r-y    «i  +  «a  =  (n  -  ra)  cot  Ay 

Sin  ui 

(e  -  p)  cos  (Xi  +  Xa)  =  ;7— 7,    «i  -  «a  =  A, 

i>  +  g  =  n  +  ra  +  A  cot  -4,    \\-\%  =  Ay 
and  the  mode  of  completing  the  solution  is  ohyious. 

14.  A  body  receives  three  twists  haying  infinitely  small  amplitudes.  Deter- 
mine the  relations  between  the  twists,  in  order  that  the  position  of  the  body 
should  remain  ualtered. 

Sir  Robert  Ball's  solution  is  as  follows : — 

Determine  the  cyUndroid  containing  two  of  the  screws.  Take  its  screws 
intersecting  at  right  angles  for  axes  of  x  and  y.  Let  fii,  fia,  fls  be  the  ampli- 
tudes of  the  three  twists,  and  Xi,  Xa^  Xs  the  angles  which  their  screws  make 
with  the  axis  of  x.  If  the  third  screw  belongs  to  the  cylindroid  containing  the 
other  two,  and  if  the  angle  it  makes  with  the  axis  of  x  and  the  amplitude  of 
the  corresponding  twist  satisfy  the  equations 

fii  fia  03 


sin  (Xa  -  Xsj      sin  (Xs  -  Xi)      sin  (Xi  -  Xa)' 

the  twists  compensate  each  other. 

In  fact  each  twist  can  be  resolved  into  two  round  the  scr^s  lying  along  the 
axes  of  X  and  y.  The  whole  motion  is  thus  reduced  to  two  twists  round  Siese 
screws ;  and  if  the  amplitudes  of  these  twists  are  zero,  the  body  remains  undis- 
turbed. But  the  equations  above  are  the  conditions  that  the  rotations  round  the 
axes  of  X  and  y  should  be  zero,  and  these  rotations  are  the  amplitudes  of  the 
twists. 

As  the  twist  by  which  a  given  motion  can  be  effected  is  unique,  there  is  onlj 
one  twist  by  which  two  given  twists  can  be  compensated ;  and,  therefore,  if 
three  twists  compensate  each  other,  the  third  screw  must  belong  to  the  cyUn- 
droid containing  the  other  two,  and  the  above  equations  must  hold  good. 

15.  A  body  is  moving  round  a  fixed  point.    Determine  the  accelerations  of 
any  point  partdlel  and  at  right  angles  to  the  instantaneous  axis  of  rotation. 
Taking  three  lines  fixed  in  space  through  the  fixed  point  as  axes, 

dx  dy  dz 

z2 
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dx     dy     dz    ^         - 
difFerentiating,  and  substituting  for  —,    ^,    j,  from  these  equations,  w^ 

obtain, 

/jp  /p  duv        dt0% 

•^  =  «*(•««?  + wyy +  «.«)-•'«+«  ^  -  y^» 
d^ff       ,  %      «       ^s      ^tt 

-^  =  ay{umX  +  «yy+»,z)-e^y  +  X  —  -Z  — , 
d^z  ,  V        9  ^*        ^v 


remembering  that 


«8  c=  ««2  +  «»y<  +  »«*. 


Let  us  now  suppose  the  axis  of  is  to  coincide  with  01,  the  instantaneous  axis, 
then  ws  =  0,  «y  =  0,  »■  =  ».  Let  the  plane  of  a?« 
pass  through  OJ',  the  consecutive  position  of  the 
instantaneous  axis.  Measure  off  0  J  proportional 
to  a  on  OZy  and  take  OF  proportional  to  the  cor- 
responding angular  velocity  w  +  ^w  ;  draw  T  F 
perpendicular  to  01 ;  then  w  +  <f »  round  OF  is 
resolvable  into  OF  round  OZ,  and  I'P  round  OX. 

Let  J' OP  =  d^ ;  then  PP  =  OF  drp ;  therefore 

<fa»x         d^         ; 

rf^       rf^      ^' 

if  the  angular  velocity  of  the  instantaneous  axis  be  denoted  by  ^f-    Also 

rf«,^         ^  =  ^,    since   du,n<»IF^'OF-OL 

Introducing  these,  we  obtain 

d^x  «        <?«         <Py     d<a  ,  ;       dh        . 


16.  Find  the  position  of  the  acceleration-centre  in  a  body  rotating  round  a 
fixed  point. 

The  only  acceleration-centre  which  in  general  exists  is  the  fixed  point 
itself. 

17.  A  body  is  moving  roimd  a  fixed  point  0.  If  perpendiculars,  whose  lengths 
are  p  and  q,  be  let  fall  trom  any  point  A  of  the  body  on  01,  the  instantaneous 
axis  of  rotation,  and  on  OJ,  that  of  angular  acceleration ;  prove  that  the  total 
acceleration  of  A  is  the  resultant  of  two  components,  w^p  fdong  p  and  isg  per- 
pendicular to  the  plane  AOJ,  where  »  and  c  are  the  resultant  angular  velocity 
and  angular  acceleration  of  the  body. 
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If  Xy  fff  s  he  the  coordinates  of  A  referred  to  space  axes  through  0,  and  r 
be  the  distance  OAy  the  equation  for  the  acceleration  x  may  be  written  (Ex.  16), 

«  =  «»  {—  (-r— +y  -i  +«  — )_a;},+  a-r(  — -), 

(«    \    »         w  «/       I  \  0"  »•       c  r/ 

▼here 

<j3  =  «,'  +  «^  +  «,*. 

If  P  be  the  point  in  which  the  perpendicular  from  A  meets  01,  and  if 
we  consider  the  projection  of  the  triangle  OFA  on  the  axis  of  x,  we  have 
projection  of  AP  =  projection  of  OF  -  projection  of  OA.  From  this  it  is  plain 
that  the  term  by  which  a^  is  multiplied  in  x  is  the  projection  of  p  on  the  axis 
of  X.  Again,  if  \f  fi,  vhe  the  direction  cosines  of  the  normal  to  the  plane  AOJ, 
and  0  the  angle  between  OJ  and  OA,  we  have 

.  (tf«  z      ol>%  y 

Xsm9=— ^ -,    and   raiaO  =  q: 

c  r      <r  r  ' 

whence  it  appears  that  the  term  by  which  tr  is  multiplied  in  x  is  g\,  or  the  pro- 
jection of  g  on  the  axis  of  x.  The  truth  of  the  theorem  above  is  now  obvious. 
This  theorem  is  due  to  Professor  Minchin. 

18.  A  body  is  rotating  round  a  fixed  point :  find  the  locus  of  a  point  whose 
acceleration  along  its  path  at  any  given  instant  is  zero. 

As  the  path  at  the  instant  touches  a  circle^  having  its  centre  on  the  instan- 
taneous axis  and  its  plane  at  right  angles  thereto,  ifp  be  the  distance  of  any 
point  from  the  axis, 

the  tangential  acceleration  =  —  -^  +  -  —y  ss sL  _ —  f^^  — . 

The  required  locus  is  therefore  the  oone 

XT  (**  +  y')  -  »^^«  =  0. 

at 

19.  Show  that  a  point  whose  normal  acceleration  at  right  angles  to  the 
instantaneous  axis  vanishes  lies  on  the  cone 

» («*  +  y')  +  #«  =  0. 

20.  A  body  is  rotating  round  a  fixed  point :  determine  at  any  instant  the 
positions  of  tne  osculating  plane,  and  of  the  principal  normal,  to  the  path 
described  by  one  of  its  points. 

The  normal  plane  to  tiie  path  is  the  plane  passing  through  the  point  and  the 
instantaneous  axis.  Hence  the  perpendicular  to  the  osculating  plane  is  the 
intersection  of  this  plane  with  its  consecutive  position.  Again,  tiie  direction  of 
the  principal  normal  coincides  with  that  of  the  resultant  normal  acceleration  ; 
hence,  if  v  be  the  angle  the  principal  normal  makes  with  the  instantaneous  axis, 

tan  y  r=  -   ^  .    ^^  . 

#y 
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21.  Find  the  radius  of  cunrature  of  the  path  of  any  point  of  the  body. 
If  JV  be  whole  normal  acceleration, 


P  = 


•»p« 


wp* 


N       V{(»i)»  +  ^yzy^t^y^^y 


22.  A  body  is  moving  in  any  manner.  Determine  the  accelerations  of  a 
point  parallel  and  at  right  angles  to  the  axis  of  Uie  instantaneous  screw. 

Let  xoj  yo,  «o  be  the  coordinates  of  a  point  fixed  in  the  body,  {,  17,  ( the  co- 
ordinates of  any  point  referred  to  xo,  yoy  co  as  origin ;  then 

dH      d^Zo  du,        dwy 


Take  as  xo,  yoy  zo  that  point  of  the  body  which  at  the  instant  coincides  with 
the  point  0  on  the  instantaneous  screw  in  space  which  is  nearest  the  consecu- 
tive position  of  the  instantaneous  screw.  If  C  be  the  ruled  surface  in  space 
generated  by  the  positions  of  the  instantaneous  screw-axis,  0  will  be  the  point 
of  intersec^on  of  the  instantaneous  screw- axis  with  the  line  of  striction  on  C. 
Let  00'  be  an  element  of  this  line  of  striction. 
At  the  time  t  ■\-  dt  the  body  is  twisting  round  a 
screw  through  O'.  Let  The  the  velocity  of  trans- 
lation at  the  time  ^,  and  T  and  u/  the  velocities 
of  translation  and  rotation  at  the  time  t  +  di. 

Now,  the  velocity  of  rotation  «'  round  O'S 
(screw-axis  through  &)  is  equivalent  to  <i>' round 
OJ'  (parallel  to  O'S),  and  a  velocity  of  trans- 
lation w'.0(/  at  right  angles  to  Oa  and  Or. 

The  velocity  of  rotation  w'  round  01'  is 
equivalent  to  a'  round  OZ,  and  a'd^lf  round  OX. 
Hence,  at  the  time  t  +  dt,  the  point  JToyoiSo 
has  two  velocities  of  translation :  I"  along  OZ, 
and  lut'.Oa  +  T'd^)  along  OX.  Again,  as  00' 
is  innnitel}r  smaU  of  the  first  order,  the  velocity 
of  translation  along  OZ  resulting  from  OO'.m' 
is  infinitely  small  of  the  second  order.  At  the  time  t  the  point  xoyozo  had  the 
velocity  T  along  OZ.  Hence,  if  IT"  be  the  velocity  of  translation,  and  ^  the 
angular  velocity  of  the  axis  of  the  instantaneous  screw,  at  the  instant,  we  have 


dt     ^' 


d^XQ        „     „. 


d^ZQ      dT 
di^   ~  dt' 
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A]«o        -.^o,   ..-o,  •.=•,  •^=«'(',  -5^=0,  -^  =  5^-; 

whence  -7="  =  »^+ ^~  **  I  ~  ^r^^* 

23.  A  body  is  moying  in  any  way  :  detennine  the  position  of  the  accelera- 
tion-centre at  any  instant. 

Its  coordinates  are  formed  from  the  equations  of  the  last  example,  by  making 

—  =  0,       — =^  =  0,      —  =  0. 
dt^        '      dt^        '      dfi 

24.  A  body  is  moving  in  any  way ;  the  acceleration  at  any  instant  of  any 
point  is  the  same  as  if  the  body  were  rotating  round  the  acceleration-centre  as 
an  absolutely  fixed  point. 

Express  the  accelerations,  by  the  last  example,  in  terms  of  the  coordinates 
leLatiye  to  the  acceleration-centre  as  origin,  and  the  results  are  the  same  as  the 
expressions  of  Ex.  15  would  become,  if  we  made 

•.=  0,   <*,=o.  ».=»,    —=»<-,   ^-0,   _  =  -. 

The  theorem  is  likewise  obvious,  d  prori. 

The  theorems  contained  in  the  Examples  given  above  are  taken  from  Schell's 
Thearie  der  Bewegung  und  der  KrdfUy  to  which  the  student  is  referred  for  more 
extended  investigations  on  the  subject. 

26.  Show  that  the  theorem  of  Ex.  17  holds  good  for  a  body  moving  freely 
provided  the  acceleration-centre  be  substituted  for  the  fixed  point  0, 
This  extension  of  Ex.  17  is  due  to  Professor  Minchin. 

26.  A  right  circular  cone  is  rolling  on  another  fixed  in  space,  the  two  cones 
having  a  common  vertex.  Given  the  velocity  of  rotation  of  the  rolling  cone, 
determine  the  velocity  with  which  the  plane  passing  through  the  instantaneous 
axis  turns  roimd  the  axis  of  the  fixed  cone. 

The  normal  plane  through  the  instantaneous  axis  contains  the  axes  of  both 
cones.  Hence  the  angle  between  the  two  axes  remains  invariable ;  and  a  point 
on  the  axis  of  the  rolling  cone  describes  a  circle  having  its  centre  on  the  axis  of 
the  fixed  cone,  and  its  plane  perpendicular  thereto.  It  is  also  at  any  instant 
rotating  round  the  instantaneous  axis.  If  we  equate  the  two  expressions  for  the 
velocity  of  this  point,  we  get 

ca  sinr  =  nsin((7+ r),  (1) 

or  -  wsinr  =  nsin(C-r),  (2) 

or  sin  r  =  n  sin  (r  -  (7),  (3) 


344 


Kinematics  of  a  Rigid  Body. 


where  a>  is  the  ang^ular  velocity  of  the  rolling  cone  round  the  instantaneous  axis ; 
a  the  angular  velocity  of  the  plane  containing  the  instantaneous  axis  round  the 
axis  of  the  fixed  cone  ;  C  and  r  the  semi-angles  of  the  fixed  and  moving  cones. 


The  first,  second,  or  third  formula  is  to  be  used,  according  as — (1)  the  cones  are 
outside  one  another,  having  convex  surfaces  in  contact ;  (2)  the  rolling  cone  is  a 
small  cone  rolling  ituide  a  larger  one ;  (3)  the  rolling  cone  is  the  larger  cone, 
and  rolls  outside  a  smaller  fixed  cone,  which  it  contains  within  it. 

In  each  of  these  figures  OC  is  the  axis  of  the  fixed  cone ;  Or  of  the  rolling 
cone  *  and  01  the  instantaneous  axis.  If  the  angles  are  supposed  to  contain 
their  signs  implicitly,  each  being  measured  from  01,  the  last  formula  contains 
the  other  two. 

27.  A  body  is  moving  round  a  fixed  point.  The  motion  of  the  instantaneous 
axis  in  the  body  being  completely  given,  determine  its  motion  in  space.  ^ 

Describe  a  sphere  of  radius  around  the  fixed  point :  the  cone  C7  fixed  in  space 
and  the  cone  r  fixed  in  the  body  trace  out  curves  on  this  sphere,  and  the  motion 
is  accomplished  by  the  one  curve  rolling  on  the  other.  The  osculating  circle  of 
each  of  these  curves,  as  it  passes  through  three  points  on  the  surface  of  lie  sphere, 
win  be  a  circle  of  the  sphere ;  and  the  rolling  at  any  instant  will  be  the  same  as 
if  one  of  these  circles  rolled  on  the  other,  or  as  if  the  right  cone  on  the  osculating 
circle  of  r  as  base  rolled  on  the  right  cone,  having  the  osculating  circle  of  C  as 
base.    Let  r  be  the  radius  of  curvature  of  the  curve  C7;  p  of  the  curve  r ;  then 

sin  (7  =  -,       sin  r  s  -,    and  therefore  (Ex.  26), 

»- =  Osin|sin"^  -— sin-^->. 
a  {  a  a) 


Now,  if  <  be  the  arc  of  the  curve  C,  and  -r-  the  velocity  of  the  point  of  contact 

at 

of  r  along  it, 

__l  ds      Idff 

^"r  dt'^r  dt* 

where  <r  is  the  arc  of  r ;  whence 

p      I  d(r    .    (  .      p       .  .1  r) 

»-  =  --—  sm  <  sm  *  -  —  sm  *  -  > . 

a     r  dt         {         a  a) 

From  this  equation  r  can  be  determined  in  terms  of  i  (in  terms  of  which  p,  «, 

and  "T-  are  supposed  to  be  expressed) ;  and,  as  —  =  — ,  by  eliminating  t  an 
dt  dt      at 

equation  is  obtained  between  r  and  »,  which  is  the  equation  of  the  curve  C; 
therefore,  &o. 
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Section  II. — Kinetics. 

261.  Momenti  of  Momentain  of  a  Body  haTing  a 
Fixed  Point. — If  a;,  y,  z  be  the  coordinates  of  any  point  of 
the  body,  referred  to  space  axes  intersecting  at  the  fixed 
point  0 ;  and  H^^  Hy,  jH,,  the  moments  of  momentum  round 
these  axes,  we  have  JIa;  =  Sm  (yz  -  z^).  Substituting  for 
y  and  s  their  values  given  by  (4),  Art.  255,  we  obtain 

■H»  =  Wa5 J(y*  +  z^)  dm  -  wy\xydm  -  wzlxzdm. 

Hence,  if  «,  J,  c,  i,  j\  k  be  the  moments  and  products  of 
inertia  of  the  body  at  any  instant,  roimd  the  space  axes, 
we  have 

My  =  — Aftla;+  6ci)y  —  ib)^        J    •  (1) 

If  the  space  axes  coincide  with  the  instantaneous  posi- 
tion of  the  principal  axes  of  the  body  at  0,  equations  (1) 
become 

JETl  =  A.ii>\y    B2  =  BiOly     Hz  =    C(M}Zy  (2) 

where  Hu  JT2,  JTs,  o>i,  w^^  013  are  the  moments  of  momentum 
and  the  angular  velocities  roimd  the  principal  axes  at  the 
instant ;  and  Ay  By  C  are  the  principal  moments  of  inertia 
of  the  body  for  the  point  0. 

The  resultant  moment  of  momentum  H  is  given  by  the 
equation 

E^  =  ^*aii»  +  E'ioz^  +  0^al3^  (3) 

The  direction  cosines  of  the  momentum  axis  relative  to 
the  principal  axes  through    0   are  proportional  to  Ai^iy 

■Bctfs,  Cu>z. 


} 
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If  aiy  Oiy  a^j  bij  (29  hf  Ciy  02,  c^  be  the  direction  oosines  of 
the  principal  axes  at  0  referred  to  the  space  axes,  we  have 

Sg  =»  jdufidi-^-JBtozbi  +  CwzC\ 

Hy  =  AiDiOt  +JB(02b2  +  CW3C2    I  •  (4) 

If  0  be  a  definite  point  of  the  body  not  fixed  in  space, 
equations  (1),  (2),  (3),  (4)  still  hold  good  for  the  motion 
relative  to  0 ;  the  axes  a?,  y,  and  z  being  parallel  to  fixed 
directions  in  space. 

262.  Motioii  of  a  Body  haTing  a  Fixed  Point 
under  the  Action  of  Impulses. — If  a  body  having  a 
fixed  point  0  be  acted  on  by  any  set  of  impnlses,  whose 
moments  round  the  principal  axes  through  0  are  L^  Mj  N; 
these  moments  are  equal  respectively  to  the  changes  in  the 
moments  of  momentum  of  the  body.    Hence  ( (2),  Art.  262), 

-4(wi-a>/)  =i,  B{(02-W2)  =  Jf,   C{a}i-uhf)  =  N,     (6) 

where  a;/,  0/2^,  w^^  and  a>i,  0)2,  a>3  are  the*  angular  velocities 
round  the  principal  axes  immediately  before  and  imme- 
diately after  the  action  of  the  impulses. 

In  some  cases  it  may  be  convenient  to  use  the  expres- 
sions for  Hx,  Sy,  J?a  given  in  (1),  Art.  261,  and  the  moments 
Gxy  Oyy  Oz  of  the  impulses  round  the  space  axes.     We  have, 

then, 

-  A  (Wa;  -  CU/)  +  6  (Wy  -  Wy')  -  i  (wa  -  W,')  =   G^y     [  .        (6) 
"J  (wa;  -  ioj)  -  i  {(Oy  -  Wy)  +  C{u}a-  ai^O  =   Oz    f 

m 

263.  Tis  Tiva  of  a  Body  having  a  Fixed  Point. — 

As  the  body  has  a  fixed  point,  it  is  at  any  instant  rotat- 
ing round  some  axis  through  it;  whence  the  vis  viva  i& 
IJ^y  I  being  the  moment  of  inertia  round  the  instanta- 
neous axis. 


Coupk  of  Principal  Momenta.  347 

Again,  since  — ,  ~,  —  are  the  direction  cosines  of  the  axis 

(O      (i)       tt) 

of  rotation  referred  to  the  principal  axes  through  the  fixed 
point, 

I^a{^  +  B  h\  +  C  (^ V;    {Int.  Calc,  Art.  215) ; 

whence,  if  2T  or  8  be  the  vis  viva  of  the  body,  we  have 

2T^8^  Au>^^  +  £cu2'  +  Cwz\  (7) 

If  wxy  wyy  b)z  be  the  velocities  of  rotation^  and  a,  6,  Cy  /,  &c.,^ 
the  moments  and  products  of  inertia  of  the  body  at  any 
instant  round  space  axes  through  0,  the  general  equation  of 
the  momental  ellipsoid  referred  to  these  axes  leads  to  the 
following  expression — 

2T=  Iw^  =  atOx^  +  bwy^  +  C^z   -  2/(i>y(il8  -  2jtaz^x  -  2Awa;Wy.       (8) 

264.  Couple  of  Principal  HEoments. — If  a  body  be 
moving  round  a  fixed  point,  we  may  imagine  its  actual  velo- 
city at  any  instant  to  be  produced  by  an  impulsive  couple 
acting  on  it  at  the  instant.  By  the  last  Article  the  compo- 
nents of  this  couple  round  the  principal  axes  of  the  body  are 
J[(iii,  jSa)2>  C7(i;3,  and  the  axis  of  the  couple  is  called  the  Axia 
of  Principal  Momenta.  This  axis  coincides  at  each  instant 
with  the  momentum  axis  of  the  body  (Arts.  210,  261). 

If  a  tangent  plane  be  drawn  at  the  point  of  intersection 
of  the  instantaneous  axis  of  rotation  with  the  momental  ellip-^ 
soid  corresponding  to  the  fixed  point  round  which  the  body 
is  rotating,  the  perpendicular  from  the  centre  on  this  tangent 
plane  is  the  Axis  of  Principal  Moments.  This  is  obvious, 
when  we  remember  that  the  direction  cosines  of  this  axis  are 
proportional  to  ^(i>i,  jBcoz^  Co/s;  and  those  of  the  ii^stantaneous 
axis  of  rotation  to  a>i,  0)29  ^z  \  and  that  the  equation  of  the 
momental  ellipsoid  is 

Ai:f  +  By"  +  (7a^  =  K. 

If  0  be  the  angle  between  the  momentum  axis  and  the^ 
instantaneous  axis  of  rotation,  S  the  moment  of  momentum,. 


i 
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and  8  the  vis  viva  of  the  body,  we  have,  by  the  formula  for        \ 
the  cosine  of  the  angle  between  two  lines  in  terms  of  their 
direction  cosines, 

Hit)  cos  0  -  Atai  +  BiD^  +  CiOi  -  8 ; 
whence  a;  cos  0  =  — .  (9) 

JlL 

Again,  if  r  be  the  intercept  made  by  the  momental  ellip- 
soid on  the  instantaneous  axis  of  rotation,  we  have 


r*  it)  01  w        w 


whence  r*  =  -^  oi*.  (10) 

Again,  if  we  draw  a  tangent  plane  to  the  momental  ellip- 
soid at  the  point  where  it  meets  the  instantaneous  axis  of 
rotation,  the  intercept  p  made  by  this  plane  on  the  momen- 
tum axis  is  given  by  the  equation  jp  =  r  cos  0,  since  the 
momentum  axis  is  perpendicular  to  the  tangent  plane. 
Hence,  if  we  substitute  for  r  and  co  cos  0  their  values  given 
by  (10)  and  (9),  we  obtain 

\/K8  ,--v 


Examples. 

1.  A  body  is  set  in  motion  b^  an  impulsive  couple  whose  magnitude  is 
^ven ;  find  the  direction  of  its  axis  so  that  the  initial  vit  viva  of  the  body  may 
be  a  maximum. 

The  axis  of  the  couple  must  be  the  axis  of  least  inertia  of  the  body. 

2.  A  body  haying  a  fixed  point  0  is  set  in  motion  by  an  impulse,  passing 
through  a  point  P,  which  causes  P  to  move  with  a  velocity  having  a  given  mag- 
nitude and  direction ;  determine  the  axis  of  instantaneous  rotation. 

Let  the  axis  of  jp  be  a  line  through  0  in  the  direction  of  the  velocity  of  P, 
«nd  the  axis  of  z  the  line  OP ;  then,  if  V  be  the  given  velocity  of  P,  h  the 
distance  OP,  and  »«,  ay,  »» the  angular  velocities  of  the  body  round  the  axes, 
we  have    ««  =  0,    A  »y  s  V, 
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Now,  by  Thomson's  Theorem,  Art.  199,  the  value  of  »» must  be  such  as  to 
make  T  a  minimum.     But,  Art.  263,  (8), 

dT         ,  _ 

-; —  =  —  «c0y  +  e»z.      Hence     cu%  =  iwy, 

which  determines  (o%,  and  consequently  the  axis  of  rotation. 

3.  In  Ex.  2,  when  is  the  yelocity  of  rotation  around  OP  zero  P 

Ans,  When  OF  is  an  axis  of  the  section  of  the  momental  ellipsoid  which 
is  perpendicular  to  the  initial  motion  of  P. 

4.  In  .Ex.  2,  if  the  magnitude  of  V  be  given  as  before,  find  its  direction  so 
that  the  initial  vU  viva  of  &e  body  may  be  a  maximum  or  a  minimum. 

dT  dT  dT 

By  Art.  263,  2^=  »,  -—  +  ov  3—  +  »«  ^—  ; 

a««  way  dwz 

but 

dT 
w,  B  0,    and  — -  =  0  (Ex.  2). 
da>z 

Hence 

2T=  OUy^  —  %  WyOft  =    «»''  = TTTi 

C  0         h^ 

where  ^'and  C  are  the  moments  of  inertia  of  the  body  round  the  axes  of  the  section 
of  the  ellipsoid  of  inertia  made  by  the  plane  pz.  The  maximum  or  minimum 
value  of  T  is  obtained,  then,  by  making  c  equal  to  C  or  to  -B' ;  ♦.  e.  the  direction 
of  V  must  be  perpendicular  to  the  central  section  of  the  ellipsoid  having  OF  a& 
an  axis. 

6*  If  a  body  be  moving  in  any  manner,  the  momentum  axis,  and  the  in- 
stantaneous axis  of  rotation  through  a  given  point  0  of  the  body,  are  the  radius 
vector  and  the  perpendicular  on  the  corresponding  tangent  plane  of  the  ellipsoid 
of  gyration  (see  Integral  Calculus,  Art.  216)  relative  to  0. 

This  is  the  reciprocal  of  the  theorem  given  in  Art.  264.  It  can  be  easily 
proved  directly  :  <ri,  o'2,  0*3,  and  a,  fi,  y,  being  the  angles  made  by  the  momentum 
axis  and  the  instantaneous  axis  of  rotation  with  the  principal  axes,  and  a,  b,  ^ 
the  principal  radii  of  gyration, 


JET  cos  0*1  s  Akti  s  nuflco  cos  a,  &c. ; 


but  if  x'^g  be  a  point  on  the  ellipsoid  of  gyration,  a',  fi\  y'  the  angles  made 
with  the  axes  by  the  perpendicular  on  the  corresponding  tangent  phme,  and  p 
the  length  of  the  perpendicular,  a^p = a^  cos  a',  &c. ;  therefore  if  s/,  &c.  be  propor- 
tional to  cos  0-1,  &c.,  a'  =  a,  &c. 

The  student  will  observe  that  S  here  denotes  the  moment  of  the  momentum 
of  the  motion  relative  to  0,  but  not  of  the  absolute  motion,  except  0  be  a  point 
fixed  in  space. 

6.  If  a  tangent  plane  to  the  ellipsoid  of  gyration  relative  to  any  point  of  a 
body  be  drawn  at  right  angles  to  the  instantaneous  axis  of  rotation  passing 
throught  the  point,  and  tp  be  the  angle  between  the  instantaneous  axis  and  the 

radius  yeotor  to  the  point  of  contact,  «  = r^. 

This  is  immediately  deducible  from  the  consideration  that  mp^oj  =  lut  =  mo- 
ment of  momentum  round  instantaneous  axis  of  rotation  s  JTcos  ^. 
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7.  Express  the  perpendicular  on  the  tangent  plane  to  the  eUipsoid  of  gyratioii 
in  terms  of  the  angular  Telocity  and  relatiye  vis  viva. 

Am.    p'  ■=  — ;. 

8.  Express  the  intercept  cut  off  by  the  ellipsoid  of  gyration  on  the  momentnm 
■axis  in  terms  of  the  relative  m  viva  and  moment  of  momentum. 

An,.    iP  =  -.' 

9.  A  body,  haying  a  fixed  point  0,  is  set  in  motion  by  an  impulse  of  given 
magnitude  and  passing  through  a  given  point  P  of  the  body ;  find  the  direction 
of  the  impulse  so  that  the  initial  vii  viva  of  the  body  may  be  a  maximum. 

Since  the  impulse  has  no  moment  round  the  line  OFy  the  momentum  axis 
lies  in  the  plane  perpendicular  to  0F\  also  byEx.  8,  the  vis  viva  is  a  maximTini 
when  ^  is  a  maximum  and  R  a  minimum.  Hence  R  must  be  the  shortest  axis 
of  the  section  of  the  ellipsoid  of  gyration  made  by  the  plane  perpendicular  to 
OP,  and  the  direction  of  the  impidse  must  be  parallel  to  the  longest  axis  of  this 
section. 

10.  In  Ex.  9,  show  that  the  initial  velocity  of  P  in  the  direction  of  the  im- 
pulse is  a  maximum,  and  that  the  instantaneous  axis  of  rotation  lies  in  the  plane 
of  J2  and  OP. 

Since  the  vis  viva  is  a  maximum,  so  is  the  initial  velocity  of  P  in  the  direc- 
tion of  the  impulse,  Art.  199.  Again,  if  JR'  be  the  axis  major  of  the  section  of  the 
•ellipsoid  of  gyration  perpendicular  to  OP,  the  plane  perpendicular  to  R!  con- 
tains the  perpendicular  on  the  tangent  plane  drawn  at  the  extremity  of  £,  that 
is,  the  plane  of  B,  and  OF  contains  the  instantaneous  axis  of  rotation. 

265.  JHotion  of  a  Free  Body  under  the  Action  of 
Impulses. — If  X,  F,  Z^  be  the  components  of  any  one  of  the 

impulses,  and  w',  v\  w\  u,  Vy  w  the  components  of  the  velocity  of 
the  centre  of  inertia  Q  before  and  after  the  action  of  the  im- 
pulses, the  velocity  of  (r  is  determined  by  the  equations 

3»(ii-ttO  =  sz,  gR(t5-«?')=sF,  a»(tr-t^)  =  sz;  (i2) 

where  9)?  is  the  mass  of  the  body. 

Again  (Art.  209),  the  motion  of  the  body  relative  to  its 
centre  of  inertia  is  the  same  as  if  that  point  were  fixed  in 
space.  Hence  \5.  Lj  My  N  be  the  moments  of  the  impulses 
round  the  principal  axes  of  the  body  at  6r,  and  w/,  coj',  wj', 
o>i,  (i>2,  <i>8  the  angular  velocities  of  the  body  round  these 
axes,  before  and  after  the  action  of  the  impulses,  we  have 
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where  -4,  -B,  C  are  the  principal  moments  of  inertia. 
Without  having  reooxirse  to  Art.  209,  we  may  deduce  equa- 
tions (13)  directly  from  (18),  Art.  204,  and  (20),  Art.  205, 
by  the  method  of  Ex.  2,  Art.  213. 

From  equations  (12)  and  (13)  it  appears  that  an  impulse 
whose  direction  passes  through  the  centre  of  inertia  of  a 
fipee  rigid  body  produces  a  motion  of  translation  only,  whereas 
an  impulse  not  passing  through  the  centre  of  inertia  pro- 
duces both  a  translation  and  a  rotation. 

266.  C^eneral  Expression  for  the  Tis  TiTa  of  a 
Body. — ^As  the  motion  of  a  body  relative  to  one  of  its  points 
must  always  consist  of  a  rotation  round  some  axis  through 
the  point,  it  follows,  from  Art.  134,  that  if  a  body  be  free, 

where  STO  is  the  mass  of  the  body ;  Fthe  velocity  of  its  centre 
of  inertia;  /  the  moment  of  inertia,  and  ta  the  angular 
velocity,  round  the  instantaneous  axis  through  the  centre  of 
inertia. 

As  was  shown  in  Art.  263, 

Again,  if  a,  J,  c,  iyj\  k  be  the  moments  and  products  of 
inertia  for  the  centre  of  inertia,  round  three  rectangular  axes, 
which  are  parallel  to  fixed  directions  in  space,  and  wxy  (Oyy  w» 
the  corresponding  angular  velocities  of  the  body, 

Zctf'  =  a(»)x  +  bfjjy^  +  C(M)z^  -  2uoy  wz  -  2/aia  <ox — 2k(Ox  Wy ; 
whence  we  have 

Swt?*  =  STOF*  +  Aioi^  +  BioJ"  +  Cw8»  (14) 

B  SOI  F'  +  awx^  +  bwy^  +  C(i>»  -  2t<t)y  a>»  -  2jwz wx  -  2kwxU}y'  (15) 
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Examples. 


1.  A  free  body  is  set  in  motion  by  an  impulse.  If  the  initial  motion  be  a 
pure  rotation,  show  that  the  directions  of  the  impulse  and  of  the  instantaneous 
axis  of  rotation  are  principal  axes  of  a  section  of  the  momental  ellipsoid 
relative  to  the  centre  of  inertia. 

Since  the  inififtl  motion  is  a  pure  rotation,  the  initial  velocity  of  the  centre 
of  inertia  is  at  right  angles  to  the  direction  of  the  instantaneous  axis  of 
rotation.     The  above  statement  follows,  then,  from  Art.  264. 

2.  On  the  same  hypothesis  as  in  the  last  example,  show  that  the  instan- 
taneous  axis  of  rotation  is  a  principal  axis  of  the  body,  at  the  point  in  which  it 
is  met  by  its  shortest  distance  from  the  line  of  direction  of  the  impulse  (see'Ex..  1, 
Art.  241). 

3.  If  different  impulses  applied  to  the  same  body  produce  velocities  of  ro« 
tation  round  parallel  instantaneous  axes,  prove  that  in  general  these  axes  lio 
in  one  plane  containing  the  centre  of  inertia,  and  perpendicular  to  the  lines  of 
direction  of  the  impulses,  and  that  the  points  in  which  this  plane  meets  these- 
lines  lie  on  a  straight  line. 

4.  If  in  the  preceding  example  the  instantaneous  axes  are  parallel  to  a 
principal  axis  through  the  centre  of  inertia,  prove  that  the  lines  of  direction  of 
the  impulses  lie  in  the  corresponding  principal  plane  at  the  centre  of  inertia. 

The  theory  of  the  centre  of  percussion,  given  in  Art.  235,  may  be  collected 
from  Examples  2,  3,  4. 

6.  A  body  is  moving  freely  :  under  what  circumstances  can  it  be  brought  to 
rest  by  an  impulse,  and  what  must  be  the  magnitude  and  position  of  the 
impulse  ? 

The  direction  of  the  impulse  must  be  opposite  to  that  of  the  velocity  of  tho 
centre  of  inertia,  and  its  magnitude  must  be)  equal  to  the  momentum  of  trans- 
lation of  the  body.  Again,  the  moment  of  the  impulse  round  the  centre  of 
inertia  must  be  equal  and  opposite  to  Uie  couple  of  principal  moments.  Hence 
the  magnitude  and  position  of  the  impulse  are  determined,  and  the  motion  of 
the  body  must  be  such  that  the  momentum  axis  is  perpendicular  to  the  direction 
of  motion  of  the  centre  of  inertia. 

6.  A  free  body  is  set  in  motion  by  an  impulse  of  given  magnitude,  and  pass- 
ing through  a  given  point  F  of  the  body ;  find  the  directions  of  the  impulse  for 
which  the  initial  via  viva  of  the  body  is  a  minimum,  and  for  which  it  is  a  maxi- 
mum. 

Since  the  impulse  is  given  so  is  the  velocity  V  of  the  centre  of  inertia ;  but 
the  total  via  viva  2T=m  V^  +  Sf  where  8  is  the  via  viva  of  the  motion  relative 
to  the  centre  of  inertia ;  hence  Tis&  minimum  when  S  is  zero,  f .  e,  when  the 
direction  of  the  impulse  passes  through  the  centre  of  inertia. 

Again,  the  direction  of  the  impulse  for  which  iS  is  a  maximum  is  found  as  in 
Ex.  9,  Art.  264,  and  when  iS'  is  a  maximum  so  likewise  is  T. 

7.  A  free  body  is  set  in  motion  by  an  impulse  whose  magnitude  and  perpen- 
dicular distance  from  the  centre  of  inertia  of  the  body  are  given ;  find  the  direc- 
tion of  the  impulse  so  that  the  initial  via  viva  of  the  body  may  be  a  maximum. 

Here  S  must  be  a  maximum,  and  therefore,  as  in  £x.  1,  Art.  264,  the 
impulse  must  lie  in  a  plane  passing  through  the  centre  of  inertia  and  perpen- 
dicular to  the  axis  of  least  inertia  of  the  body. 
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367,  Equations  of  Motion  of  a  Body  ^having  « 
Fixed  Point. — In  the  case  of  continuous  forces,  if  0^^  Oy^ 
On  be  the  moments  of  the  applied  forces  round  the  space 
axes,  the  equations  of  motion  are  (25),  Art.  210, 

^^*^a      ^^y=/?      ^-^"-/3  /1A^ 

w^^'^  -dT^y^  ir^'^'        ^^^) 

We  may  substitute  for  JET^,  jETy,  and  H^  in  these  equations 
their  values  given  by  (1),  or  by  (4).  If  we  make  the  former 
substitution  we  obts^ 

—  {oiox  -  kiiiy  -/©«)  =  Gx 


—  (—  kws  +  J«y  —  UOm)  =»  Gy 

—  {-J<Ot  -  iWy  +  CO),)  -  Q, 


(17) 


In  the  case  of  homogeneous  spheres,  as  also  in  that  of  the 
initial  motion  of  a  body  starting  from  rest,  these  equations 
are  sometimes  useful;  but  since  in  general  a,  kjj\  &o.  vary 
with  the  time,  it  is  usually  necessary  to  reduce  equations  (17) 
to  a  more  manageable  form. 

If  we  substitute  for  Hxf  fil,  Sm  in  (16)  their  values  given 
by  (4)  and,  after  performing  the  differentiations,  suppose  the 
space  axes  to  coincide  with  the  instantaneous  positions  of  the 
principal  axes  of  the  body  at  0,  we  have  by  (6),  Art.  255,  and 
(9),  Art.  256,  remembering  that  in  this  case  Oa,  Ot,  d,  is,  Oi, 
df  axe  each  zero,  and  that  ai  »  (s »  Ci »  1, 

whence,  if  L^  M,  N  be  the  moments  of  the  applied  forces 

2  A 
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round  the  principal  axes  at  0,  tiie  equations  of  motion  be- 
come 

A^-{B-C)wtwt'-L 


y 


dt 


y. 


(18) 


Equations  (18)  are  due  to  Euler,  and  are  called  hj  his 
name. 

268.  CSqaatloiiB  of  Hotloii  of  a  Free  Body. — If  we 

denote  the  mass  of  the  body  by  3)7,  we  have 

5ro^^=sz,  a»S»sF,  3»g=sz,    (i9) 


df 


dt' 


df 


where  x^  y^  z  are  the  coordinates  of  the  centre  of  inertia  re- 
ferred to  any  three  rectangular  ajces  fixed  in  space ;  and  XZ, 
2  Yj  2Z  are  the  sums  of  the  components  of  the  applied  forces 
parallel  to  these  axes. 

Again,  since  the  motion  of  the  body  relative  to  its  centre 
of  inertia  is  the  same  as  if  that  point  were  fixed  in  space 
(Art.  209),  we  have 


entail 

~di 


<P 


,   dt 

C^'-{ATB)foiW2  ^N 
K.  dt 


h 


(20) 


where  cui,  coa,  (i>9  are  the  anguleir  velocities ;  A,  Bj  G  the 
moments  of  inertia;  and  X,  Jf,  N  the  moments  of  the 
applied  forces  round  the  three  principcd  axes  of  the  body 
at  the  centre  of  inertia. 
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Instead  of  equations  (20)  we  may  use  (17),  the  axes  being 
parallels  through  the  centre  of  inertia  to  directions  fixed  in 
space. 

As  in  the  case  of  impulses,  equations  (20)  may  be  deduced 
directly  from  Art.  204  by  the  method  of  Ex.  2,  Art.  213. 

From  equations  (19)  and  (20),  it  appears  that  a  force 
-whose  direction  passes  through  the  centre  of  inertia  of  a  free 
body  produces  a  motion  of  Iranslation  only,  whereas  a  force 
not  passing  through  the  centre  of  inertia  produces  both  a 
translation  and  a  rotation. 

Examples. 

1.  A  body  is  given  a  rotation  round  a  principal  axis  through  its  centre  of 
inertia,  and  is  acted  on  by  a  couple  haying  this  line  for  its  axis.  Show  that  the 
body  will  continue  to  revolve  round  the  axis  of  initial  rotation. 

2.  One  end  of  a  uniform  rod  rests  on  a  horizontal  plane  and  against  a  vertic 
wall ;  the  other  rests  against  a  parallel  vertical  wall.    All  the  surfaces  being 
smooth,  if  the  rod  slips'.down,  determine  the  motion. 

Take  the  intersection  of  the  horizontal  and  vertical  planes  passing  through 
the  first  end  of  the  rod  for  axis  of  rr,  and  a  vertical  plane,  at  right  angles  to  the 
walls  and  passing  through  the  initial  position  of  the  centre  of  inertia  of  the  rod, 
for  the  plane  of  y^,  the  axis  of  z  being  vertical. 

Let  iS  be  the  angle  which  the  rod  at  any  time  makes  with  the  axis  of  y,  la 
its  length,  26  the  distance  between  the  walls,  x\^  yi,  z\ ;  x%y  y%^  z% ;  and  £,  y,  2 
the  coordinates  of  the  two  extremities,  and  of  l^e  centre  of  inertia  of  the  rod. 
Then 

yi  =  0,    «i  =  0,    y2  =  2*,    y«i|(yi  +  y8)  =  6: 

«1bo  y  =  a  cos  jS,  whence  cos  ^  »  - ;  thus,  as  iS  is  constant,  the  motion  of  the  rod 

relative  to  its  centre  of  inertia  is  a  rotation  round  the  axis  of  y,  whose  ampli- 

tilde  at  any  time  may  be  denoted  by  ^.    Again,  as  m  —  =  0,  and  as  the  initial 

diX 
value  of  T-  is  zero,  it  is  zero  throughout  the  motion ;  also,  since  y  is  constant, 
at 

•^  s  0  ;  whence  the  equation  of  f  m  viva  is 

m  (A«  ^*  + 1»)  =  2msi  (i^  -  i) . 

a^  sin'fl 
Now  ^  =  — - — ,    S  s  a  sin  j3  008  ^, 

whence,  as  the  initial  value  of  ^  is  zero,  we  obtain 

(1  +  3  8in«^)  *2  =      ^      (1  -  cos  ^). 

Va«  -  6* 
Also,  X2  =s  a  Bin  fi  BID.  ^,  which  determines  the  position  of  the  upper  end  of  the 
rod  when  ^  is  known. 

2  A2 
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3.  A  heary  body  is  supported  in  equilibrium  by  two  strings :  one  is  cut ;  find 
the  initial  tension  of  the  other. 

The  two  strings  and  the  centre  of  inertia  G  of  the  body  lie  at  first  in  the 
same  vertical  plane ;  let  this  plane  be  that  oiyz^  the  axis  of  z  being  vertical,  and 
its  positive  direction  downwiurds,  and  let  the  origin  be  the  point  O  to  which  the 
uncut  string  is  attached.    (See  figure,  p.  293.) 

Let  I  be  the  length  of  tne  stnng  OA^  and  h  the  distance  AG,  the  direction 
cosines  of  OA  being  a,  i9,  y,  those  of  AG^  K,  fi,  v\  then,  if  Xy  y,  z  be  the  co- 
ordinates of  G,  we  have  y  =  /3  +  Am*  «  =  ^  +  Av  ;  and,  if  T  be  the  tension  of 
the  stringy  and  m  the  mass  of  the  body,  the  equations  of  motion  of  G  are 

mx=:-  Tof    my  =  -  Tfi^    m«  =  mg  -  Ty, 

Differentiating  the  expressions  for  y  uid  s  twice,  substituting,  and  remembering 
that  the  initial  values  of  the  diffeiential  coefficients,  with  respect  to  the  time,  of 
a,  jS,  7,  A,  M*  V  ^^  ^^^  z®^>  ^0  fi»o^ 

rf»7        rfV  Ty 

at*         dt*     '       m 

Multipljring  the  first  of  these  equations  by  fi^  the  second  by  7,  and  adding, 
we  have  imtiaUy 

since  o'  +  /S*  +  7*  =  1,  and  initially  a  =  0, 

.nd  therefore  fl(g)+y(g)=0. 

Now  by  (6),  Art.  265,  since  A.  is  zero  initially,  we  have 

d^lt,  dotm     d^y        dag 

dot       T 
Hence  initially  ^  (/Sy  .  .y^)  --J*  b gy. 

Up  be  the  length  of  the  perpendicular  from  0  on  the  initial  position  of  the 
string,  this  equation  may  be  written 

.       T 

in 
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Ag^ain,  if  a,  b^  e,  ifj,  h  be  the  moments  and  products  of  inertia  round  axes 
throngh  O  parallel  to  the  coordinate  axes,  we  haye  initially 

d 
at 

—  (-  hti»a  +  htiy  -  tfl0.)  =  0, 
d 

In  differentiating,  since  the  initial  values  of  w^y  <My,  and  ois  are  each  zero,  a, 
&c.,  may  be  treated  as  constants,  and  as  having  the  values  belonging  to  the 
initial  position  of  the  body.  We  have,  tiien,  for  the  initial  values  of  »«,  &c., 
and  T  the  equations, 

adox  —  ka>y  — /«»  =  —  Tp^ 

—  lewg  +  hioy  —  iut  =  0, 

—  y«*  —  t«y  +  ew%  =  0 ; 

whence,  if  A  be  the  determinant 

a  -^  -y 

^k     b    -i 

«        • 
-J     -f      c 

we  obtain  Aw«  =  -  (^^  -  i^)  ^. 

Substituting  for  ««,  we  have  finally  for  7o  the  initial  value  o   T^ 

T  »  ^yo  ^„  ^  ABCyo 

"^     A  +  mp^ibe-i^)^    ABC^-mp^ibc-t^y^" 

269.  Motion  of  a  Body  round  a  Fixed  Point, 
under  the  Action  of  no  SSxternal  Force, — ^In  this 
ca43e  equations  (18)  become 

-4—  «(jB-C/)(i>3(ii3,  jB-^=  ((7--4)ai3Wi,  C7-^=(-4-jB)aiiW2, 

in  whicli  we  shall  suppose  A>B>C. 

Multiply  the  first  by  wi,  the  second  by  013,  the  third  by  oity 
add,  and  integrate,  and  we  have 

Aa,i'  +  J5W  +  Cu,,'  =  S.  (21) 


I 


358  Kinetics  of  a  Rigid  Body, 

Next  multiply  the  first  by  ^bii,  the  second  by  Bufz^  the 
third  by  Ckus,  add,  and  integrate,  and  we  have 

^»a)i*  +  -B»W  +  C»a),'  =  m.  (22) 

In  equations  (21)  and  (22)  8  and  H  are  constants. 
These  equations  could  have  been  obtained  directly  from  (3), 
Art.  261,  and  (7),  Art.  263,  by  articles  200  and  213. 

Again,  if  we  multiply  the  first  of  the  equations  obtained 

from  (18)  by  ^,  the  second  by  -~,  the  third  by  -^,  and  add, 

we  get 

d(0\        d(o%        rfws     fB  -  C     C  —  A     -4  -  B\ 


(B-C 

"V  ^ 


dt     "^^dt   '^  dt      \    A  B  C    ) 

dis,        (A^B){B''C){C-A) 

or  01^  = -jj^ o>,cua<o,. 

If  we  oombine  the  two  equations  already  found  with  the 
equation 

and  solve  for  ut*,  we  get 

1,     1,     1 
A,    B,    O 

A\  SC,   C* 


w,*^<o*BC{C-JB)-8{C*-B')  +  S*{G-B); 


whenoe      wr* 


BC  f  ,    8iB+C)-B['\ 


{A-B){A-C) 


{.^-W^^\.  (23) 


If  we  denote  — ^ — ^ by  Ai,  and  the  two  oorrespon- 

ding  quantities  by  Xa  and  A39  we  have 

ABO 

•'•    «'^  =  v/{(A.-a>')(X.-u»»)(A,-a>')}.       (24) 
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Again,  sinoe    ~ 

AS'H^^B{A-- B)w^  +  C{^  -  0)613% 

it  follows  that  AS  is  always  ^ater  than  H^ ;  in  like  manner 
we  see  that  CS  is  less  than  M^.    Hence  we  see  at  once  that 
Xi,  A2,  and  A3  are  each  positive  quantities. 
Also,  we  have 

therefore  X%  is  the  greatest  of  the  three ;  also  Ai  -  X3  has  the 
same  sign  as  B8  -  S^,  and  this  depends  on  the  initial  con- 
ditions. 

Again,  since  oii^,  W9  o>3^  axe  each  positive, 

w*  >  Ai,  w'  <  A2,  w'  >  A3. 

Hence  we  may  assume  either — 

(1),  w*=Aisin*^  +  A2C0s^^,  or  (2)  w^aAssinV+AjCOs'^. 

In  the  former  case,  if  we  select  the  negative  sign  of  the 
square  root  in  (24),  that  equation  gives 

§  =  v/A,-A3-  (Aa-Ai)  sin*0  =  v/A^^  >/l-A*sinV,  (25) 
at 

A2  ■■  Ai 


where 


F  = 


Hence,  by  (23),  we  get 

BC 


Ws'  = 


(A-£){A-C) 

AC 

(A-B){£-C) 

AB 


Aj  —  Aj 


(Aj-Xi)cos'^ 


(X,  -  A,)  sin'  ^ 
(A,-X,)(l-A'8iiiV) 


>.    (26) 


{A-C){B-C) 
In  the  second  case,  we  get 


(27) 
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AC 


'^*''{A-B){B-C)  ^^*  ~  ^*^  "^'^ 


i- 


«,'  = 


(^-C)(5-(?) 


(X»-X,)008'^ 


(28) 


It  is  obvious  that  ^  and  ^  are  connected  by  tbe  equation 
Bunlf  -  k  sin  ij>. 

We  thus  see  that  when  either  ^  or  ^  is  known  the 
values  of  o>i,  ois,  ois  can  be  determined.  Also,  from  (25)  and 
(27),  we  see  that  0  and  ij/  are  at  once  expressible  in  terms 
of  t  as  elliptic  functions  of  the  first  kind. 

We  now  proceed  to  give  a  geometrical  representation  of 
the  angles  ^  and  ^. 

Let  Xy  y,  z  be  the  coordinates  of  the  point  P  in  which  the 
momentum  aods,  at  any  instant,  intersects  the  surface  of  the 
ellipsoid  of  gyration, 

ar*      y*     a*     - 

€?    V    e    ^ ' 

then,  if  22  «  OF^  we  have 


Hence 


A-i^x     £(02     CtOi     S 


X 

A 


=  ^  =  y/mS)  (Ex.  8,  Art.  264) 

%  XV 


B 


C 


X  = 


;  wij    y  = 


ysW-S 


Hence,  in  terms  of  ^,  we  have 


<Ul,      « = 


a/3K-S 


o),.    (29) 


ABG 


{A-B){A-C) 


y^Aj-  XiCOS0 


L  (30) 


\B_    I . 

^'4Wi8>i{A- 


ABG 


WlS>i{A-B){B'C) 


v^Aj  -  Xi  sin  ^ 
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And,  in  terms  of  ^, 


\B     I        ABC  ,-. — r-.    , 

^''m^i,A-B){B-0)^^*-^'^^    ^ 


% 


I  C      I ABO  /r-^r-         , 


These  equations  show  that  the  position  of  the  momentam 
axis  in  the  body  is  determined  when  either  ^  or  i/^  is  known. 
If  we  write  equations  (30)  in  the  form 

d?  "  a  y/Xi  -  Ai  COS  ^,  y  «  i3  \/Aa  -  Xi  sin  ^, 
we  get 

-T  +  TJi  =  Xa  -  Xi.  32) 

a        p 

This  is  the  equation  to  the  projection  on  the  plane  of  xy  of 
the  curve  described  by  P  on  the  surface  of  the  ellipsoid  of 
gyration.  Next,  if  a  be  the  angle  which  a  cyclic  plane  of 
the  ellipsoid  of  gyration  makes  with  the  plane  of  a?y,  we 
easily  see  that 


coscr 


"  A  Va'  -  c^  "  \J?  (^  -  C)  ""  P' 


From  this  it  follows  that  lines  parallel  to  the  axis  of  z  will 
project  the  ellipse  (32)  into  a  circle  on  the  cyclic  plane.  This, 
in  fact,  is  a  well-known  theorem  in  surfaces  of  the  second 
degree,  since  the  locus  of  P  is  a  sphero-conic.  (Ex.  8, 
Art.  264.) 

In  like  manner  it  follows  from  (311  that  the  projection  of 
this  sphero-conic  on  the  cyclic  plane  oy  lines  parallel  to  the 
axis  of  X  is  another  circle. 

These  circles  in  the  cyclic  plane  are  exhibited  in  the 
accompanying  figure,  in  which  OF  is  the  mean  axis  of  the 
ellipsoid.  If  we  suppose  Xi  >  Xs,  i.e.  B8  >  J?*,  then  it  is  easily 
seen  that  the  inner  circle  is  the  projection  by  lines  parallel 
to  the  axis  of  2.  Hence,  if  if  and  M'  be  the  positions  of  the 
projections  of  P  at  any  instant,  we  shall  have  MOQ  »  0, 
and  MOQ[  «  ^.  This  construction  for  the  position  of  the 
momentum  axis  in  the  body  is  due  to  Mao  Gullagh. 
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Prom  Article  213  it  appears  that  the  direction  of  the 
momentum  axis  in  space  is  invariable. 

It  should  be  observed  that  these  results  also  hold  good 


M'Q 


for  the  motion  of  a  free  body  imder  the  action  of  no  forces, 
provided  its  centre  of  inertia  be  taken  as  the  origin. 


Examples. 

1.  If  JP  =  BS,  find  the  position  of  the  momentmn  axis  at  any  instant. 
It  is  immediately  seen  that  in  this  case  the  momentum  axis  always  lies  in  a 
cyclic  plane  of  the  ellipsoid  of  gyration.    Also,  since 

A.1  =  A.2|    we  have  A;  =  1. 

Hence  equation  (25)  becomes 


^  =  ^^^73^  *  =  *«?'.      where  A  =    M --»)  (f  -  ^  ^. 
osd>      ^  S  ABC 


cos<l> 


Hence 


and  we  get 


log  tan  (  7  +  o  )  "  ^'  "*"  constant, 


where  ^o  is  the  initial  value  of  ^.  Hence  the  momentum  axis,  and  therefore  also 
the  instantaneous  axis  of  rotation,  tends  to  approach  without  limit  to  the  mean 
radius  of  gyration. 
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2.  Investigate  the  motion  if  the  initial  axis  of  rotation  he  yery  close  to  the- 
least  axis  of  inertia. 

In  this  case  R  is  nearly  equal  to  e,  and  ,\  S'^—  CS\b  very  small :  accord> 
ingly  A:  is  a  very  small  quantity,  and  we  get  approximately,  from  equation  (26),. 


where  ^  is  the  initial  value  of  ^. 

If  ^1  denote  the  time  which  the  hody  takes  to  revolve  round  its  axis  of  rota- 
tion  (which  is  nearly  coincident  with  tne  least  axis  of  the  ellipsoid  of  gyration),, 
and  t2  the  time  of  a  complete  revolution  or  oscillation  of  the  momentum  axis  round 
the  axis  of  z ;  then 


-  ^1  =  2ir,    -  ^  i -j^ i  h  =  2ir,     J2  =  e,    approximately. 

Hence,  approximately, 

'*""^W(^-C7)(^-C)* 

If  -B  —  Che  very  small,  <3  will  he  very  large  in  comparison  with  ^i. 

A  corresponding  result  may  he  obtained  when  B  nearly  =  a. 

This  investigation  would  be  applicable  to  the  Earth  if  its  axis  of  rotation 
were  nearly  but  not  exactly  a  principal  axis.  In  this  case  ^i  would  be  the  length 
of  the  day.  The  total  at&actions  of  other  bodies  are  supposed  to  pass  through 
the  centre  of  inertia  of  the  Earth. 

3.  If  two  of  the  principal  moments  of  inertia  of  the  body  be  equal,  prove  thai 
— (1)  the  simultaneous  positions  of  the  momentum  axis  and  the  instantaneous 
axis  of  rotation  lie  in  a  plane  containing  the  axis  of  unequal  moment  of  inertia ; 
(2)  the  instantaneous  axis  and  the  momentum  axis  describe  in  the  body  right 
circular  cones  whose  semi*  angles  are  i  and  y,  where 

^    ,.      C    S^^CS         .   ^    .        A  M^^CS 
tan*  ♦  =  — . •    ftTin   tan*  'y  =  —  • . 

the  axis  of  unequal  moment  of  inertia  being  the  axis  of  s ;  (3)  the  values  of 
«,  C01,  013,  »3  at  any  time  are  given  by  the  equations 

wi  =  «  sin  t  cos  ( — - —  «8<+xl>    «2  =  -»8int8m  I — - —  ws^  +  xjf 

.     -     (A+C)8-E^        ,  .  ,  .^ 

«s  =  «  cos  t,  •'  = ,    where  x  i^  an  arbitrary  constant. 

A(j 

270.  Conjugate  Ellipsoid  and  Conjugate  Une. — 

"When  a  body  on  which  no  external  force  is  acting  is  in 
motion  round  a  fixed  point,  the  squares  of  the  angular 


364  Kinetici  of  a  Rigid  Body* 

velocities  of  the  body  round  its  principal  axes  at  the  point 
must  fulfil  the  two  independent  linear  equations 

Awi^  +  Bw2^  +  Cw,*  -  /8  =  e  =  0  J 

Any  other  linear  equation,  9'  =  0,  between  these  variables 
must  be  of  the  form  aO  +  ^^  =  0,  where  a  and  /3  are  con- 
stants, since  otherwise  each  angular  velocity  would  be  com- 
pletely determined.  Hence,  if  we  suppose  that  wi,  W2j  w* 
satisfy  also  the  two  equations 

A'u>i'  +  JS'o),*  +  OW  -  S'  =  9'  =  0  I  .g^. 

^''oii'  +  jB'W  +  C'W  -  J5r'*=  <^'  =  0  J ' 

we  must  have  9'  =  i  (X9  -  ^),  *'  =>  (m^  -  *),  where  »,  X, 
/,  /i  are  constants. 
Hence  we  get 

B'  =  iB{\'B),  B^^jBiji-'B)  J-  (35) 

rr  =iC7(x  -(7),  (r»  ^jOf^-C) 


From  (35)  we  obtain 

^(X  -  ^)'  ^  J(X  -  ^)'     g(X-g)'     y^ 


(36) 


whence,  by  a  well-known  property  of  equal  fractions,  we 
have 

A{\-Af-B{\-Ef   B{\-By-c{\-crf  _y  ,„-. 

A-B  B-C  "^    ,-a»V*»'/ 

from  these,  by  performiag  the  divisions,  we  get 

X^i{A  +  B+q.  (38) 
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Consequently,  from  (37)  we  obtain 

2(^5  +  5(7+ (7^) -u1»-jB»-(7'  =  $,  (39) 

and  from  (36)  we  get 

[2{AB  +  BC+  CA)'A^'B''-  C^]fx^4tABC.       (40) 
Finally,  we  have 

a'4a{b^  0-a),  Br=h{c+A-B),(r^ i  c{a+b-C)  ,  ^^^^ 

ABC  ^'^^^^ 

Sr^  i{\8  -  JT),        S'*  -  i»  =^  {fi8  -  S') 

where  A  and  /u  have  the  values  given  by  (38)  and  (40). 

It  appears  from  what  has  been  said  that  any  three  con- 
stants ay  by  c  satisfying  two  equations  of  the  form 

flfth*  +  fttoia'  +  C(Dz^  =  constant,  a'cui'  +  ft'wa'  +  c'cus'  =  constant, 

must  be  proportional  either  to  -4,  -B,  C,  or  to  A\  S^  C". 
Hence,  if  we  apply  to  -4',  -B',  C?'  a  transformation  similar 
to  that  which  has  been  applied  to  A^  J3,  C  we  must  obtain 
quantities  proportional  to  A^  J?,  C.  From  this  it  follows 
that  the  two  quadrics  E  and  K  given  by  the  equations 

are  each  derived  from  the  other  by  a  similar  process,  and  may 
therefore  be  called  conjugate.  Since  -4,  By  C  are  each  positive, 
and  such  that  the  sum  of  any  two  is  greater  than  the  third, 
it  follows  from  (38),  (40),  and  (41),  that  Al,  B\  Cy  A,  /u,  iS', 
and  -HT"  are  each  positive.  Hence  we  infer  that  the  quadrio 
j&T  is  an  ellipsoid. 

If  /  be  the  intercept  made  by  the  conjugate  ellipsoid  If 
on  the  instantaneous  axis  of  rotation  of  the  body,  p'  the 
perpendicular  from  the  fixed  point  on  the  tangent  plane  to 
If  at  the  extremity  of  /,  and  0'  the  angle  between  r  and/)', 
it  can  be  proved  in  the  same  manner  as  in  Art.  264,  that 


(dcos^"^^9  r°  /-^o^i?"     -g,    * 
The  perpendicular  to  the  tangent  plane  to  jB^at  the  extremity 
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of  /  corresponds  to  the  momentum  axis  in  the  momenta! 
ellipsoid,  and  is  called  the  conjugate  line. 

This  Article  and  the  following  Examples  are  taken  from 
a  Paper  by  Dr.  Eouth  in  the  Quarterly  Journal  of  Pure  and 
Applied  Mathematics  for  1888. 

Examples. 

1.  If  a  body  on  which  no  external  force  is  acting  be  moving  round  a  fixed 
point  0,  and  a  quadric,  having  as  axes  the  principal  axes  of  the  body  at  O,  be 
such  tiiat  the  intercept  which  it  makes  on  the  instantaneous  axis  of  rotation  at 
any  time  is  proportional  to  the  angular  velocity,  cuid  that  the  perpendicular 
from  0  on  the  tangent  plane  at  the  extremity  of  this  intercept  is  constant,  the 
quadric  must  be  either  the  momental  or  the  conjugate  ellipsoid. 

2.  If  P  be  p  point  on  the  conjugate  line  at  a  constant  distance  B  from  the 
fixed  point  0,  and  Q  the  point  of  the  body  which  coincides  at  the  instant  with 
P,  prove  that  tiie  velocity  of  P  is  double  that  of  Q,  and  that  the  directions  of 
these  two  velocities  coincide. 

Let  X,  y,  z  be  the  coordinates  of  P  referred  to  the  principal  axes  titO;u,VfUf 
its  space  velocities  parallel  to  these  axes ;  and  u',  v',  w'  those  of  Q ;  then 

«  =  i  +  f/,  t;  =  y  +  t>',  W  =  «  +  to'. 

Now, 

Wx  =  J2-4'«i,    JT'y  =  PP'«2,    J'«  =  jBC"«3  ; 

hence,  by  (41),  we  have 

x^'^.A{fi^C-A)&x, 

and  w'  =  ^  (-»  -  C')  (5  +  C-A)t»%  «s; 

whence,  by  Euler's  equations.  Art.  267,  we  obtain  j^  =  t/,  and  therefore  ti  =  2t/ ; 
and  in  like  manner  v  =  2i'',  u>  =  2«;'. 

3.  Determine  the  motion  of  the  conjugate  line  in  space. 

Let  Q  be  the  angle  between  the  conjugate  line  OF  and  the  invariable  line  or 
momentum  axis  OZ^  ^  the  angle  which  the  plane  ZOT  makes  with  a  fixed 
plane  passing  through  OZ^  ^  and  <f/  the  angles  made  with  OZ  and  OF  by  the  in- 
stantaneous axis  of  rotation  of  the  body ;  also  let  Q  be  the  component  round  OZ 
of  the  angular  velocity  of  the  body,  and  ft'  its  component  round  OF ;  then 

^     ^^  ,      S' 

ft  =  «  cos  0  =  — ,   ft  =  «  cos  ^    =  =;. 

By  considering  the  motion  of  ft  point  of  the  body  situated  at  the  instant  on 
OF,  it  is  plain  from  Ex.  2,  that  the  angular  velocity  Of  the  body  round  an  axis 
perpendicular  to  OF  in  the  plane  ZOF  is  J  sin  0i^.    Hence 

Ae}sm>a^  +  ft'cos9, 
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whence  sin'  ^i^  =  2  (■=.-—,  cos  0  J .  («) 

Again,  the  whole  velocity  of  a  point  of  the  body  at  the  unit  distance  from  0  on 
the  line  OF  being  w  sin  <f>'y  we  have,  by  Ex.  2, 

J  (sin«  ej,^  +  0i)  =  «»  sin'  ^', 
that  is 

sin2ei;^  +  0'  =  4  L'-^V  (^) 

We  have  now  to  express  «'  in  terms  of  $,  which  can  be  done  as  follows  :— • 
Expressing  cos  0  in  terms  of  the  direction  cosines  of  OF  and  OZ,  we  have 

JSS'  cos  e  =  AA'<»i^  +  BB'(02^  +  CC"»3' 

=  i\  {A^m^  +  Fi^ «2'  +  C^ «3*)  -  ♦  {A^  «i*  +  ^'  «2*  +  C'S «8«). 
Hence  we  get 

A^wi^  +  F^co2^  +  (73«3*  =  AJ r-  cos  0. 

t 

If  we  combine  this  equation  with  (33),  and  solve  for  »i',  we  obtain 
{A-~F)(B-C)(C-A)c»i^  =  -?^  {sFC+S^(A-\)^~  COS0]. 
From  this  and  the  similar  expressions  for  ws'  and  003'  we  get 

JTJT' 

AFCay^  =  S{AF  +  £G-\-  CA)  -  ^M^A  ■{■  F  +  G)  -=-  cos  6. 

% 

Substituting  the  value  for  w'  given  by  this  equation  in  (h)y  we  obtain 
fan^0'^-^^  =  ^^{S{AF-vFC^CA)-\S^{A^F-\-C)) 

_4  /-^  V^  — i-_  jffjT' cos  a. 
\^7       xAFC 

From  (0)  and  this  equation  0  and  4^  can  be  obtained  by  quadratures. 

271.  Stress  Exerted  by  a  Body  on  a  Fixed  Point. 

— In  order  to  determine  the  force  exerted  by  a  fixed  point  on 
a  body  we  have  only  to  consider  the  point  as  replaced  by 
a  force,  whose  components  are  Xo,  Po,  Z^^  passing  through  it. 
We  may  then  consider  the  body  as  free,  and  we  have,  by 
Article  268, 

with  two  similar  equations. 

But  as  the  body  is  rotating  round  the  origin,  if  we  sup- 
pose the  axes  fixed  in  space  to  coincide  at  the  instant  under 
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consideration  with  the  principal  axes  through  the  origin,  we 
have 

d^x        ,  dwz     .  dw2         .  -    \     /    i       «\  - 


df' 


+  z 
dt  dt 


Substituting  for  -j-  and  —  from  Euler's  Equations,  we 


get, 

Now,  let  iSi,  iS^,  iSs  be  the  components  of  the  stress  on  the 
fixed  point  at  any  time,  in  the  directions  occupied  at  the 
instant  by  the  principal  axes  of  the  body,  then  81^-  Xo, 
and  therefore 


(42> 


where  |,  17,  K  are  the  coordinates  of  the  centre  of  inertia 
referred  to  the  principal  axes  through  the  fixed  point,  and 
are  absolute  constants:  2X  is  the  sum  of  the  components 
of  the  applied  forces  parallel  to  one  of  these  axes,  and  L  the 
moment  round  it  of  the  same  forces.  2X,  2  F,  2Z,  L,  Jf,  N 
are  in  general  variable  with  the  time. 

In  like  manner  if  819  8%^  8^  be  the  impulses  arising  from 

the  instantaneous  stresses  exerted  by  a  body  on  a  fixed  pointy 
in  consequence  of  the  action  on  the  body  of  any  system  of 
impulses,  we  obtain,  by  Arts.  255  and  265, 


-8,-sr+2» 


(43^ 
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272.  €eiitrlfagal  Couple. — If  a  body  have  a  fixed 
point  0,  the  change  produced  in  its  angular  velocity  round 
one  of  its  priacipal  axes  at  0  in  the  element  of  time  dt  is 
given,  (18),  Art.  267,  by  the  equation 

Adwi  -  {B  —  C)  WiWzdt  +  Ldt, 

The  first  term  on  the  right-hand  side  of  this  equation 
results  from  the  angular  velocities  already  existing  round  the 
other  two  axes.  In  consequence  of  these  velocities  each  point 
of  the  body,  in  virtue  of  its  connexions  with  the  other  points, 
exerts  a  force  on  the  entire  body.  These  forces  are  in  fact 
the  centrifugal  forces  resulting  from  the  motion  of  the  body, 
and  their  moments  L\  M\  N^  round  axes  fixed  in  space  may 
be  determined  directly  as  follows : — 

Let  a,  j3,  y  be  the  angles  which  the  instantaneous  axis  of 
rotation  makes  with  the  axes  of  coordinates ;  p  the  perpen- 
dicular distance  from  this  axis  to  any  point  xyz  of  the  body ; 
q  the  intercept  between  the  origin  and  the  foot  oi  p\  r  the 
radius  vector  to  the  point  xyz ;  and  (a  the  angular  velocity  of 
the  body  round  the  instantaneous  axis.  The  centrifugal 
force  at  the  point  xyz  is  mpto^  acting  along  p  ;  and  the 
component  of  this  force  along  the  axis  of  a;  is  ww*  multiplied 
by  the  projection  oip. 

If  we  project  the  triangle  formed  by  rpq  on  the  axis  of 
x^  we  have 

projection  of  j?  =  projection  of  r  -  projection  olq  =  x-qQOBaj 
and  y  =  a?  cos  a  +  y  cos j3  +  z  cosy; 

hence  the  centrifugal  force  along  axis  of  x 

=  m(i>'  [x  -  (a?  cos  a  +  y  cos  /3  +  «  cos  y)  cos  a} 
=  WW*  [x  (cos'3  +  cos'y)  -  y  cos  a  cos  /3  -  «  cos  o  cos  y } 
«  m  [x{tay  +  w.')  -  ywx  wy-ztox  w»), 
remembering  that 

ci^s  s  (•>  cos  a,     a>y  ■>  01  cos  jS^     cds  » (i>  COS  y . 
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In  like  maimer  for  the  force  along  the  axis  of  y,  we  have 

and  for  that  along  the  axis  of  Zj 

whence,  taking  moments  round  the  axis  of  ^,  and  integrating 
through  the  entire  body,  we  obtain 

i'  =  (wy'  -  wa*)  jyzdm  +  oiy bifl  i  (s'  -  y')  dm  -  wzt»>xSxydm 

+  wxWyjxzdm.        (44) 

If  we  now  suppose  the  axes  to  coinoide  with  the  instan- 
taneous positions  of  the  principal  axes  of  the  body,  every 
term  in  1/  vanishes  except  oiyoi,  J(s*  -  y*)  ifm,  and  we  get 

i'  =  (5-C7)o;2a>8.  (45) 

Accordingly,  the  couple  whose  components  round  the 
three  axes  are  {B  -  C)  W2  ois,  &c.,  is  called  the  centrifugal 
couple. 

The  axis  of  the  centrifugal  couple  is  at  right  angles  to  the 
axis  of  principal  moments^  and  to  the  axis  of  rotation. 

For  the  direction  cosines  of  the  axis  of  the  centrifugal 
couple  are  proportional  to 

{B  -  C)w2(ahf    (C - -4)  CDs  wi,    (-4  -  jB) oil ci>2 ; 

whence  it  is  seen  at  once  that  the  conditions  for  its  being 
perpendicular  to  the  two  other  lines  are  fulfilled. 

If  a  central  section  of  the  momental  ellipsoid  be  taken 
passing  through  the  instantaneous  axis  of  rotation  and  the  axis  of 
the  centrifugal  couple,  these  two  lines  coincide  with  the  principal 
axes  of  this  section. 

The  lines  in  question  are  at  right  angles,  and  one  is 
parallel  to  the  tangent  plane  through  the  point  where  the 
other  intersects  the  ellipsoid. 
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273.  Motioii  of  a  Free  Body  relative  to  Its  Centre 
of  Inertia. — A&  the  equations  for  determining  the  motion 
of  a  body  relative  to  its  centre  of  inertia  are  the  same  as 
if  the  oentre  of  inertia  were  a  fixed  point,  the  theorems 
of  Arts.  264  and  272,  in  reference  to  the  instantaneous  axis 
of  rotation,  the  axis  of  the  centrifugal  couple,  and  the  axis 
of  principal  moments,  hold  good. 

Examples. 

Motion  of  a  Body  unacted  on  by  Force, 

1.  The  angular  Telocity  at  any  instant  is  proportional  to  the  interoept  on  the 
instantaneous  axis  of  rotation  through  the  centre  of  inertia  cut  off  hy  the 
momental  ellipsoid. 

The  Telocity  of  the  centre  of  inertia  is  constant  as  well  as  the  whole  9%b  viva, 
flence  the  via  viva  of  the  motion  relative  to  the  centre  of  inertia  is  constant,  and 
therefore,  (10),  Art.  264,  w  is  proportional  to  r. 

2.  The  component  of  the  angular  velocity  round  the  momentum  axis  through 
the  centre  of  inertia  is  constant.    See  (9),  Art.  264. 

3.  If  a  tangent  plane  he  drawn  to  the  momental  ellipsoid  at  its  point  of 
intersection  wim  the  instantaneous  axis  of  rotation  through  the  centre  oiinertia, 
the  distance  of  this  plane  from  the  centre  is  constant. 

This  follows  from  (11),  Art.  264. 

If  a  body  have  a  fixed  point,  the  results  of  the  preceding  examples  hold  good, 
the  fixed  i>oint  being  substituted  for  the  centre  of  inertia. 

4.  A  body  moves  round  a  fixed  point :  give  a  geometrical  representation  of 
the  motion. 

The  momental  ellipsoid  relative  to  the  point  rolls  on  a  plane  fixed  in  space,  so 
that  the  line  joining  the  centre  to  the  point  of  contact  is  always  the  instan- 
taneous axis  of  rotation. 

5.  A  body  is  moving  round  a  fixed  point ;  find  the  locus  of  the  instantaneous 
axis  of  rotation  in  the  body. 

Since  — ,  — ,  —  are  its  direction  cosines  referred  to  the  principal  axes  through 

(0      C0      <v 

the  point,  its  locus  is  the  cone 

6.  Find  the  locus  of  the  momentum  axis  in  the  body. 
Its  locus  is  the  cone 


Hence  the  curve  traced  out  by  this  line  on  the  ellipsoid  of  gyiatioii  is  a 
sphero-conic,  as  already  stated  in  Art.  269. 
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7.  Determine  the  curre  traced  out  on  the  momental  ellipsoid  hy  the  instan- 
taneoua  axis. 

The  equations  of  the  curve  are  got  hy  comhining  the  equations  of  the  ellip- 
soid with  that  of  the  cone  given  in  £x.  6 ;  they  are,  therefore, 

This  curve  is  called  the  polhode. 

The  curve  traced  out  on  the  fixed  plane,  hy  the  point  of  contact,  is  called 
the  herpolhode. 

8.  The  projections  of  the  polhode  on  the  planes  perpendicular  to  the  axes  of 
greatest  and  least  moment  of  inertia  are  ellipses.  Its  projection  on  the  plane 
perpendicular  to  the  remaining  principal  axis  is  a  hyperhola. 

This  appears  at  once  hy  eluxunating  x^  y,  z  successively  from  the  two  equa- 
tions of  Ex.  7,  rememhering  that  A>B>C, 

9.  In  what  case  does  the  hyperhola  hecome  a  pair  of  straight  lines  ? 
If  jr»=  BS.    {See  Ex.  1,  Art.  269.) 

10.  If  the  hody  he  free,  give  a  geometrical  representation  of  the  motion.  (See 
Ex.  4.) 

The  momental  ellipsoid  relative  to  the  centre  of  inertia  rolls  on  a  plane  at  a 
constant  distance  from  the  centre  of  inertia  and  parallel  to  a  plane  fixed  in  space, 
the  iastantaneous  axis  of  rotation  heing  the  line  joining  the  centre  of  inertia  to 
the  point  of  contact,  whilst  the  whole  system  moves  with  uniform  velocity 
parallel  to  a  fixed  direction. 

11.  Show  that  the  herpolhode  lies  hetween  two  circles  the  squares  of  whose 
radii  are 


K 

S 


f         S^\  ^      -E"/  ^\  JT/  S^\ 

(A2-^j,    and    .^(M-5ij,or    j[^  -  ^,) 


according  as  {see  Art.  209)  Xi  is  greater  or  less  than  As. 

If  p  he  the  distance  from  the  point  of  contact  to  the  foot  of  the  perpendicular 
on  the  fixed  plane,  we  have 

p»  =  r«-i,';  huti^»  =  — ,andf«=-«»(Art,264);  ...^2=^  «2  .  J.J. 

But,  Art.  269,  •«  >  \i,     «'  <  As,     «» >  A«. 

Hence  the  greatest  and  least  values  of  p'  are  comprised  hetween  the  limita 
stated  above. 

12.  If  a  body  be  rotating  round  a  fixed  point,  or  a  free  body  roimd  its  centre  of 
inertia,  the  couple  resulting  from  centrifugal  forces  lies  in  the  plane  containing 
the  momentum  axis  and  the  instantaneous  axis  of  rotation,  and  its  magnitude 
is  Jr«  sin  ^,  or  ^  tan  ^,  where  ^  is  the  angle  between  the  iastantaneous  and  tho 
momentum  axes. 
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The  components  of  the  couple  resulting  from  centrifugal  forces  are  (Art. 
272) 

{B  —  C)  annzt     {C—  A)  W3  091,     (-4  —  B)  »i  021 

or  m«'  (d' — e^)  cos  fi  cos  7,  m«'  (c'  -  a*)  cos  7  cos  a,  w«*  («*  —  i*)  cos  a  cos  iS ; 

where  a,  i3,  7  are  the  angles  made  by  the  instantaneous  axis  of  rotation  with  the 
principal  axes  of  the  body,  and  a,  b,  e  are  the  semi-axes  of  the  ellipsoid  of 
gyration.  If  p  he  the  perpendicular  from  the  origin  on  the  tangent  plane  to 
the  ellipsoid  of  gyration  at  the  point  x'y'z*  where  it  is  met  by  the  momentum 
axis  By  double  the  projection  of  the  triangle  formed  by  the  origin,  xfyz\  and 
the  foot  of  p,  is 

p  {x'  coBfi-y'  cos  a),    or    (a*  —  i')  cos  a  cos  |3, 

and  double  the  area  of  the  same  triangle  is  Bp  sin  ^ ;  therefore  by  Ex.  6,  7,  8, 
Art.  264,  we  have  the  required  result. 

13.  If  a  tangent  plane  be  drawn  to  the  ellipsoid  of  gyration  at  the  point 
where  it  is  met  by  the  axis  of  the  centrifugal  couple,  the  perpendicular  on  this 
tangent  plane  is  the  axis  of  the  rotation  produced  by  the  centrifugal  couple. 

Z',  M'y  N'  being  the  components  of  the  centnfugal  couple,  and  8»i,  9o93, 
SmS)  the  rotations  produced  by  it  considered  alone,  we  have,  from  Euler's  equa- 
tions, 

-48wi  =  L'dty    BB<ui  =  M'dt,     C8«3  =  N^dt ; 

but  these  equations  are  of  the  same  form  as  those  connecting  the  instantaneous 
axis  with  the  components  of  the  couple  of  principal  moments ;  therefore,  &c. 

It  follows  from  this,  that  the  axis  of  rotation  produced  by  the  centrifugal 
couple  is  at  right  angles  to  the  momentum  axis  ;  for  (see  Fig.,  Ex.  16)  if  OB  be 
the  momentum  axis ;  OF  the  instantaneous  axis  of  rotation ;  OBf  the  axis  of 
the  centrifugal  couple,  and  OB'  the  axis  of  the  centrifugal  couple  rotation ;  OBf 
being  at  right  angles  to  OF  (Ex.  12),  is  conjugate  to  OB :  hence  OB  is  parallel 
to  the  tangent  plane  through  B',  and  therefore  at  right  angles  to  OF*,  Also,  OB 
and  0B>  are  the  principal  axes  of  the  section  of  the  ellipsoid  made  by  their 
plane. 

14.  The  intercept  on  the  momentum  axis  cut  off  by  the  ellipsoid  of  gyration 
is  of  constant  length  (Ex.  8,  Art.  264). 

15.  The  motion  of  the  momentum  axis  in  the  body  consists  of  a  series  of 
rotations,  the  axis  of  each  rotation  being  at  right  angles  both  to  the  momentum 
axis  and  the  centrifugal  couple  axis,  and  the  magnitude  of  the  rotation  being 
equal  and  opposite  to  the  rotation  of  the  body  round  the  same  axis. 

The  centrifugal  couple  tends  at  each  instant  to  alter  the  position  of  the 
momentum  axis,  since  the  new  moment  of  momentum  is  the  resultant  of  the 
principal  couple  at  the  beginning  of  the  instant  and  the  momentum  produced  by 
the  centrifugal  couple  during  the  instant.  The  former  component  is  JT,  the  latter 
S(»  sin  <l>dt  (Ex.  12),  and  the  two  are  at  right  angles.  Hence  the  momentum 
axis  OB  turns  towards  the  centrifugal  couple  axis  OB'  with  an  angular  yelooity 
«  sin  <l>,  which  is  equal  and  opposite  to  the  angular  velocity  of  the  body  round 
OQ,  the  perpendicular  to  the  momentum  axis  and  the  centrifugal  couple  axis. 
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16.  The  aziB  of  the  centrifugal  couple,  regarded  as  a  radius  yector  of  the 
ellipsoid  of  gyration,  describes  areas  proportional  to  the  time  in  the  invariable 
plane  of  principal  moments. 


Let  OH  be  the  momentum  axis  and  OSf  the  centrifugal  couple  axis  at  any 
instant.  Let  the  lengths  of  OR  and  OR',  regarded  as  radii  vectores  of  the  ellipsoid 
of  gyration,  be  R  and  r.  Describe  a  sphere  with  radius  R  round  0  as  centre, 
and  let  OF  and  OF'  be  the  positions  of  the  actual  axis  of  rotation  and  of  the 
axis  of  rotation  due  to  centrifugal  forces  at  the  instant.  Let  the  body  bo 
rotating  clockwise  round  OF.  At  the  end  of  the  time  dt  the  instantaneous 
axis  of  rotation  will  have  turned  towards  OF*,  into  the  position  01. 

In  the  figure  the  line  OR  and  the  plane  at  right  angles  to  it  are  fixed  in 
space,  whilst  OF  and  01  are  consecutive  positions  in  space  of  the  instantaneous 
axis  of  rotation.  The  position  of  the  centrifugal  couple  axis  at  the  end  of  the 
time  dt  is  at  right  angles  to  the  plane  RI^.  If  dv  be  the  angle  described  by 
this  axis  in  the  time  dt,  dv  =  QOQ' .  If  »  be  the  angular  velocity  produced  in 
the  time  dt  by  the  centrifugal  couple,  we  have  (Ex.  12  and  13,  and  Ex.  6, 
Art.  264) 

tnw  p'r  =  mul^pR  tin  ^dt; 


whence 


»Rp  sin  ^  rf<  _»'_  sin  PJ  __  sin  PJ    sin  Z5 


rp 


09 


sin  F'l     sin  Jfi  •  sin  P'J 


dv 


T  » 


but 

whence,  finally, 


sin  RF      dv  sin  ^ 
"  sin  PFQ,  *  sinP'P"  "cos^ 

p'  ^r  cos  ^',    and   ^  =  i2  cos  ^ ; 
f^dv^  wF?  COS  ^  <f< ; 


and  as  R  and  w  cos  0  are  each  constant,  the  theorem  is  proved.  It  is  to  be 
observed  that  it  follows  from  the  equations  of  Ex.  13  above,  and  Ex.  6,  Art.  264, 
that  the  angles  J20Pand  R^OF*  are  each  acute. 


Exan^let. 
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Anotiher  mode  of  proving  the  theorem  contained  in  this  example  is  as 
follows : — 

09      dv  sin  4> 

—    iS  * 

»       cos  <i>' 


As  before, 


u        dv  cf  sin  ^ 
dt       dt    cos  <l>' " 


therefore 

Again,  from  Exs.  12  and  13,  we  readily  see  that 


u       8  tan  d>  cos  d>'       8  tan  <!>       .         . 

57 w5 ,;i;r^^.«^cej,=rcos0. 


(^^ 


mp 


Hence,  equating  these  values  of  -r-,  we  get 

at 


.dv  8 

dt      mw  cos  ^ 


—    by  (9),  Art.  264. 
in 


17.  To  determine  the  position  of  the  body  in  space  at  any  time. 

The  line  in  the  body  which  at  a  given  time  coincides  with  the  momentum 
axis  is  known  from  Art.  269.  If,  then,  we  make  this  line  of  the  body 
coincide  with  the  momentum  axis  (whose  position  in  space  remains  unaltered), 
and  then  turn  the  body  through  the  proper  angle  round  this  axis,  the  position 
of  the  body  in  space  is  determined. 

To  effect  the  latter  part  of  the  determination,  we  consider  the  position  in 
space  of  the  line  OQ,  which  is  at  right  angles  to  the  momentum  axis  and  the 
axis  of  the  centrifugal  couple. 

The  momentum  axis  OR  describes  a  cone  C  in  the  body,  and  it  is  easily  seen 
that  OQ  describes  the  reciprocal  cone  C\  The  position  of  the  momentum  axis 
in  the  body  being  known,  so  likewise  is  the  position  of  OQ,  the  corresponding 
edge  of  C;  and  if  we  can  determine  the  position  of  the  latter  in  space,  the 


problem  is  solved.  The  instantaneous  axis  of  rotation  OF  lies  in  the  plane  of 
OR  and  OQ  ;  and  the  angular  velocity  »  round  OP  is  equivalent  to  ta  cos  ^  round 
OJtf  and  a  Bvnp  round  OQ,  If,  then,  we  suppose  the  cone  C  rigidly  connected 
with  the  body,  the  whole  motion  consists  of  the  rolling  and  sliding  of  the  cone 
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C  on  the  plane  of  principal  moments.     The  angular  velocity  of  sliding  is 

«  cos  ^ ;  and  if  d€  be  the  angle  between  two  consecutive  edges  of  tiie  cone  C,  the 

d€ 
Telocity  with  which  OQ  turns  in  consequence  of  the  rolling  is  -j-.    Hence,  if 

dt 

the  cone  C*  be  on  the  same  side  of  the  plane  of  principal  moments  as  OF,  the 

whole  angular  velocity  of  the  edge  round  OR  is 

d^ 
•  cos^--* 

Thus,  if  the  rotation  round  OP  be  counter-clockwise,  «  cos  ^  will  be  from  Sf  to 

Qy  whilst  the  rolling  round  OQ  will  bring  an  edge  into  contact  with  the  plane 

of  principal  moments  which  is  nearer  to  OR',  and  this  will  impart  an  angular 

d€ 
velocity  -  -r-  to  the  edge  of  C  which  is  in  the  plane  of  principal  moments.   We 

0V 


can  arrive  at  the  same  result  in  another  way,  by  considering  the  motion  of  the 
cone  G  regarded  as  rigidly  attached  to  the  body.  The  rotation  round  OQ 
(supposed  counter-clockwise)  brings  the  line  OSi  consecutive  to  OR  into  the 
position  ORy  and  moves  the  next  consecutive  tangent  plane  of  C  in  a  direction 
parallel  to  OR^,  The  next  rotation  is  effected  round  a  line  at  right  angles  to 
08\  S2t  which  is  therefore  nearer  than  OQ  to  ORf  :  thus  the  motion  of  OQ,  in 
consequence  of  a  counter-clockwise  rotation  round  OQ,  is  clockwise.  On  the 
other  hand,  the  motion  of  OQ,  in  consequence  of  a  counter-clockwise  rotation 
round  OR,  is  likewise  counter-clockwise. 

Hence,  on  the  whole,  if  v  be  the  angle  described  by  the  line  at  right  angles 
to  the  momentum  axis  and  the  centrifu^  couple  axis  in  the  fixed  plane. 


Id€ 
-rrdt. 
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Since  <f«  is  the  angle  between  two  consecutive  edges  of  the  cone  C% 

if  «  be  the  arc  of  the  spherical  conic  in  which  the  cone  C  meets  the  sphere  of 
radius  B. ;  whence,  finally, 

% 

V=:  iat  COS  ^ -. 

If  the  cone  C  be  on  the  opposite  side  of  the  plane  of  principal  moments 
from  OP  and  Olt,  or,  in  other  words,  if  the  curvature  of  the  cone  C  turned 
towards  OF  be  convex  instead  of  concave,  the  two  parts  of  the  motion  of  OQ 
have  the  same  sign,  and 

8 

v  =  at  cos  ^  +  ■^. 

The  former  case  occurs  when  It  is  less  than  the  mean  axis  of  the  ellipsoid 
of  gyration  ;  the  latter,  when  it  is  greater.  In  either  case  8  is  determined  by 
knowing  the  position  of  OQ  in  the  cone  C". 

In  order  to  facilitate  the  drawing  of  the  figures,  the  rotation  is  in  Ex.  16 
supposed  to  be  clockwise,  but  in  the  present  example  counter-clockwise. 

It  is  to  be  observed  also  that  in  the  figure  of  the  present  Example  the  angle 
QOQ'  represents  only  part  of  the  motion  of  OQ,  viz.  d€,  whQe  in  the  figure  of 
Ex.  16  it  represents  the  whole  motion  dv. 

Examples  12  to  16  are  due  to  Mac  Cullagh. 

18.  The  normals  to  the  cone  described  by  the  instantaneous  axis  of  rotation 
intersect  the  ellipsoid  of  gyration  in  a  line  of  curvature. 

The  normal  to  the  plane  of  OP  and  OF'  (figure  of  Ex.  16)  is  conjugate  to 
OH  and  OB',  and  hence  passes  through  the  intersection  of  the  ellipsoid  of  gyra- 
tion with  the  confocal  a*  —  R^.    This  result  follows  also  from  Ex.  6. 

19.  Show  that,  if  v  and  ^  have  the  same  meaning  as  in  Ex.  16, 

dv^_±      {AS -  H^){BS -  -gg) {OS -  J?g) 

dt^  S'^  ABCHS^  ^' 

Substituting,  by  (9)  and  Ex.  8,  Art.  264, 

8  E^ 

»  cos  ^  for  — ,  S^  for  — r;,  and  ma^  for  -4,  mb^  for  P,  ww*  for  (7, 

the  equation  given  above  is  reduced  to 

Now,  by  Ex.  16,  —  =  «  cos  ^  — ; 

,130  -  -  1  +  i '\^^^" ■'  cot'*. 

«s  may  be  thus  proved. 
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The  axes  of  a  central  section  of  the  ^uadric  a  are  parallel  to  the  normaJ» 
to  the  two  confocals  through  the  extremities  of  the  semi-diameter  D  conjugate- 
to  the  section,  and  {a\  tS*  heing  the  semi-axes  of  the  confocals)  are  given  by 
the  equations 

(Salmon's  Geometry  of  Three  Difnensions,  §  164).  Moreover,  if  /  he  the  axia 
normal  to  a"  of  the  section  conjugate  to  i)  in  the  quadric  e^,  the  direction  of  r*^ 
coincides  with  that  of  r,  and  the  magnitude  of  r'  is  given  by  the  equation 

Again,  if  j)'  be  the  perpendicular  on  the  tangent  plane  to  a',  which  is  parallel  to 
the  plane  of  D  and  r'  or  r, 

p'^  =  a'2  C08«a  +  y»  cos«/3  +  e'^  cos'y  =p^  -  iP, 
since  a'»  =  a2-JP,    ft'«  =  J2-J2»,    <j'«  =  tf«-JP. 

Hence,  if  t^  be  the  angle  between  I>  and  the  direction  of  r  or  r',  we  have,  fronk 
the  quadric  0, 

r^p*  sin^^ 
and,  from  the  quadric  a', 

a'2  ft'2  tf '2 
7)2—  , • 

r'«i)'3  8in2  4^* 
and  therefore 

r»i?2              (r*  -  J22)(^2  -  J2-^)       *  " "  S^-p'  ^  * 

whence,  finally,        —  -  1  =  i .  .^  ^    •• cot«  *. 

WW 

The  expression  given  in  this  example  for  -;-  is  due  to  Poinsot. 

at 

20.  Determine  the  di£Perential  equation  of  the  herpolhode  {see  Ex.  7). 
^  If  p  and  V  be  the  polar  coordinates  of  the  point  of  contact  of  the  momental 
ellipsoid  with  the  invariable  plane,  the  origin  being  the  foot  of  the  perpendicular 
on  it  from  the  fixed  point,  we  have 


P^  =  r^-p\ 


where      r  =  ^— «,    P  =  -jg^ 


(Art.264),andg  =  |(l+Mj'), 


where  (AS- H^){B8^  S^){C8^  m) 

wnere  ,*- -J^^  (Ex.19). 


Impact. 
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If  we  express  »  in  terms  of  pj  on.  substituting  in  equation  (24),  Art.  269^ 
we  get 


dv       S^   *  f>'  +  /ip»' 


[x.-JCi-'+P')]}. 


274.  Impact. — When  two  smooth  bodies  moving  in 
any  way  collide,  the  results  of  the  impact  are  obtained  in 
a  manner  precisely  similar  to  that  employed  in  Article  243. 

When  the  motion  is  wholly  unrestricted  there  are  thirteen 
unknown  quantities  and  thirteen  equations. 

If  A,  /u,  V  be  the  angles  made  by  the  common  normal  at  tha 
point  of  contact  with  axes  fixed  in  space ;  R  the  whole  impulse 
of  the  mutual  normal  action  during  \hQ  first  period  of  impact ; 
p  and  y  the  perpendiculars  on  its  line  of  action  from  the- 
centres  of  inertia  of  the  two  bodies ;  a,  /3,  y,  a',  |3',  y  the 
angles  made  with  the  principal  axes  of  the  bodies  by  the  axes, 
of  the  couples  produced  by  It  round  these  points ;  twelve  of 
the  equations  mentioned  above  are 


STOtf  =  jBcosA, 
5Wt?  =  B  cos  fly 
SDttt?  =  JBcosv, 
«Ww'  =  -  ii  cos  X, 
Wv'  =-JBcos)u, 
3Wtr'=-JJcosi;, 


Azji  -BpooBa 
B7s%  =  Rp  cos  )3 

Cwz    =Rp  cosy 
A'zJi  =  -  Rp'  COS  a 

^W  =  -i?/?'cos/3' 

Czjz  -  -  Rp'  COS  y 


>,     (46) 


where  u,  &c.,  are  the  changes  of  the  components  of  the  velo* 
city  of  the  centre  of  inertia  of  the  first  body,  parallel  to  axes 
fixed  in  space,  produced  during  the  first  period  of  impact ;  zju. 
&c.,  the  changes  of  the  angular  velocities  round  the  principal 
axes  through  the  centre  of  inertia  produced  during  the  same 

Eeriod ;  and  if',  &c.,  have  similar  significations  for  the  second 
ody. 
At  the  end  of  the  first  period  the  actual  components  of 
the  velocity  of  the  centre  of  inertia  of  the  first  body  are 

if  +  Xoy  &c.,  where  Xo  represents  the  component  of  this. 
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velocity  immediately  before  the  impact.  In  like  manner,  wi + d 
is  the  actual  angular  velocity  round  the  first  principal  axis. 

We  can  then  write  down,  in  terms  of  ti  +  ^o,  ^i  +  Qi,  &o., 
the  relative  normal  velocity  of  the  points  of  the  two  bodies 
which  are  in  contact.  Equating  this  relative  normal  velocity 
to  zero  gives  a  thirteenth  equation ;  so  that  tc,  wi,  &c.,  become 
completely  known. 

• 

If  X  be  the  component  of  the  final  velocity  of  th© 
■centre  of  inertia  of  the  first  body  at  the  end  of  the  second 
period  of  impact^  and  wi  the  final  angular  velocity  round 
the  first  principal  axis,  &c.,  the  values  of  the  velocities  at 
the  end  of  the  impact  can  now  be  determined,  by  aid  of  the 
following  equations — 

•      • 
^  -  ^0  =  (1  +  e)  Uy     a>i  -  Qi  =  (1  +  e)  zsTi,  &c.,  ) 

•    (47) 
a/-  Xo  =  (1  +  e)  u,     <i>/-  12i'=  (1  +  e)  w/,  &o.  ) 

Since  the  positions  of  the  two  bodies  are  not  sensibly 
altered  during  the  whole  period  of  impact,  it  is  to  be  ob- 
served that  throughout  this  period  any  lines  fixed  in  either 
body  coincide  with  lines  fixed  in  space. 

275.  Impulsive  Friction. — When  collision  takes  place 
between  two  rough  surfaces  we  can  investigate  the  motion 
according  to  the  principles  laid  down  in  Article  247. 

The  elementary  impulse  dF  of  friction,  at  each  instant  of 
the  impact,  is  to  be  resolved  into  two  components,  dP  and  c?Q, 
along  two  tangents  through  the  point  of  contact  at  right 
angles  to  each  other.  At  any  instant  during  the  impact,  P 
represents  the  entire  impulse  in  a  given  direction  due  to  the 
ttction  of  friction  up  to  that  instant.  A  similar  remark 
■applies  to  Q,  and  It  is  the  corresponding  impulse  due  to 
the  normal  reaction. 

If  at  any  instant  during  the  impact  w,  v,  to  be  the  com- 
ponents, along  the  two  tangents  and  the  normal,  of  the 
relative  tangential  and  normal  velocities  of  the  points  of  the 
two  surfaces  which  are  in  contact,  u, «?,  w  can  be  expressed  in 
terms  of  the  velocities  of  the  two  centres  of  inertia  and  of 
the  angular  velocities  of  the  bodies  at  that  instant ;  they  are 
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therefore  linear  functions  of  P,  Qj  R.  If  slipping  take  plaoe 
its  direction  coincides  with  that  of  the  elementary  impulse  of 
friction,  and  therefore 

^  =  -;    also    ^ {dP"  ^' d^)  ^  iidR. 

Initially  R  is  zero,  and  therefore  so  likewise  are  P  and  Qy 
except  the  colliding  surfaces  be  perfectly  rough.  When 
i2  =  i2i,  at  the  end  of  the  first  period  of  impact,  xo  =  Q\  and 
if  jB)  be  the  value  of  R  at  the  end  of  the  whole  impact, 

U2  =  (1  +  e)  jRi. 

If  the  surfaces  which  collide  be  perfectly  roughy  the  equa- 
tions w  =  0,  t?  =  0,  fr  =  0  enable  us  to  determine  Pi,  Qi,  JRi. 
Knowing  the  value  of  Rz  we  can  find  P2  and  Qa  from  the 
equations  w  =  0,  t?  =  0,  which  hold  good  throughout  the 
impact. 

If  the  bodies  slip  on  each  other  in  the  same  direction 
during  the  whole  of  the  impact,  the  direction  of  dF\a  con- 
stant, and  we  may  take  dQ  =^  Oy  dP  =  /xdR.  Hence  Pi  =  fiRiy 
Qi  =  0  :  these  equations,  with  tr  =  0,  determine  Ri ;  then 

Pa  =  Ai(l  +  ^)i2i. 

276.  CoUlslon  of  Roogli  Spheres. — If  a  homogeneous 
sphere  impinge  against  a  fixed  surface,  or  two  homogeneous 
spheres  collide  with  each  other,  by  taking  as  axes  of  ^,  y,  z 
parallels  to  two  tangents  and  the  normal  at  the  point  of  con- 
tact, at  any  instant  during  the  impact^  we  have 


•      •      P     2     1       Q 


of 


Xo   + 


5W' 


Q 


2     1      R 


5' =  80'  + 


w 


Wt  "  •*»  ~ 


aP 
T' 


>   (48) 


b/s  =  O39 


wi  =  Qi  +-=7-, 


'   n'    «'^ 


where  a,  9)?,  and  /are  the  radius,  mass,  and  moment  of  inertia 
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round  its  diameter,  of  the  first  sphere :  x^  &o.,  the  compo- 
Dents  of  the  velocity  of  its  centre,  cui,  &c.,  the  components 

of  its  angular  velocity :  x^^  &c.,  and  Oi,  &c.,  the  values  of 
these  components  immediately  before  the  impact :  and  c^^  ^, 
&o.y  have  similar  significations  for  the  second  sphere. 

At  the  same  instant  the  velocities  of  the  points  of  the 
spheres  which  are  in  contact  are  given  by  the  equations 

X  =  X  -   ljftl3  +  ZtOiy      X^  =  X    -  tlWz   +  2^  «i>2  ,  &c., 

where  S,  ti,  Z;  K\  Vt  d  are  the  coordinates  of  the  point  of 
contact  relative  to  the  centres  of  the  two  spheres ;  and  the 
relative  velocities  u^  Vy  to  are  then  determined  by  the  equa- 
tions w  =  i  -  x\  &c. 

Hence,  since  $  =  0,  i|  =  0,  J  =  a,  £'  =  0,  ii'  =  0,  J'  =  -  <3^, 
substituting  for  x,  wi,  &c.,  their  values  given  by  (48),  we  have 

W  =  iTo  -  «b  +  fl02  +  rt'Oa  -  (  ^  +  ^  +  J  +  jAPy 

t?  =  yo  -  yo  -  aOi  -  a  Oi  -( ^  '^W^l'^Tj  ^' 

that  is        u  =  Uo-  IPy     V  =  Vo-  /Q,    w  =  Wq-  nR, 
where  /  and  n  are  constants. 

Hence    efw  =  -  WP,     dv  =  -  MQ.     -r  ^  -tt^X 

dv      dQ 

but,  if  there  be  slipping,  we  have.  Art.  275, 

^-P      "     XT.      ij         du      u         -  J.     1     «*  .  X     i. 

--r  =  - ;  therefore    ^  =  -,  and  accordmffly  -  is  constant, 

dQ      V  dv      V  ^  '^  V  * 

or  the  direction  of  slipping  is  invariable  throughout  the  impact. 
Moreover,  if  either  u  or  v  vanish  so  must  the  other.  All. 
slipping  then  ceases,  and  cannot  recommence,  as  u  and  v 
are  independent  of  J8,  and  friction  cannot  initiate  slipping. 
Since,  in  the  present  case,  jBi  is  independent  of  P  and  Q,  if 
there  be  no  slipping  at  the  end  of  the  impact  the  result  is  the 
same  as  if  there  had  been  no  slipping  at  all. 
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Hence,  in  all  oases,  either  the  impulse  of  friotion  is  a 
maximum,  and  the  direction  of  slipping  the  same  throughout 
the  impact,  or  else  the  surfaces  may  be  regarded  as  penectlj 
rough. 

If  the  problem  be  solved  on  the  latter  hypothesis,  and  the 
value  resulting  for v^ (Pa*  +  Q^)  does  not  exceed  /u (1  +  p)  22i, 
the  solution  is  correct.  If  '/{P^  +  Qa)  be  greater  than 
/i(l  +  «)  jSi,  slipping  takes  place  in  the  same  direction  through- 
out the  impact. 

Examples. 

1.  A  sphere,  haying  no  original  Telocity  of  rotation,  impinges  successiyely 
against  two  perfectly  rough  vertical  walls  at  right  angles  to  each  other,  the 
points  of  impact  being  so  near  the  intersection  of  the  walls  that  the  action  of 
gravity  between  the  two  impacts  may  be  neglected ;  determine  the  magnitude 
«nd  direction  of  the  velocity  of  the  centre  of  the  sphere  after  the  second  impact. 

Take  as  axes  of  |,  17,  ^,  three  lines  through 
the  centre  of  the  sphere  parallel  to  the  inter- 
sections of  the  walls  with  'the  plane  of  the 
horizon  and  with  each  other.  Let  the  com- 
ponents of  the  velocity  of  the  sphere  before 
the  first  impact  be  Fi,  Fi,  Fs,  and  let  the 
4sphere  impinge  first  against  the  plane  YO'Z", 

At  the  first  impact  the  coordinates  |,  17,  ( 
of  the  point  of  contact  are  given  by  the  equa- 
tions 

{=0,    i,  =  a,     C=0. 

Hence,  Art.  265,  (3), 

where  «,  y,  £  are  the  coordinates  of  the  point  of  contact  referred  to  axes  meeting 
At  a 

Again,  Xy  ^  and  R  being  the  entire  impulses  due  to  friction  and  to  the 
normal  reaction  up  to  the  end  of  the  first  period  of  the  collision,  we  have 

mx  =  mFi  +  ^,    m^  =  mVt  •{■  By    fnz=nnVz  +  J^, 
\mtfini^aZ,    «a=0,    Jfn«'»3  =  -a^,    «=0,    y  =  0,    £  =  0. 
Hence        x^^Vi,    y  =  0,    a=fFj,    a«i  =  -fFs,    a»%=Oy    a«»8  =  fFi. 

At  the  end  of  the  second,  period  of  the  collision  five  of  the  six  velocities 
above  remain  imaltered,  but  $  becomes  —  eVz' 

At  the  second  impact  the  coordinates  of  the  point  of  contact  are 


Hence, 


x=Xy    y^y  +  <Mzy    z^z  —  tMi, 
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Also,  as  has  been  proyed  above. 

Proceeding  as  before,  since  y  =  0,  i  =  0,  we  obtain 

2.  In  the  last  example,  if  the  walls  be  not  perfectly  rough,  determine  the 
final  velocities  of  translation  and  rotation. 

We  first  treat  the  question  as  before,  and  obtain,  as  in  the  last  example,  at 
the  first  impact, 

-Ax^'\-z^)=Mn^  +  n^);  ifthen/t(i+or2>fv(ri8+rs«) 

in* 

we  may  assume  there  is  no  slipping ;  but  if  this  condition  is  not  fulfilled  slipping^ 
takes  place,  and  the  maximum  amount  of  friction  is  exerted.  In  this  case  at 
the  end  of  Uie  first  impact, 

^=  F'i-/Li(  1  +  ^)^2  cos  o,    y  =  -eV2,    1=  F3-m(1 +^)  Hasina, 

««!  =  — f/i(l+^)F2Bina,    «02  =  O,    a(U3  =  f/i(l +«)r2Cosa, 

where  tan  a  =  -=• . 
Fi  . 
The  values  of  ^,  &c.,  »i,  &c.,  at  the  end  of  the  first  impact  are  the  values 

of^,  &c.,  fii,  &c.,  at  the  second  impact.  If  slipping  takes  place  during  the 
whole  of  the  second  impact,  we  have  finally 

^  =  -  ^{  Fi  -  /i(l  +  e)  V2  cos o}, 

^  =  -«r2-/i(l  +  0{^i-/*(l  +  *)F2  cos  a}  COSjS, 

«=  Vi-  tx{l  +  tf){F2sino+  Fi  sin^  - /i(l  +  ^)r2  cososiniS}, 

aZJi  =  0,    tfZ!72=iAi(l  +  *){Fi-/4(l  +^)Fij  coso}  sinjS, 

azsz  =  -ifi{l  +  e){Fi-  fjk(l  +*)r2coso}  cosiS, 

«ft>i  =  —  4/4(1  +  e)  F2  sin  a, 

002  =  i  fi{l  +  tf){  Fi  -  /ii(l  +  #) r2  cos  0}  sin i8, 

•a>3  =  f  /i  (1  +  e){  Fa  cos  o  [1  +  /A  (1  +  e)  cos  jB]  -  Vi  cosjS}, 

^.  f*«  o  -  2{^»-/^a  +  g)F»sina} 

6/i(l  +  *)  Fa  cos  a  -  2*  Fa 
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277.  Eqnatlons  of  lEotioii  referred  to  Body- A.xe8. 

— If  «, «?,  w  be  the  components  of  the  velocity  of  the  centre 
of  inertia  at  any  instant  in  the  directions  of  the  principal 
axes  of  the  body  at  that  point,  the  accelerations  of  the  centre 
of  inertia  in  these  directions  are,  by  Art.  257, 

-zr  -  VWz  +  Wb)2y  Ac.  ; 

at 

whence,  if  SZ,  SF,  SZ  be  the  sums  of  the  components  of  the 
*  applied  forces  at  any  instant,  parallel  to  the  principal  axes 
through  the  centre  of  inertia,  its  equations  of  motion  are 


5K  1^  -  t?w3  +  wu}^  =  SZ 


a» 


sro  j^-«w2  + t?uiii 


=  2F    L 


SZ 


(49) 


278.  lEotloii  eonsistlns  of  SneeesslTe  Rotattons. — 

If  the  whole  motion  of  a  body  consist  of  successive  rotations 
(not  necessarily  executed  round  lines  passing  through  the 
same  point),  the  vis  viva  at  any  time  is  /w*,  where  I  is 
the  moment  of  inertia,  and  a>  the  angular  velocity  round  the 
instantaneous  axis ;  hence 

Jw*  =  2S  \{Xdx  +  Ydy  +  Zdz)  +  const. ; 


dx 


Let  p  be  the  perpendicular  on  the  instantaneous  axis  from 
the  point  a;,  y,  s ;  and  let  the  direction  of  the  motion  of  this 
point  make  angles  a,  j3,  y  with  the  axes ;  then 

dx  dy  r»     ^2 

—  =  jow  cos o,  —  =  jDco cos p,    —  =  pm cosy ; 


dt 


dt 


dt 


2C 


386  Kinetics  qf  a  Rigid  Body. 

d 
whence  —  (Iw*)  =  2io^p  {X  cos  a  +  F  cos  /3  +  Z  cos  y ; 

but  (X  cos  a  +  F  COS  /3  +  Z  COS  y)p 

is  the  moment  of  the  force  applied  at  the  point  x^  y^  z  ronnd 
the  instantaneous  axis.  Hence,  if  J  be  the  moment  of  the 
entire  system  of  applied  forces  round  the  instantaneous  axis, 
we  get 

If  the  body  be  such  that  the  moments  of  inertia  round 
the  different  instantaneous  axes  are  equal,  this  equation  takes 
the  simple  form 

4  ■  ^-  CD 


Examples. 

1.  A  homogeneous  sphere,  having  an  initial  angular  velocity  round  a  hori- 
zontal axis,  is  projected  along  a  rough  horizontal  plane :  determine  the  motion, 
neglecting  the  couple  of  rolling  friction.  (Jellett,  Theory  of  Frietum,  Chap.  Y.). 

*The  axes  heing  three  mutually  perpendicular  lines  through  the  centre, 
whose  directions  are  fixed  in  space,  equations  (17)  of  Art.  267  become  for  a 
homogeneous  sphere  whose  radius  is  r, 

where  X,  Jf,  N  are  the  moments  of  the  forces  round  the  axes. 

Let  X  and  Y  be  the  components  of  friction  along  two  horizontal  axes,  x  and  y 
the  coordinates  of  the  centre  of  the  sphere,  u  and  v  the  components  of  the  velo- 
city of  its  point  of  contact  with  the  rough  plane  ;  then,  by  Art.  256, 

dx  dy 

The  equations  of  motion  are 
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Combining  the  first  and  last  of  these,  we  have 


In  like  manner 


du     tPx        d€02      .X 


dv      ,r        ,         du     X 
—  =  *  — ,    whence  —  =  — • 


Now  if  there  be  slipping, 

u  Fi  —  tQ,2 

whence  -  =  constant  =  cot  o  =  = ,  where  Fi,  V2,  Xli,  O2  are  the  initial 

p  F2  +  ''Hi 

dx     du  __ 

values  of  — ,    -p,    «i,  and  »2.    Hence 
at      at 

X  =  —  fxfSlsi  cos  a,     Fb  -  /jMg  sin  a. 

These  are  the  components  of  a  constant  force  in  a  fixed  direction.    Hence  in 

general  the  centre  of  the  sphere  describes  a  parabola.    If,  however,  the  initial 

axis  of  rotation  be  perpendicular  to  the  direction  of  the  initial  motion  of  the 

centre,  i.e.  if  ^1X11  +  ^2X12=0,  the  centre  of  the  sphere  continues  to  move  in 

the  direction  of  its  initial  motion. 

Substituting  the  values  of  X  and  Y  in  the  equations  of  motion,  we  find  that 

2  ( Fi  -  rXl2) 
slipping  ceases  along  the  axis  of  x  when  t  =  ^ • ,  and  along  the  axis  of  y 

,       ,      2(r2+rXli)    ,    .  r2+rXli       Ti  -  rXl2  ,  ...        ,  ,       . 

when  t  =  -^ : -;  but  — : = ,  hence,  supping  along  each  axis 

7/i^  sm  o  sm  a  cos  a  stm^—o      -o 

ceases  at  the  same  time,  ^0,  where 

.       oV{(Fi-rXl2)M-(F2  +  rXli)2} 
to  =  f • 

After  pure  rolling  begins  it  will  continue,  since  the  values  which  X  and  Y 
must  take  in  order  to  maintain  it  are  zero ;  the  components  of  the  velocity  of 
the  centre  are  then  given  by  the  equations 

dx     6Fi-f  2rXl2      ^ _  6r2-2rXli 
dt'^  7         '    dt"         7       * 

and  the  remainder  of  the  path  is  a  straight  line.    If  /3  be  the  angle  which  the 
final  line  of  motion  of  the  ball  makes  with  the  axis  of  x, 

6r2-2rXli 
^"6ri  +  2rn2* 

The  result  here  obtained,  that  the  centre  of  the  sphere  may  describe  a 
parabola,  enables  us  to  explain  a  well-known  phenomenon  in  billiards,  which 
may  be  stated  as  follows  : — 

The  angle  at  which  the  striker' shall  goes  off  the  ball  aimed  at,  in  order  to  make 
a  cannon,  seems  to  be  less  according  as  the  distance  of  the  third  ball  is  greater. 

2G2 
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Let  A  be  the  striker's  ball,  B  the  ball  first  struck  by  utf .  If  ^  be  struck  in 
the  ordinary  way,  without  side,  it  will  have,  when  it  strikes  B^  a  rotation 
round  a  horizontal  axis  CR  at  right  angles  to 
SCy  the  line  of  original  motion.  This  rotation 
will  continue  round  the  same  axis  after  im- 
pact. Suppose  the  motion  of  translation  after 
impact  to  be  in  the  direction  CT,  then  CB  not 
coinciding  with  CB'y  the  horizontal  line  per- 
pendicular to  CTy  the  path  described  by  the 
ball  is  the  parabolic  arc  CPP\  Hence,  if  P' 
be  more  remote  than  P,  PCS'  is  greater  than 
P'CS', 

It  is  well  known  that  a  skilful  billiard 
player  can  make  a  ball  describe  a  very  marked 
curve.  This  is  done  by  an  impulse  haying 
a  vertical  component  which  imparts  a  rotation 
round  the  line  of  original  translation  of  the 
centre. 

If  the  original  impulse  be  horizontal  it 
produces  no  moment  round  a  line  through 
the  centre  parallel  to  itself,  and  this  latter 
being  the  original  line  of  translation  of  the 
centre,  there  can  be  no  rotation  round  it; 
hence  in  this  case  the  ball  must  move  in  a  straight  line. 

2.  A  sphere  rolls  along  a  rough  horizontal  plane.  Taking  into  account  the 
couple  of  rolling  friction  determine  the  forces  brought  into  play  and  the  path 
described,  the  motion  being  pure  rolling. 

The  equations  of  motion  are 


dt^ 


dt^  "  ' 


h^r^'^,-rY^m:i.  ,a«.2  J=.,x-/aR^^',  where 0,=^;;;;^^;;?, 


with  the  conditions 


dx  r^    dy 

_  r<»2  =  0,    — -  +  r«i  =  0, 
at  at 


whence 


Z  =  -f-^3.l^f!,     Y=\f-^''±,    1^--^=% 


Hence  the  path  is  a  straight  line.     Multiplying  the  third  equation  of  motion  by 
«],  the  fourth  by  W2y  and  adding,  we  have 


whence 


r«  =  -  I  ^  t  -f  rfl, 


a  being  the  initial  angular  velocity. 
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The  sphere  will  come  to  rest  when  t  =  -=-^ . 

Again,  multiplying  the  third  equation  of  motion  by  q>2,  the  fourth  by  a;i,  and 
subtracting,  we  have  mdmi  —  m  dai  =  0.  Hence  —  =  constant  =— tan  a,  where 
a  is  the  angle  which  the  path  makes  with  the  axis  of  x, 

3.  A  sphere  is  projected  obliquely  down  a  rough  inclined  plane,  the  motion 
being  pure  rolling ;  determine  the  friction  brought  into  play,  and  the  path,  neg- 
lecting the  couple  of  rolling  friction. 

T&e  as  axis  of  x  the  intersection  of  the  inclined  plane  with  a  vertical 
plane  at  right  angles  thereto. 

The  equations  of  motion  are 

dx  dy 

with  the  conditions  t^  —  ra>2  =  0,    -—  +  r«i  =  0 ; 

at  at 

whence  T=  0,    X  =  -  f  9Ry  sin  t. 

The  whole  force,  therefore,  is  ^^kg  sru  %  parallel  to  the  axis  of  ^,  and  the 
centre  of  the  sphere  being  acted  on  by  a  constant  f^rce  parallel  to  a  fixed  direc- 
tion, describes  a  parabola.    Also,  since 

dx         dy 

the  instantaneous  axis  of  rotation  is  at  right  angles  to  the  tangent  to  the  path 
of  the  point  of  contact  on  the  inclined  plane.  This  is  otherwise  immediately 
obvious,  since  the  motion  is  pure  rolling. 

279.  Equations  of  Motioii  of  a  Solid  of  Revoln- 
tlon. — If  one  point  0  of  a  rigid  body  be  fixed  in  space,  and 
two  of  the  principal  moments  of  inertia  at  the  point  be  equal, 
the  equations  of  motion  of  the  body  can  be  expressed  in  a 
oomparatively  simple  form. 

Let  OC  (Art.  258)  be  the  axis  of  revolution  of  the 
momental  ellipsoid  of  the  body,  and  A  and  C  its  principal 
moments  of  inertia  at  0,  then,  by  considering  the  motion  of 
a  point  situated  on  0(7,  it  is  plain  that  the  angular  velocity 
of  the  body  round  an  axis  08  perpendicular  to  0(7  in  the 

plane  ZOC  is  yp  sin  0,  and  the  moment  of  momentum  round 

08  is  therefore  ^i//  sin  0.    Hence 

fi,  =  A^  sin^  0  +  Ows  cos  Q.  (62) 
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Again,  the  angular  velocity  of  the  body  round  OE  perpen- 
dicular to  the  plane  ZOC  jb  6,  and  therefore  we  have 

2T=A  (i^*sin' 0  +  ^)  +  CohK  (63) 

If  0x9  Op  Oz  be  the  moments  round  the  spaoe-axes  of  the 
appKed  forces,  and  Y  the  force  function,  we  have  then,  as  the 
three  equations  of  motion  of  the  body, 

d   .     • 

^  (-4i^sin»0  +  Coiaoosd)  =  Oz 

A  (^sin'O  +  ^)  +  Coi,'  -  2Y  +  constant 


y  (54) 


0  -^  =  If=6mO  {Ox  cos  ^  +  G^y  sin  ^)  +  G^a  cos  0 


We  may  if  we  please  substitute  6  +  iZ  cos  6  for  ois  in  (62)^ 
(63),  and  (54).  ^ 

Equations  similar  to  (54)  hold  good  for  a  free  body  if 
two  of  its  principal  moments  of  inertia  at  its  centre  of  inertia 
be  equal.  In  this  case  OZ  is  a  parallel  through  the  centre 
of  inertia  to  a  line  fixed  in  space. 

Examples. 

1.  A  homogeneous  solid  of  revolution  terminating  in  a  cone  is  placed  wiih 
the  vertex  of  the  cone  on  a  perfectly  rough  horizontal  plane,  the  initial  condi- 
tions being  given,  find  the  equations  of  motion. 

Here  the  vertex  of  the  cone  is  the  fixed  point  0 ;  and  if  a  vertical  linfr 
through  0  be  taken  as  the  space-axis  OZ,  since  gravity  is  the  only  force,  Gm 
and  N  are  each  zero.  Then  by  (54)  we  have  »3  =  constant  =  n,  and  therefore- 
the  first  two  of  equations  (54)  become 

Ajffan^e-\-OncoBe  =  K,   A{i/^Bbi^0  +  0^)-\- On^^E-2fnghooBe,     (a) 

where  h  is  the  distance  of  the  centre  of  inertia  from  0. 

If  we  take  a  point  P  on  OC  the  axis  of  revolution  at  a  distance  /  from  O 
such  that  tnhl  =  A,  this  point  P  is  the  centre  of  oscillation  of  the  body  for  an 
axis  perpendicular  to  ZOC»  Assuming  Kl  =  Cna,  and  {JE  —  Cn^)  I  =  2ffi^Ad,  we^ 
have,  then,  to  determine  the  motion  of  P  the  equations 

tnM^ijfaiiH=On{a~  I  cose)       \  ... 

/«(i^«sin»e+e«)«  2^(*-;cosa)  ) 
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2.  Give  a  geometrical  construction  for  the  yelocitj  of  P  in  any  position. 
Take  on  OZ  two  points  B  and  E  such  that  OD  =  a,  OF—  b,  and  let  x  he  the 

angle  which  PD  makes  with  the  plane  of  the  horizon,  then  at  any  instant  the 
Telocity  of  P  is  that  due  to  the  depth  of  P  below  the  horizontal  plane  through 
F,  and  the  component  of  this  velocity  perpendicular  to  the  plane  ZOO  is 

Cn  . 

3.  Show  that  the  motion  of  the  axis  of  reyolution  may  he  represented  by 
that  of  the  conjugate  line  (Art.  270)  in  a  body  not  acted  on  by  any  force. 

The  equations  of  motion  of  00  in  Ex.  1  are  of  the  same  form  as  those  of 
the  conjugate  line  in  Ex.  3,  Art.  270,  and  by  properly  determining  the  dis- 
posable constants  in  the  latter  they  may  be  made  identical  with  the  former. 

This  theorem  was  first  given  by  Jacobi,  but  the  mode  of  investigation  here 
adopted  is  due  to  Dr.  Routh. 

4.  Determine  the  limits  of  the  inclination  of  the  axis  of  revolution  to  the 
vertical. 

Eliminating  ^  from  equations  (b)  of  Ex.  1  we  obtain 

;^0»  =  2^(*-;cosa)-(-)   [t^t)^  <^) 

Now  when  B  attains  its  limiting  value,  0^0,  and  therefore  to  determine  the 
limiting  values  of  d  we  have  the  equation 

2^V(*-'cosa)(l-cos2e)-  C72«2(tf  _;cose)2  =  P(cosd)  =  0.       {b) 

From  equation  {a)  it  is  plain  that  F  cannot  be  negative  for  any  value  of  9 
attained  in  the  actual  motion  of  the  body.  Hence,  S  i  be  the  initial  value  of 
9,  F  is  positive  or  zero  when  cos  6  <=  cos  i.  Again,  it  is  easy  to  see  that  F  is 
negative  for  cos  6  =  —  1,  or  cos  0  =  1,  and  positive  for  cos  0  =  <x> .  We  con- 
clude that  the  equation  F  (cos  0)  =  0  has  three  real  roots,  two  between  —  I 
and  +  I9  and  one  between  +  1  and  00  .  This  last  root  is  an  impossible  value  for 
cos  0,  In  general,  then,  the  angle  0  oscillates  between  two  limiting  values 
ai  and  02,  one  less  and  the  other  greater  than  the  initial  value  i.  That  this 
oscillation  should  be  possible,  it  is  necessary,  however,  that  F  should  vanish 
before  any  point  of  the  body  above  the  point  of  support  comes  into  contact  with 
the  horizontal  plane.  If  fi  be  the  value  of  0  for  tiie  position  in  which  such 
contact  takes  place,  in  order  that  an  oscillation  should  be  possible,  P(cosi3)  must 
be  negative,  and  therefore 

C^n^  (a  -  ;  cos i8)2  >  2^V  (^  -  ^oos  fi)  Mn»iB.  {c) 

In  terms  of  the  original  constants,  JSTand  S,  this  condition  becomes 

{A  sin'iS  +  0  cos'/8)  Cn^  -  2K0n  cos  jS  >  -4  [F-  2mgh  cos  p)  sin^iS  -  JP.     (rf) 

5.  Show  that  the  character  of  the  oscillating  motion  depends  on  the  relative 
magnitudes  of  a  and  b. 
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If  in  equation  (a)  Ex.  4,  we  make  /  cos  0  «  a,  we  get  /^^^  =  2^(^  —  0). 

If  a  be  less  than  b  this  gives  the  value  of  B  when  ^  =  0  ((6)  Ex.  1.)  In 
this  case  the  angular  motion  of  the  plane  ZOG  changes  its  direction  at  the 
point  corresponding  to  a  =  /  cos  9. 

Again,  if  a  >  6.  the  relation  a  =  /  cos  0  leads  to  an  imaginary  value  for  0, 
and  consequently  y  cannot  vanish  during  the  motion.  Hence  in  this  case  the 
axis  OC  rotates  constantiy  in  one  direction  round  the  vertical  line  OZ. 

6.  Determine  in  any  particular  case  of  the  motion  whether  a  or  d  is  the 
greater. 

««>*,  then,1.yEi.l.;    ^n'^-^;;;^. 

7.  If  the  ans  of  revolution  rotate  constantiy  in  one  direction  round  the 
vertical,  and  if  4^0  he  the  value  of  ^  which  corresponds  to  either  the  greatest  or 

least  value  of  $,  prove  that  ^^  <  — — . 

8.  Find  the  conditions  which  must  he  fulfilled  in  order  that  the  motion  of 
OC  should  he  steady. 

In  this  case,  if  it  can  occur,  the  inclination  of  OC  to  the  vertical  and  the 
angular  velocity  of  the  plane  ZOC  are  constant.  If  we  eliminate  Q  between  the 
two  equations  obtained  by  differentiation  from  (a),  Ex.  1,  we  get 

JA  =  Aj/^  sin  9  cos  0  -  Cn^  sin  0  +  mgh  sin  9.  (a) 

Hence  if  &*  =  0,  we  have 

sin  e  (Aj/^  cos  e  -  Cnjf  +  mgh)  =  0.  {b) 

If  sin  0  =  0,  we  have  9  =  0.  In  this  case  the  axis  is  vertical  throughout 
the  motion.    Again,  if 

A  cos  Brj^  —  Cnifr  +  mffh  =  0, 

,     .  .      Ch  ±  V(C2«2  _  iAmffh  cos  0) 

we  obtain  w  — r— ; . 

2A  cos  e 

If  then  i  the  initial  value  of  0  fulfil  the  condition 

C^n^>  iAmffh  cos  i, 

and  if  likewise  initially  6  =  0,  and 

J      On  ±  \I{C^  n«  -  4:Amgh  cos  t) 


2A  cos  i 


(«) 


all  the  successive  differential  coefficients  of  B  and  ^  must  vanish  initially,  as 
readily  appears  f rom^  the  expression  for  B  and  the  first  of  equations  (a),  Ex.  1, 
and  therefore  B  and  ^  remain  constant,  and  the  motion  is  steady. 

9.  Prove  that  if  the  motion  be  not  steady  initially  it  cannot  become  so  sub- 
sequentiy. 

In  order  that  the  motion  should  become  steady  it  would  be  necessary  that 
B  and  B  should  vanish  simultaneously.  B  is  given  in  terms  of  B  by  equation  (a), 
Ex.  4,  which  is  of  the  form  A;0^  sin^d  =  jP(co8  0),  where  k  is  constant.    If  we 
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differentiate  this  equation,  divide  both  sides  by  0  sin  0,  and  then  make  0  and  6 
each  zero,  we  obtain  F'  (cos  B)  =  0.  Hence  if  B  and  B  yanish  together,  the  equa- 
tion JP(cos  9)  =  0  must  have  equal  roots.    Now  (Ex.  4), 

^(cos  B)  =  2A'^gl  (cos  9  -  cos  a\)  (cos  B  -  cos  02)  (cos  (>  -  x), 

where  A.  is  always  greater  than  1.  Hence  if  the  equation  J'(cos  a)  =  0  have 
equal  roots,  we  must  have  ai  =  02,  and  as  ()  in  the  actual  motion  always  lies 
between  a\  and  02,  the  double  root  must  be  cos  i,  where  i  is  the  initial  value 
of  B.    Consequently,  if  the  motion  be  not  steady  originally  it  can  never  become 

80. 

10.  A  peg-top  is  set  spinning  on  a  rough  plane,  determine  the  motion. 

In  this  case  the  only  initial  motion  is  a  rotation  round  OCf  and  therefore, 
if  i  be  the  initial  value  of  By  we  have 

JT  =  Oi  cos  t,     E  -  Cn^  =  2mgh  cos  ♦. 

Hence  a  =  3  =  /  cos  t,  and  equations  (b)  Ex.  1,  become 

mhl^  tax?B  =  Cn  (cos  i  -  cos  0),    l{'^'i  sin'tf  +  eP')  =  2g  (cos  i  -  cos  B) .     (a) 

The  latter  equation  shows  that  cos  %  >  cos  B,  and  therefore  that  ^  has  the 
same  sign  as  n.  Hence  the  rotation  of  the  top  round  its  axis  is  in  the  same 
direction  as  the  rotation  of  the  latter  round  the  vertical  through  the  point  of 
support. 

Again,  if  we  put  C^n^  =  ivtnghA  =  ivm^ffh'^  I,  equation  (J),  Ex.  4,  becomes 

(cos  i  -  cos  a)  { 1  —  2y  cos  t  +  2ir  cos  a  -  coa^B}  =  0.  (b) 

Hence  0  = » or  i',  where  i'  is  determined  by  the  equation  sin^t'  =  2v  (cos  i  -  cos  ♦'), 
and  B  oscillates  between  its  least  value  t  and  its  greatest  value  «',  provided  i'  <  jS, 

that  is  2if  >  • — : -.    It  is  plain  that  the  latter  equation  is  what  (c)  Ex.  4 

cos « —  cos  /3 

becomes  in  the  present  case. 

11.  Show  that  steady  motion  is  impossible  in  the  case  of  a  top,  except  the 
initial  position  of  its  axis  be  vertical. 

12.  Investigate  the  small  oscillations  of  the  axis  of  a  top  about  its  mean 
inclination  to  the  vertical. 

We  have  seen  that  if  v  or  n  fulfil  the  condition  given  at  the  end  of  Ex.  10, 
$  vanishes  when  9  =  i,  and  also  when  B  =  t'.  At  some  position  of  the  axis  of 
revolution  intermediate  between  these  two  B  =  0.  If  17  and  a  be  the  values 
of  ^  and  B  corresponding  to  this  position,  we  have 

A'Sficos  a  —  Onzj  +  mgh  =0         \ 
Azj  BUD?a  +  Cn  coaa=  Cn  cos  i     ; 

The  motion  would  now  be  steady  if  B  were  zero.  ^We  have  seen  that  this  is 
impossible ;  but  as  B  is  now  of  the  opposite  sign  to  B  the  axis  of  the  top  will 
oscillate  about  this  position,  provided  B  is  small. 
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To  detennine  these  oscillations,  let  if^  =  ^  +  o*,  0  =  a  +  c.  Then,  or  and  6 
heing  small,  by  substitating  in  (a)  Ex.  8,  and  in  the  first  of  equations  (a)  Ex.  1, 
we  have 

A  —  =s{-4zff'(co8'a— 8in'a)+(«w^A  -  Ctm)  cos  a}€+(2^Tjsina  coso  — C«  8ma)(r, 

Air  sin^a  +  sin  a  {^Azs  cos  a  —  (7n)  c  =  0. 

Substituting  for  mgh  —  CWt?  its  yalue  given  by  (a),  we  get  from  the  first  of 

these 

dU 
A  -^  +  Ataf^t  sin'a  =  {^lA'SS  cos  o—  Cn)  o-  sin  a ; 

but  from  the  second  we  have 

Aff  sin  a  =  (CW  —  2A7S  cos  a)  c, 
whence,  eliminating  <r,  we  obtain 

rf^e      A^TS^  sin'o  +  (2^t!r  cos  a  -  C«)'        _ 

5F  + A^ *=^' 

and  therefore  c  =/  sin  (/ti^  +  7)»  where  y  and  y  are  arbitrary  constants,  and  fi  is 
given  by  the  equation 

^  V  =  ^'  w'  8in«a  +  (IAto  cos  a  -  Cn)\ 

From  the  expression  for  ff^  given  by  (a)  Ex.  4,  it  is  easy  to  see  that  by 
properly  determining  n,  we  can  make  B  small  throughout  the  motion,  and  thus 
the  condition  requisite  for  a  small  oscillation  can  be  secured. 

13.  Find  the  vertical  pressure  on  the  plane  on  which  the  top  is  spinning. 
If  z  be  the  vertical  coordinate  of  the  centre  of  inertia  of  the  top,  and  P  the 
vertical  force  exerted  on  the  top  by  the  plane,  we  have  P=  ffi^  +  mif ;  but 

and  from  {a)  Ex.  4  and  Ex.  10,  we  have 

8in*99>  ss  -^(co8i-cosO){l-2rcosi  +2rcos0-cos'^}. 

Hence        P=#w^  |l  +  -(3  cos^d-2(cos»+ 2ir)cose+4ircosi-  1)}. 

14.  A  solid  of  revolution,  having  a  great  angular  velocity  round  its  axis,  and 
terminated  by  a  spherical  surface  of  small  radius,  is  placed,  with  its  axis  inclined 
to  the  vertical,  on  a  rough  horizontal  plane.  The  moment  of  inertia  round  the 
axis  of  revolution  being  not  less  than  that  round  an  axis  perpendicular  thereto, 
and  the  distance  of  the  centre  of  inertia  from  the  lower  end  being  considerable, 
show  that  after  some  time  the  axis  of  revolution  will  become  vertical.  (Jellett, 
Theory  of  Friction,  Chapter  VIII.) 
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Let  the  axis  of  z  through  the  centre  of  inertia  0  he  yertical,  and  let  OC  he 
the  axis  of  revolution,  which  must  pass  through  8^  the  centre  of  the  terminating 
spherical  surface.    Accordingly  the  point  of  contact  T  lies  in  the  plane  Z08. 

The  forces  acting  on  the  hody  are  gravity,  and  the  resultant  of  the  normal 
reaction  and  friction  at  T,     The  friction  may  he  re- 
solved into  two,  one  along  TZ',  the  other  at  right 
angles  to  the  plane  ZOC,    Calling  this  latter  com- 
ponent F,  and  putting 

T8=a,    80  =  by    Z0C=9y 

the  moments  of  the  applied  forces  round  OZ  and  OC 
are  respectively 

jp^  sin  9,  and  —  Fa  sin  9. 
Hence,  hy  (64), 


^(aAt?9^ 


«^+C«scoaS)  =i^siii9; 


)- 


also. 


C-rr  =  —  ^a  sin  tf ; 
at 


therefore 


K^riB^a^ 


e^-\-Cm^  cose 


)= 


"a      dt 


Hence,  putting    n  =  -, 


A  sax?0TJf  +  CnscoB  $  +  nCttz  =  constant  s  CQ (cos  9o  +  n), 

where  Q  and  0o  are  the  initial  values  of  «3  and  6,  since  jf=:0  initially. 

As  the  force  F  constantly  diminishes  the  angular  velocity,  after  some  time 
•»3  must  hecome  equal  to 


A 


»+cosi 
n+1 


When  this  happens,  we  have  9  =  0.  For,  suhstituting  in  the  previous  equation 
the  value  just  obtained  for  m,  we  get 

(1  -  cose)  { 2^c<»'}«*  -  ca  !L±^j  =0; 

but  as  9»  is  greater  than  1,  ^  small  as  compared  with  O,  and  0  not  less  than  A, 
the  second  factor  of  the  above  expression  cannot  vanish,  and  therefore  we  must 
have  9  =  0. 

The  result  obtained  here  may  be  regarded  as  holding  good  in  the  case  of 
a  humming-top. 
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CHAPTER  XII. 

ENERGY  AND  THE  GENERAL  EQUATIONS  OF  DYNAMICS. 

Section  I. — Energy. 

280.  Energy. — Work  and  Energy  have  been  defined. 
Arts.  118  and  129,  and  the  equation  of  Energy  for  a  rigid 
body  has  been  obtained  by  two  different  methods  (Arts.  132 
and  200).  In  the  present  section  we  propose  to  consider 
the  subject  in  a  somewhat  more  general  manner,  and  to  show 
that  on  the  equation  of  Energy  may  be  based  the  whole 
theory  of  the  action  of  forces  on  a  connected  system. 

281.  Equation  of  Energy. — If  a  system  of  material 
points  be  acted  on  by  any  forces,  we  may  suppose  the  con- 
straints and  connexions  of  the  system  replaced  by  correspon- 
ding forces,  and  thus  regard  each  point  as  entirely  free. 
Assuming  then  the  principles  which  govern  the  resolution 
and  composition  of  forces  acting  at  a  point,  and  the  relations 
between  force  and  acceleration,  we  have 

d^x,  d^y^  d^Zi 

^'W^^''     "^'IF^^''     '^''df'^^'' 

d^X2      ^  d*y2      ^  d^Z2 

&c.,  &c., 

where  Xi,  Fi,  Zi,  &c.,  include  the  components  of  the  forces 
which  replace  the  constraints,^  if  any,  acting  at  the  points 
^1^1 2i,  XiyzZi^  &c. 

Multiplying  the  first  equation  by  dxi^  the  second  by  dy^y 
&c.,  and  adding,  we  have 

Sw^^  dx^-^  dy-^  ■^dz\  =  S(Z<&  +  Ydy  +  Zdz)  ; 
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or,  putting  T  =  J  Smt?% 

dT 


dt 


.dt^^  {Xdx  +  Ydy  +  Zdz).  (1) 


In  virtue  of  this  equation,  T  is  called  the  kinetio  energy  of 
the  system  (Art.  129). 

282.  Conservation  of  Energy. — If  the  mutual  forces 
of  a  materidl  system  are  independent  of  the  velocities^  the  system 
must  he  conservative  (Art.  124). 

To  prove  this  we  have  to  show  that,  in  going  from  any 
configuration  A  to  the  configuration  jB,  the  work  done  by 
the  forces  of  the  system  is  independent  of  the  mode  of  trans- 
formation, and  depends  only  on  the  initial  and  final  con- 
figurations. 

Suppose  that  in  one  mode  M  of  going  from  Aio  B  more 
work  is  done  than  in  another  mode  N,  Let  us  imagine  two 
systems  precisely  similar,  and  let  the  first,  going  from  -4  to  -B 
by  the  mode  My  be  made  to  bring  the  other  from  -B  to  -4  by 
the  mode  N.  This  will  be  possible,  because  the  work  consumed 
in  going  from  B  to  A  through  N  is  equal  to  the  work  per- 
formed in  going  from  -4  to  ^B  through  iV",  since  the  forces  in 
any  particular  position  are  by  hypothesis  independent  of  the 
directions  in  which  the  points  of  the  system  are  moving, 
and  therefore  each  element  Xdx  of  the  total  work  retains  the 
same  magnitude,  but  changes  its  sign,  when  the  tranforma- 
tion  is  reversed.  Hence  the  transformation  from  A  to  B 
through  M  will  bring  the  second  system  from  BtoA  through 
i\r,  and  leave  an  overplus  of  work.  Let  us  now  suppose  the 
second  system  to  go  from  ^  to  jB  through  If,  bringing  the 
first  from  jB  to  -4  through  iV.  There  will  again  be  an  over- 
plus of  work.  This  process  may  be  continually  repeated, 
and  thus  an  inexhaustible  supply  of  work  can  be  obtained 
from  permanent  natural  causes  without  any  consumption  of 
materials.  The  whole  of  experience  teaches  us  that  this  is 
impossible.  Hence  the  work  done  in  going  from  -4  to  5  is 
independent  of  the  mode  of  transformation. 

If  a  system  be  acted  on  by  no  external  forces^  the  work 
done  by  the  forces  of  the  system  is  equal  to  the  change  of 
kinetio  energy ;  whence  it  appears  that  the  kinetic  energy  T 
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in  any  particular  configuration  depends  only  on  the  values  of 
the  variahles  by  which  the  configuration  is  indicated,  and  on 
the  initial  state  :  in  other  words,  we  have  the  equation 

r  -   To  =  0  (a?l,  yi,  2l,    i»2,  t/2y  22,  &C.).  (2) 

It  is  essential  to  the  validity  of  this  demonstration  that 
the  work  consumed  by  the  forces  of  the  system,  in  any  trans- 
formation, should  be  equal  to  the  work  performed  by  them  in 
the  same  Ixansf ormation  reversed.  If  the  force  acting  on  any 
point  changes  sign  with  the  direction  of  the  motion  of  that 
point,  the  condition  of  reversibility  is  not  fulfilled.  In  the 
oase  of  friction,  for  instance,  so  far  as  it  is  considered  in 
Mechanics,  the  forces  change  sign  with  the  motion,  and 
consume  work  both  in  the  direct  and  reverse  transformation. 
The  same  is  true  of  the  resistance  of  a  medium.  Again,  if 
the  forces  are  not  equal  in  magnitude  when  the  points  occupy 
the  same  relative  positions,  as  in  the  case  of  the  collision  of 
imperfectly  elastic  bodies,  work  is  apparently  consumed  with- 
out any  corresponding  increase  of  potential  energy.  The  ex- 
periments of  Joule  and  others  have  established  that  in  such 
oases  the  energy  which  seems  to  be  lost  is  really  preserved  in 
the  form  of  heat,  which  may  be  regarded  as  kinetic  energy 
resulting  from  molecular  motions  not  directly  sensible.  In 
applying  the  equation  of  energy  we  must,  however,  remember 
that  in  cases  such  as  those  mentioned,  the  conservation  of 
energy,  so  far  as  sensible  motion  alone  is  concerned,  does  not 
hold  good.  On  the  other  hand,  if  we  take  into  account  every 
form  of  energy y  the  conservation  of  energy  may  be  considered 
as  an  absolutely  universal  fact  of  nature. 

Equation  (2)  may  be  written 

T-i;=Y-Yo,  (3) 

where  Y  is  the  force  function  given  by  the  equation 

Y  =  Sj(Xe^  +  Ydy  +  Zdz). 

Equation  (3)  is  the  same  as  (12),  Art.  200,  where  it  was 
arrived  at  in  a  different  manner. 
If  we  put  Y  =  -  F,  we  have 

r+F=ro+Fo.  (4) 

We  can  now  give  an  exact  definition  of  potential  energy. 
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The  Potential  energy  of  a  conservative  system  in  any  par- 
ticular configuration  is  the  amount  of  work  required  to  bring 
it  to  that  configuration  against  the  mutual  forces  of  the  system 
in  its  passage  from  any  chosen  configuration. 

The  principle  of  the  conservation  of  energy  may  then  be 
stated  thus : — 

In  any  conservative  system  unacted  on  by  external  forces  the 
sum  of  the  kinetic  and  potential  energies  is  constant. 

283.  Of  the  Ultlinate  Permanent  Forces  of  IVatare. 

— In  his  Paper  on  the  Conservation  of  Force  [Ueber  die 
Erhaltung  der  Krafty  1847),  Helmholtz  observes  that  we 
must  regard  the  forces  of  nature  as  caused  by  the  action  of 
portions  of  matter  on  each  other,  and  from  a  mathematical 
point  of  view  must  consider  matter  as  composed  of  an  infi- 
nite number  of  material  points.  The  ultimate  permanent 
forces  of  nature  must  result,  therefore,  from  the  action  of 
these  material  points  on  each  other. 

If  the  conservation  of  energy  hold  good  for  these  forces, 
the  mutual  forces  between  two  material  points  must  be  in  the 
line  joining  them,  and  be  a  function  of  the  distance  between 
them. 

This  proposition  is  proved  by  Helmholtz  as  follows : — 
In  this  case  the  kinetic  energy  of  the  system  composed  of 
the  two  points  is  given  by  the  equation 

T=\{Xdx  +  Ydy  +  Zd%  +  X'dx'  +  Tdy'  +  ZW)  +  c. 

Since  the  conservation  of  energy  holds  good,  2^  is  a 
function  of  the  relative  position  of  the  two  points.  Again,  as 
they  are  points,  all  directions  must  be  supposed  indifferent  as 
regards  either  of  them  considered  alone.  Hence  their  relative 
position  must  depend  solely  on  the  distance  between  them, 
and  T  is  therefore  a  function  of  this  distance  r,  or  T  =  0  (r). 

Equating  the  two  expressions  for  T,  and  differentiating, 
we  have 

Z=«'(r)|,     F= ,'(,.)  |,    Z=,'WJ. 
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or     Z=«'(r)^',     r=«'(r)?^,     ^=«»^'. 

Hence  the  point  xpz  is  acted  on  by  a  force  ^'(r)  in  the 
direction  of  the  line  joining  x^t/z^  to  xyz  ;  and  the  latter  point 
is  acted  on  by  an  equal  force  in  the  opposite  direction. 

Conversely  it  is  easy  to  see  that,  if  two  material  points 
acted  on  each  other  with  a  force  depending  as  regards  mag- 
nitude on  their  mutual  distance,  but  not  in  the  dtrection  of  the 
line  joining  them,  they  would  be  capable  of  producing  in  each 
other  an  ever-increasing  velocity,  and  of  thus  generating  an 
unlimited  amount  of  energy. 

In  order  to  bring  about  this  result  we  have  only  to  suppose 
the  points  connected  by  a  rigid  rod.  The  whole  system  would 
then  be  acted  on  by  a  constant  couple. 

284.  Forces  which  appear  In  the  Equation  of 
Energy. — For  any  system  entirely  free  we  have  obtained 
the  equation  dT  =  ^{Xdx  +  Ydy  +  Zdz)y  and  have  seen  that 
this  equation  holds  good  for  a  system  restricted  in  any  way, 
provided  the  constraints  are  replaced  by  equivalent  forces. 

If  the  constraints  of  the  system  consist  of  smooth  curves 
or  surfaces  along  which  the  points  are  restricted  to  move ;  of 
rigid  bars  or  inextensible  strings  connecting  the  different 
points  with  each  other  or  with  any  external  fixed  points  ;  or 
in  general  of  any  connexions  such  that  the  distance  between 
each  pair  of  points  immediately  acting  on  each  other  is  in- 
variable, the  whole  work  done  by  all  these  constraints  and 
connexions  is  zero,  and  may  therefore  be  omitted  from  the 
right-hand  side  of  the  equation  (Arts.  124,  127). 

If  the  potential  energy  (Arts.  129,  282)  of  any  portion  of 
the  system  be  a  function  of  a  single  variable  quantity  w,  the 
work  done  by  this  part  of  the  system  in  any  displacement 
must  be  of  the  form  XSw;  for  V  =  0  (w),  and  therefore 
dV=  (f/{u)du. 

If  between  any  points  of  the  system  there  be  a  connexion 
which  is  capable  of  being  expressed  by  means  of  an  equation 
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between  their  coordinates,  such  connexion  can  be  effected  by 
means  of  constraints  of  an  invariable  character ;  such  as  smooth 
fixed  surfaces  or  curves,  or  rigid  bars  or  inextensible  strings. 

Hence  we  may  conclude  that,  in  any  motion  of  the  system^ 
the  work  done  by  the  forces  replacing  any  connexion  between  the 
points  of  the  system  which  is  capable  of  being  expressed  by  equa^ 
turns  between  their  coordinates^  is  zero. 

A  formal  proof  of  this  important  proposition  may  be  given 
as  follows : — 

If  J7  =  0  be  an  equation  between  the  coordinates  of  any 
points  in  a  moving  system,  the  forces  which  the  corresponding 
constraint  introduces  into  the  system  must  be  functions  of 
the  coordinates  and  of  the  other  forces.  Hence,  if  the  latter 
be  conservative,  so  are  the  forces  caused  by  the  constraint, 
which  for  brevity  we  shall  refer  to  as  the  constraint  U. 

Again,  if  at  any  time  the  condition  17=  0  be  actually  ful- 
filled, the  imposition  or  removal  of  the  material  bonds  by 
which  the  corresponding  constraint  is  effected  cannot  require 
any  expenditure  of  energy ;  since  this  imposition  or  removal 
does  not  change  the  position  of  any  point  of  the  system. 

Let  there  be  now  a  system  8i,  which  without  J7is  conser- 
vative, and  let  A  and  B  be  two  configurations  in  which  the 
condition  ?7  =  0  is  fulfilled ;  then,  as  we  have  seen,  the  forces 
replacing  Z/are  conservative,  and  if  they  consume  work  in  the 
motion  from  B  to  Ay  they  produce  work  in  that  from  A  to  B. 
Let  the  external  work  W  bring  8i  from  -4  to  -B  subject  to 
the  constraint  U.  Let  Q  be  the  amount  of  potential  energy 
thereby  produced  in  the  system,  and  E  the  work  done  by  the 
forces  replacing  U;  then,  the  whole  amount  of  work  produced 
isTF-Q  +  E,  Now  let  this  be  used  in  bringing  ;S2  (precisely 
similar  to  8i)  from  jB  to  ^  without  the  constraint  ?7",  whereby 
Q  is  produced,  and  in  doing  such  an  amount  of  other  work 
that  Si  may  come  to  rest  in  the  position  B  and  82  in  the 
position  A,  We  may  then  VTithout  any  expenditure  of 
work  impose  the  constraint  U  on  82  and  remove  it  from  Si. 
Things  are  now  in  precisely  the  same  state  as  at  starting,  and 
in  the  whole  process,  by  an  expenditure  of  work  TF",  we  have 
produced  work  whose  amount  is  W  +  E.  Hence  in  any 
motion  of  the  system  the  work  E  done  by  the  forces  replac- 
ing the  condition  ZT*  =  0  must  be  zero. 
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As  the  amount  of  work  done  by  these  forces  in  an  un- 
reversed motion  cannot  be  influenced  by  the  character  of  the 
other  forces,  but  only  by  their  amounts  and  directions,  the 
work  done  by  the  forces  replacing  [7=0  must  under  any 
circumstances  be  zero. 

285.  Equation  of  Energy  in  C^eneral. — If  we  have  a 
system  acted  on  by  any  forces  external  or  internal,  and  sub- 
ject to  any  constraints  or  mutual  connexions,  the  equation  of 
energy  assumes  the  form 

r-ro+  F-  ro=  W.  ^   •    (5) 

To  and  Fi  are  the  kinetic  and  potential  energies  in  the 
initial  position,  T  and  V  those  in  the  position  imder  con- 
sideration, and  W  the  work  done  in  going  from  the  initial 
to  the  actual  position  by  the  external  forces  and  by  those 
internal  forces  which  are  not  conservative  or  reversible  in  their 
character. 

As  regards  constraints  and  connexions,  they  may  be  di- 
vided into  three  classes.  1.  Those  producing  forces  whose 
work  during  any  motion  of  the  system  is  zero.  Such  con- 
nexions we  have  already  considered ;  they  have  no  effect  on 
the  equation  of  energy.  2.  Those  which  are  capable  of  alter- 
ation under  the  action  of  external  forces,  and  such  that  their 
alteration  produces  or  consumes  a  corresponding  amount  of 
potential  energy.  The  work  done  by  the  forces  replacing 
these  constraints  and  connexions  is  included  in  the  expression 
Vo  -  F.  3.  Resistances  or  connexions  which  introduce  forces 
of  a  non-conservative  character.  Such  are  the  friction  of 
rough  surfaces,  the  resistance  of  a  medium,  the  forces  deve* 
loped  by  the  alteration  of  an  extensible  body  which  does  less 
work  in  its  recoil  than  the  amount  required  to  stretch  it,  &c. 
All  such  forces  must  appear  as  forces  in  the  equation  of 
energy,  and  the  work  done  by  them  is  included  in  W, 

286.  ITirtual  Velocities. — The  principle  of  energy  may, 
as  we  have  seen,  be  expressed  for  dynamical  purposes  in  the 
following  form : — 

The  work  done  on  a  system  in  any  interval  of  time  by 
external  applied  forces,  diminished  by  the  work  consumed  in 
the  same  time  by  the  non-conservative  forces  of  the  system, 
is  equal  to  the  sum  of  the  increments  of  the  kinetic  and 
potential  energies. 
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We  have  seen  likewise  that  this  principle  holds  good  for 
a  system  subject  to  any  invariable  constraints  or  connexions 
internal  or  external  as  well  as  for  a  free  system. 

We  are  now  able  to  obtain  the  conditions  which  must  be 
fulfilled  in  order  that  any  system  should  be  in  equilibrium ; 
they  can  be  expressed  in  a  single  statement,  viz  : — 

In  order  that  any  system  should  be  in  equilibriumy  the  work 
done  by  the  applied  forces  in  any  possible  infinitely  small  displace^ 
menty  diminished  by  the  increase  of  the  potential  energy  of  the 
system^  must  be  either  negative  or  zero;  and,  if  this  be  true 
for  every  possible  infinitely  small  displacement^  the  system  is  in 
equilibrium. 

The  truth  of  this  statement  readily  appears  from  the 
equation  of  energy. 

A  position  of  equilibrium  is  one  in  which  if  the  system  be 
placed  at  rest  it  will  remain  at  rest.  Now  the  system  will 
not  remain  at  rest  if  there  be  any  possible  mode  of  displace- 
ment, in  which  the  united  action  of  the  internal  and  external 
forces  can  produce  a  velocity  in  any  of  the  points  of  the  system. 
On  the  other  hand,  if  the  system  move  from  rest  in  any 
manner,  it  will  acquire  a  positive  kinetic  energy.  Hence,  if 
there  be  no  possible  way  in  which  it  can  do  tins,  its  position 
must  be  one  of  equilibrium. 

In  applying  the  principle  of  equilibrium  we  must  regard 
the  non-conservative  forces  of  the  system  (if  any)  as  applied 
forces,  and  introduce  them  with  their  proper  signs.  In  the 
case  of  actual  motion,  forces  of  this  kind  always  consume 
work,  but  in  the  case  of  virtual  displacements  this  is  not  ne- 
cessarily the  case ;  e.  g.  suppose  a  heavy  particle  is  placed 
on  a  rough  inclined  plane,  and  it  is  required  to  determine  the 
condition  of  equilibrium.  In  this  case  we  must  consider  the 
force  of  friction  as  acting  upwards  along  the  plane.  If  now 
we  imagine  a  virtual  displacement  down  the  plane,  friction 
will  consume  work ;  but  if  we  imagine  a  displacement  up  the 
plane,  friction  will  produce  work.  In  the  case  of  actual 
motion,  whether  slipping  take  place  up  or  down  the  plane, 
friction  wiU  consume  work. 

Again  it  is  to  be  observed,  that  if  every  possible  set  of 
displacements  be  also  possible  when  reversed,  the  condition  of 
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equilibrium  becomes  simply  that  the  total  work  done  by  all  the 
forces  internal  and  external  be  zero. 

In  fact,  if  2PS^  be  negative  and  P  remaining  unaltered 
the  sign  of  each  Sjo  be  changed,  SPSp  becomes  positive ;  but 
this  is  inconsistent  with  the  principle  of  equilibrium  as  stated 
above ;  hence  '2,Pip  must  be  zero. 

If  we  combine  the  principle  of  Virtual  Velocities  with 
D'Alembert's  principle,  we  obtain  the  equation  which  embraces 
the  whole  theory  of  Kinetics, 


-!(^-»SX^-4>K^-S)H=»- 


From  this  equation  that  of  energy  was  deduced  in 
Chapter  IX.  In  the  present  chapter  we  have  reversed  this 
mode  of  procedure. 

287.  Equivalent  Sets  of  Forees. — Two  sets  of  forces 
acting  on  any  material  system  are  said  to  be  equivalent  when 
the  motions  produced  by  one  set  are  identical  with  those 
produced  by  the  other. 

If  each  of  two  sets  offerees  be  capable  of  equilibrating  the 
same  third  set,  the  two  are  equivalent. 

For  let  P  be  a  force  of  the  first  set,  Q  one  of  the  second,  and 
It  one  of  the  set  which  each  of  the  first  two  can  equilibrate. 
Suppose  the  P  set  only  to  act.  Introduce  at  the  point  where 
jR  would  act  two  forces  R  and  -  E.  This  being  done  for  each 
point  of  the  system,  the  motion  remains  undisturbed.  The 
system  is  now  acted  on  by  the  three  sets  of  forces  P,  P,  and 
-  P ;  and,  since  the  sets  P  and  P  are  in  equilibrium,  the  sets 
P  and  -  M  are  equivalent.  In  like  manner  the  sets  Q  and 
~  P  are  equivalent.     Hence  the  sets  P  and  Q  are  equivalent. 

In  moving  a  system  from  one  given  position  to  another y  equi- 
valent sets  of  forces  produce  the  same  amount  of  work. 

The  motion  being  the  same  whichever  set  of  forces  is 
in  action,  the  intermediate  positions  of  the  system  are  at  each 
instant  the  same ;  consequently,  since  the  two  sets  of  forces 
are  each  capable  of  equilibrating  the  same  set,  we  have  SP§p 
=  2Q8$'  at  each  instant.  Hence  the  whole  amount  of  work 
produced  in  one  case  is  equal  to  that  produced  in  the  other. 

It  can  be  shown  in  like  manner  that  the  work  required  to 
move  a  system  from  one  given  position  to  another,  against  the 
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action  of  any  set  of  forces,  is  equal  to  that  required  to  move  it 
against  the  action  of  an  equivalent  set. 

288.  nrrenchcs. — A  wrench  in  Kinetics  corresponds  to 
a  twist  in  Kinematics. 

If  a  rigid  body  be  acted  on  by  any  forces,  these  forces  can 
be  reduced  to  a  single  force  along  with  a  couple  whose  plane 
is  perpendicular  to  the  direction  of  the  force. 

Such  a  system  is  called  a  wrench  about  a  screw,  the  axis  of 
the  screw  being  the  line  of  direction  of  the  force,  and  the  pitch 
of  the  screw  the  line  which  is  the  quotient  obtained  by  dividing 
the  moment  of  the  couple  by  the  force.  The  magnitude  of 
the  force  is  called  the  intensity  of  the  wrench. 

The  wrench  to  which  a  set  of  forces  acting  on  a  rigid 
body  is  equivalent  has  been  termed  the  canonical  form  of  the 
set  of  forces. 

The  canonical  form  of  a  set  of  forces  is  in  general  unique ; 
for,  as  may  be  easily  seen,  if  two  wrenches  be  equivalent, 
they  must  either  be  identical  or  else  consist  of  equal  couples 
in  parallel  planes. 

Examples. 

1 .  A  particle  of  mass  m  moves  with  a  simple  harmonic  motion ;  determine 
its  mean  energy. 

If  r  and  a  be  the  periodic  time  and  amplitude  of  the  motion  (Arts.  87,  88), 
and  T  the  mean  energy, 

—-  at  =  m  —  a'. 
0     2  T« 

2.  If  the  motion  of  the  particle  m  he  the  resultant  of  any  number  of  simple 
harmonic  motions  having  different  periods  and  amplitudes,  nnd  the  mean  value 
of  the  energy. 

If  0  be  an  interval  of  time  which  is  very  great  compared  with  the  longest 
periodic  time, 


~- at  =  tnir^  2 -z. 

2  T* 


3.  Determine  the  mean  energy  of  a  system  of  vibrating  particles. 

The  rectangular  components  of  the  displacement  of  any  particle  are  periodic 
functions  of  the  time,  and  can  therefore  be  expanded  in  a  series  of  terms  of  the 
form 


.    /2ir  \ 

jin  (  —  t+a). 

Hence,  T='K^^m 


asm 

a2  + A«+c2 
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4.  A  rigid  body  is  acted  on  by  a  couple  whose  moment  is  Pp ;  determine 
the  work  done  by  the  couple  in  any  small  motion  of  the  body. 

If  dB  be  the  angular  displacement  of  the  body  round  an  axis  perpendicular 
to  the  plane  of  the  couple,  the  work  done  by  the  couple  is  Fpddf  see  Art.  128. 

6.  Express  the  kinetic  energy  of  a  body  having  a  fixed  point  in  terms  of 
the  angles  B,  ^,  ^  (Art.  258),  the  body-axes  being  the  principal  axes  at  the 
fixed  point. 

As  »i,  m,  »3  are  given  in  terms  of  9,  ^,  ^^  Ex.  6,  Art.  260,  we  have, 
Art.  263, 

2T=  {A  sin' ^  +  -8  cos* ^)  a^^  {(A  cos'^^  +  ^sin^^jsin^aH-  Ccos^e}  ^* 
+  Cjt^  +  2 (J--4)  ^^  sind  sin ^  cos ^+  2(7 ^i^  cos B. 

6.  If  T  be  the  kinetic  energy  of  a  body  having  a  fixed  point,  and  ^x,  eoy,  »« 

its  angular  velocities  round  three  rectangular  axes  fixed  in  space  passing 

dT    dT    dT 
through  the  point,  prove  that  - —  -; — ,  - —  are  the  moments  of  momentum  of 

»»«    a»y    a»s 

the  body  round  the  axes. 

Let  ip,  1^,  2  be  the  components  of  the  velocity  of  any  point  of  the  body,  then 

^»,  /  .o      ...     -.X      ^T  f .  dx       ,  dy       .  dz\ 

2r=2w(iMyH«*),  T-  =  2'»(^T-  +  y7^+«T-l ; 

(Mix  \   dots        dwx        dwxl 

hence  (Art.  265), 

dT 

■-—^'S,m{yz-zy), 
dwx 

7.  Determine  the  amount  of  energy  TT  which  must  be  expended  on  a  rigid 
body  in  order  to  effect  a  given  twist  in  opposition  to  a  given  wrench. 

Let  B  be  the  amplitude  of  the  twist  round  the  screw  a  whose  pitch  is  p, 
Q  the  intensity  of  the  wrench  round  the  screw  fi  whose  pitch  is  ^,  and  A  tiie 
angle  between  a  and  fi. 

Take  a  as  axis  of  x,  and  the  shortest  distance  from  a  to  i3  as  axis  of  s, 
denoting  its  length  by  e.  Eeplace  the  wrench  at  each  instant  by  the  forces 
Xf  T,  Z,  passing  through  a  point  coinciding  with  the  origin,  and  the  couples 
X,  Mf  N,    Then  the  system  X  Z,  Z,  Z,  Jf,  N  being  equivalent  to  the  wrench, 

Z=Qcosn,     r=Qsinfl,    Z=0, 

X  s  Q^  cos  fi  ~  Q<;  sin  a,    M=  Qq  sin  A  +  Qtf  cos  d,    N^  0. 

Hence  (Ex.  4,  and  Art.  123), 

dW=  Qp  cos QdB  +  {Qq  cos  Ctr-  Qc  sinfi)  dB=  Q  {{p  +  q)  coaQ-e  einQ}  d$, 

and  therefore 

W=  Q^{(p  +  ^)cosa-<Jsina}tf. 
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The  expression  {p  +  ^)  cos  n  -  <?  sin  d  is  called  (Ball,  Theory  of  SerewSf  §  13) 
the  virtual  coefficient  of  the  pair  of  screws  a  and  /3. 

If  e  be  regarded  as  always  positive,  d  is  the  angle  through  which  the  axis 
of  the  screw  a  must  he  turned  round  the  axis  of  «  in  order  to  he  codirectional 
with  the  axis  of  $,  the  positive  direction  of  s  being  always  from  a  towards  fi. 

8.  A  smooth  rod  having  one  extremity  fixed  moves  on  a  smooth  horizontal 
table,  and  drives  a  particle  of  mass  equal  to  its  own,  wbich  starts  from  rest  from 
a  point  indefinitely  near  the  fixed  extremity  of  the  rod.  Find  the  inclination  of 
the  rod  to  the  direction  of  motion  of  the  particle  when  the  latter  has  reached  any 
definite  point  of  the  rod. 

As  the  moment  of  momentum  and  the  vis  viva  of  the  system  are  constant  (se^ 

k 
Art.  201),  we  have,  if  if/  be  the  angle  required,  tan  i|/  =  -rj-^ — rj ,  where  k  is  the 

Tadius  of  gyration  of  the  rod  and  r  the  distance  of  the  particle  from  the  fixed 
extremity. 

9.  A  triangular  prism  rests  with  one  rectangular  face  on  a  smooth  horizontal 
plane.  A  rough  cylinder,  having  its  axis  parallel  to  the  edge  of  the  prism,  rolls 
4own  one  of  its  faces  starting  from  rest,  the  centres  of  inertia  of  the  prism  and 
cylinder  being  in  the  same  vertical  plane ;  determine  the  angular  velocity  of  the 
•cylinder  when  it  reaches  the  horizontal  plane,  and  the  distance  through  which 
the  prism  has  moved. 

Let  the  axis  of  a;  be  the  intersection  of  the  horizontal  plane  with  the  vertical 
plane  containing  the  centres  of  inertia,  the  axis  of  z  being  vertical.  Let  x'  be 
the  coordinate  of  the  centre  of  inertia  of  the  prism,  m*  its  mass ;  Xy  z  the  co- 
ordinates of  the  centre  of  the  cylinder,  a  its  radius,  m  its  mass,  k  its  radius  of 
gyration,  ^  the  angle  through  which  it  has  turned,  and  a  the  distance  on  the 
prism  perpendicular  to  its  edge  through  which  the  line  of  contact  of  the  cylinder 
has  moved,  at  any  time ;  then,  i  being  the  angle  which  the  face  of  the  prism 
makes  with  the  horizontal  plane, 

X  —  x'  ^xa  —  xo  -{-  8  cos  »,     «  =  «o  —  «  siii  »i    «  =  «^ ; 

^nd  from  the  conservation  of  the  motion  of  the  centre  of  inertia  and  the  equation 
of  vit  viva,  we  have 

tnx  +  m'x*  =  mxo  +  inXo\    m'x'^  +  m(iP*  +  i*  +  A;*^*)  =  2gm  («o  -  «). 

Hence,  if  h  be  the  initial  height  of  the  centre  of  the  cylinder,  and  »  its 
juigular  velocity  when  it  reaches  titie  horizontal  plane, 

«'  = i '-^ .    a;  -  a^o  sa  — (h  -  a)  cot ». 

(m'+m8ina»)«»  +  (m  +  m')A«'  m  +  m'^         ^ 

10.  Show  that  the  velocity  v  with  which  a  fluid,  under  a  uniform  pressure 
Pj  escapes  from  a  small  orifice  is  given  by  the  equation  ^  =  2ghy  where  h  is  the 
height  of  a  column  of  the  fluid  which  would  produce  the  pressure  p. 

Suppose  a  small  mass  m  of  fluid  forced  through  an  orifice,  whose  section  is  <r, 
into  a  large  volume  of  fluid  under  the  pressure  p.  If  x  be  the  distance  through 
whi<^  the  surface  a-  of  the  fluid  is  pushed  in  by  this  operation,  the  work  ex- 
pended is  pxc. 
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Hence  the  potential  ener^  lost  when  m  escapee  is  pxc,  and  this  must  he  the 


mv^ 


kinetic  energy  acquired  hy  w,  therefore  -jr-  =px(r.   Now,  if  p  he  the  density  of 
the  fluid,  p  =  gphj  and  m  =  pxa.     Substituting,  we  have 

9^  «  2gh. 

11.  Determine  the  total  energy,  kinetic  and  potential,  of  a  planet  and  satel- 
lite moving  as  in  Ex.  3,  Art.  213. 
If  Y  be  the  total  energy 


2r=(7J«>-^Vtj+jr, 


where  K  is  an  undetermined  constant,  and  (7,  &c.,  have  the  same  significations 
as  in  the  example  referred  to. 

12.  A  planet  and  a  satellite  move  as  in  the  last  example.  If  with  a  giyen 
moment  of  momentum  it  is  possible  to  set  them  moving  as  a  rigid  body,  it  is 
possible  to  do  so  in  two  ways — ^for  one  of  which  the  energy  is  a  maximum,  and 
for  the  other  a  minimum. 

If  in  the  equation  of  Ex.  3,  Art.  213,  we  substitute  x  forH,  y  for  «,  and  put 
h  for  the  moment  of  momentum,  we  have 

h=Cy-\-  /ii  Jfm(ir+  m)-»a;. 
Again  (Ex.  11), 

2r-Jr=C7y2-/iJfw^. 

sir 

By  a  proper  selection  of  the  units  of  mass,  length  and  time,  we  can  make  O9 
u^MmiM-\-  w)-*,  and  /Jtfiw  each  equal  to  unity.     We  obtain  thus  for  the  unit  of 

mass ,  for  that  of  length  {-^17 -\  ,  and  for  that  of  time}     l^^     '\  , 

M-\-fn  {      Mm      }  {  fi'^M^m*  } 

We  have  then 

h  =  y  +  x,    2r-JS:=y2-~ 

If  the  whole  system  move  as  a  rigid  body,  the  angular  velocity  «  of  the 
satellite  round  the  centre  of  inertia  of  the  system  must  be  equal  to  n;  but 
r*  =  fi{M  +  m)«"2,  and  in  the  special  units  adopted  fi^{M  +  w)*  =  1  ;  hence 

:fi=  -.    Again,  if  Fbe  maximum  or  minimum,  we  have 

y 

^{(A-)'-ij-0.    or    .-a4  =  0, 

which  is  the  same  equation  for  determining  x  as  before.     Hence,  if  the  whole 
»y»tem  move  as  a  rigid  body,  the  total  energy  Fis  a  maximum  or  a  minimum. 

Again,  let  f{x)  =x^-hx^-\-l=x^{x-h)-v\.  If  .r  be  negative  f[x)  is  positive, 
and  therefore  the  biquadratic /(a;)  =  0  has  no  negative  root,  and  cannot  titierefore 
have  more  than  two  real  roots,  since  the  coefficient  of  x^  is  zero.  If  a?>  A,  f{x) 
is  positive,  and  therefore  the  biquadratic  has  no  positive  root  greater  than  h ; 
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but  if  a;  be  positive  and  less  than  H,  f{x)  may  be  negative,  and  therefore  the 
biquadratic  may  have  two  positive  roots  between  0  and  h*  kBf'{x) = x\^x  —  3A), 
if  the  biquadratic  have  two  real  roots,  one  is  greater  than  f  A  and  the  other  less* 

The  greater  root  makes /'(a;),  and  therefore  -r-r-  positive,  and  Fa  minimum; 

ax* 

the  lesser  root  makes  -r-^  negative,  and  Fa  maximum. 

13.  Apply  the  preceding  examples  to  determine  the  secular  effects  of  tidal 
friction  on  the  Earth-moon  system,  the  moon  being  supposed  to  move  in  the 
plane  of  the  equator. 

If  the  Earth's  radius  be  denoted  by  a,  Cis  approximately  iifa*,  and  Jf  =  82fw. 

Hence  the  unit  of  mass  is  --,  the  unit  of  length  6 '26a,  and  the  unit  of  time 
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2  hours  41  minutes.     Again,  in  the  special  units,  the  present  value  of  r  is  1 1  '464, 

and  that  of  n  is  0'704,  whence  x  is  3*384  ;  also  h  =  4*088.     It  is  plain  that  for 

this  value  of  h  the  biquadratic /(a;)  =  0  has  two  real  roots.     The  lesser  of  these, 

x\j  makes  Fa  maximum,  and  the  greater,  x^,  makes  Fa  minimum.    Again, 

f{x)  is  positive  for  values  of  x  between  0  and  x\,  negative  for  those  between  xi 

and  Xit  and  positive  for  those  greater  than  X2,    As  2;  is  positive  throughout, 

when  f(x)  is  positive  we  have  -=  >  y,  i.e.  «  > « ;  and  — r  <  y,  i.  e.  «  <  «, 

when  f(x)  is  negative.  At  present  f{x)  is  negative,  and  therefore  the  present 
state  of  things  corresponds  to  a  value  of  x  which  lies  between  xi  and  X2. 

We  can  now  determine  the  effects  of  tidal  friction.  Since  the  friction 
resulting  from  the  lunar  tides  constantly  diminishes  the  sensible  or  mechanical 
energy  of  the  Earth-moon  system,  F  must  continually  decrease  (Art.  282). 
Hence,  as  at  present  /  {x)  is  negative,  x  must  increase  and  y  decrease  until  F 
reaches  its  minimum,  after  which  the  whole  system  will  move  as  if  rigidly 
connected. 

It  appears  accordingly  that  the  friction  caused  by  the  lunar  tides  diminishes 
the  angular  velocity  of  the  Earth,  ».  e.  increases  the  length  of  the  day,  and  at 
the  same  time  increases!  the  Moon's  distance  and  the  length  of  the  month.  This 
process  must  go  on  till  the  day  and  month  are  of  equal  length,  after  which  the 
lunar  tides  wfil  cease.  If  at  any  past  period  the  Moon  moved  as  if  rigidly  con- 
nected with  the  Earth,  this  must  have  been  when  F  was  a  maximum.  Such  a 
state  of  things  was  dynamically  unstable,  for  the  least  disturbance  of  the  rigidity 
of  the  motion  would  have  produced  tides  whose  friction  would  have  diminished 
the  energy,  and  caused  the  system  to  depart  farther  from  the  configuration  of 
maximum  energy.  The  departure  from  this  configuration  might  have  taken 
place  in  two  ways,  according  as  the  Moon  approached  the  Earth  or  receded 
from  it.  If  the  former  event  had  occurred,  the  Moon's  angular  velocity  in  its 
orbit  would  have  become  greater  than  the  angular  velocity  of  the  Earth's  rotation, 
and  the  Moon  must  ultimately  have  fallen  upon  the  Earth,  as  x  must  have  de- 
creased continually  along  with  F.  If  on  the  other  hand  the  Moon  had  receded, 
the  present  state  of  things  would  have  been  reached.  The  value  of  x  which 
makes  F  a  minimum  lies  between  4*073  and  4*074,  and  the  corresponding 
value  of  n  lies  between  0*015  and  0*014.  The  ratios  of  the  present  value  of  n  to 
these  two  values  are  46*9  and  60'2.  The  present  investigation  would  therefore 
lead  us  to  conclude  that,  when  the  lunar  tides  cease  and  the  day  and  month 
become  equal,  the  length  of  the  day  will  be  between  46  and  50  times  its  present 
length. 
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Examples  11,  12,  13,  and  Example  3,  Art.  213,  are  taken  from  a  Paper  by 
Professor  6.  H.  Darwin,  first  publidied  in  the  Proceedings  of  the  Royal  Society 
for  1879,  and  subsequently,  with  some  alterations,  in  Thomson  and  Tait's 
Natural  Fhilosophy,  Part  ii.  In  this  Paper  Mr.  Darwin  gives  diagrams  of  tlie 
curyes  represented  by  the  equations 

n^2Y-K=F(x)y    a;3y=l,    h  =  x  +  y, 

by  means  of  which  the  results  arrived  at  are  exhibited  to  the  eye. 

14.  A  great  number  of  smooth  perfectly  elastic  particles  are  moving  with. 
great  velocity  in  various  directions  within  a  rectangular  parallelepiped,  two  of 
whose  opposite  faces  are  large  compared  with  the  others.  If  one  of  these  faces 
be  movable,  determine  the  force  required  to  keep  it  steady. 

Let  u  be  the  velocity  of  one  of  tiie  particles  whose  mass  is  m,  and  p  the  angle 
which  the  direction  of  its  motion  makes  with  the  normal  to  the  face.  Before 
striking  the  face  the  particle  has  a  normal  velocity  u  cos  tp,  and  after  the  shock 
it  acquires  an  equal  normal  velocity  in  the  opposite  direction.  The  momentum 
communicated  to  the  face  is  therefore  2mu  cos  <f>.  Having  reached  the  opposite 
face,  the  particle  rebounds  and  strikes  the  movable  face  again ;  the  interval  of 

2a 

time  between  two  successive  shocks  against  the  movable  face  being , 

M  cos  0 

where  a  is  the  perpendicular  distance  between  the  faces.     The  whole  momen- 
tum communicated  to  the  movable  force  by  the  particle  m  in  the  time  $  is 

therefore 0,  and  the  whole  momentum  M  communicated  by  all  the 

a 

e 

particles  in  the  same  time  is  -  Jimu^  cos'^. 

In  order  to  determine  the  value  of  Xmu^  cos^^,  describe  a  sphere  of  unit 
radius,  and  draw  from  its  centre  lines  parallel  to  the  directions  of  motion  of  the 
various  particles  at  the  beginning  of  the  interval  of  time  0,  Since  the  number 
of  particles  is  very  great  and  the  direction  of  the  motion  of  any  one  undeter- 
mined, we  may  assume  that  the  energy  of  those  particles  whose  directions  of 
motion  make  an  angle  0  with  a  fixed  direction  is  to  the  total  energy  of  the  system 
as  that  portion  of  the  surface  of  the  sphere  comprised  between  the  cones  whose 
semi-angles  are  <p  and  <p  +  dipiato  the  whole  surface.  If  The  the  total  energy 
of  the  moving  particles,  we  have  then 

2mi*2  cogi^  -  j»  r  co8*^  aii^d<t>=  -T. 

Jo  3 

2  Te 

Hence  if  »  -  — .    Now  the  required  force  i^  must  be  such  as  to  commiini- 

3  a 

€ate  to  the  movable  face  the  momentum  M  in  the  time  0,  and  therefore 

2  T9  2  T 

3  a  3  a 

15.  A  number  of  particles  move  as  in  the  last  example ;   determine  the 
pressure  which  they  exert  on  the  unit  of  area. 
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If  i9  be  the  area  of  the  moyable  face  in  the  last  example,  and  p  the  pressure 

2  r 

3a 


2  T 
of  the  particles  on  the  unit  of  area,  p8=F^-—.   Hence,  if  v  be  the  Tolume  of 


2 
the  parallelepiped,  pv—  -T, 

The  results  obtained  in  Ex.  14  and  15  are  made  use  of  to  explain  the  pressure 
which  a  gas  exerts  against  its  envelope.  The  mode  of  investigation  employed 
is  due  to  Clausius. 

16.  Determine  the  mean  kinetic  energy  of  any  system  in  stationary  motion. 

A  system  is  said  to  be  in  stationary  motion  when  the  coordinates  and  the 
velocities  of  its  various  points  fluctuate  within  determinate  finite  limits. 

If  we  integrate  xHt  by  parts,  we  get  jx^dt^xx-  ^xxdt ;  and  similar  equa- 
tions may  be  obtained  corresponding  to  the  other  coordmates.  Again,  supposing 
each  point  of  the  system  to  be  free,  we  have  mx  =  X.    Hence,  if  0  =  ^i  —  ^, 

1  f'l  1 

-  I     ^^=  -^  ^m{xixi  +  yiyi  +  z\zi  -  (xaXo  +  yoyo  +  «b^)} 

9  JtQ  w 

-^^^\Xx-\'Ty  +  Zz)dt. 

If  9  be  made  sufficiently  large,  the  first  teim  on  the  right-hand  side  of  this 
equation  may  be  neglected,  and  we  find  that  the  mean  value  of  T  is  equal  to 
the  mean  viuue  of 

-j2(Xr+  Fy  +  Za). 

This  latter  quantity  is  termed  by  Clausius  the  viriiil  of  the  system.  Hence,  the 
mean  kinetic  energy  is  eqtuil  to  the  virial.  This  theorem,  and  its  application 
given  in  Ex.  17,  18,  are  due  to  Clausius,  whose  investigation  will  be  found  in 
Qie  Fhiloeophieal  Magazine  for  August,  1870. 

17.  If  n  be  the  virial  of  a  system  which  is  acted  on  by  no  external  forces 
except  a  uniform  pressure  on  its  surface,  prove  that 

1  f'l 


n  =  ipv--^^^2r<f>(r)dt, 


where  r  is  the  distance  between  any  two  points  of  the  system,  v  its  volume,  and 
p  the  pressure  which  it  exerts  upon  the  unit  area  of  the  surface  of  the  surround- 
ing medium  or  envelope. 

If  r  be  the  distance  between  two  particles  of  the  system  whose  coordinates 
are  dp,  y,  z ;  x',  y',  if,  the  portion  of  n  due  to  the  mutual  action  of  these  particles 
is  the  mean  value  of  an  expression  of  the  form 

or    -r^{r),    (Art.  283.) 
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Again,  if  dS  be  an  element  of  the  bounding  surface  of  the  system  the  di- 
rection cosines  of  whose  normal  are  I,  m,  fi,  the  part  of  n  due  to  the  external 
pressure  is 

ifSS  (^^  +  yw*  +  zn)dS  =  ip{  jj  xdf/dz  +  f  j  ydzdx  +  j  j  zdxdy}  =  ipv* 

1  C*i 
Hence  n  =  ^pv  -  -  I  ,  ^r<j>  (r)  df, 

18.  Determine  the  pressure  of  a  gas  in  terms  of  its  volume  and  the  mean 
kinetic  energy  of  translation  of  its  molecules. 

A  gas  may  be  regarded  as  composed  of  a  number  of  molecules  which  exert 
no  action  on  each  other  except  when  in  contact.  If  the  gas  be  enclosed  in  an 
enyelope,  and  its  condition  remain  unaltered,  its  molecules  must  be  in  stationary 
motion.  Hence,  if  T'  be  the  mean  value  of  that  part  of  the  kinetic  energy 
which  results  from  the  velocities  of  the  centres  of  inertia  of  the  molecules,  and 
n  the  corresponding  virial,  we  have  T'  =  IT ;  but  n  =  ^pv  (Ex.  17),  since  the 
time  during  which  a  particle  is  in  contact  with  other  particles  is  negligible 
compared  with  the  interval  between  two  such  contacts,  and  therefore  the  other 
term  of  n  may  in  this  case  be  neglected.    Accordingly  pv  =  %T\ 

Section  II. — The  Oeneral  Equations  of  Dynamics. 

289.  Cfeneral  Equations  of  llotioii  for  any  S^ystem. 

— The  general  equations  of  motion  for  any  system  are  ob- 
tained in  precisely  the  same  manner  as  the  general  equations 
of  equilibrium. 

If  i^=  0,  (y  =  0,  JETe  0,  &c.,  are  the  equations  of  condition 
representing  the  connexions  and  constraints,  we  have 

dF^       dF^       dF^       dF^        .        ^ 
•^—  Sari  +  -T—  gyi  +  ^-  &i  +  -T—  8:^2  +  &c.  =  0. 
dxi  dyi  dzi  dxz 

-r—  Sxi  +  &c.  =  0,  -7-  Sa?i  +  &c.  =  0,  &c. 
dxi  dxi 

Multiply  the  first  by  A,  the  second  by  ^,  the  third  by  v, 
&c.,  and  add  to  D'Alembert's  Equation,  and  we  obtain 

Xi-mi'-—r  +  A  -^  +u-r-+  V  T-  +  &c.   8a?i  +  Ac.  =  0.  (1) 
dt^        dxx     '^  dxi        dXi  J  ^  ' 

If  there  be  n  equations  of  condition  we  can  assign  to 
A,  jULy  V,  &c.,  such  values  as  to  make  the  coefficients  of  the  first 
n  displacements  in  the  above  equation  vanish.     By  means  of 
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these  displaoements  we  can  satisfy  the  n  equations  ^F  =  0, 
S©  =  0,  &o.  The  remaining  displacements  are  then  entirely 
unrestricted,  and  their  coefficients  in  (1)  must  therefore  be 
each  zero,  and  we  have  for  the  equations  of  motion 


mi 


mi 


Wi 


nh 


If 

d'zi 
df 

W 

&c., 


^     ^dF       dG       dE     ^ 

Jli  + A^— +  A*  -7—  +  v^—  +  &c. 
dxi        dxi         dxi 

^     ^  dF       dG        dH     ^ 

dyi     '^  dyi        dyi 

^     ^  dF       dG       dH     ^ 

Zi  +  A  -7—  +  iC  -;—  +  V  3—  +  &C. 

azi         azi         azi 
^     .dF       dG        dS     ^ 

JL2  +  A  -7-  +  ££  -z —  +  V  -7—  +  &C. 

dx2        dx2         dxz 


> 


&C,y 


&c. 


(2) 


From  these  equations  we  can  obtain  the  Equation  of 
Energy,  if  we  multiply  the  first  by  dxi,  the  second  by  dyi, 
&c.,  and  add.    In  this  manner  we  obtain 

fdF  dF  \ 

dT=^  (Xdx  +  Ydy  +  Zdz)  -\-\(-^dxi  +  —-dyi  +  &c.]  +  &c. 

\axi  dyi  J 

Now,  if  the  equation  J'  =  0  involve  only  the  coordinates 
of  the  various  points, 

dF  dF 

3-  rfa?i  +  -J-  dyi  +  &c.  =  rf2^=  0, 

aXi  ayi 

and  the  condition  expressed  by  the  equation  F=  0  has  no 
effect  on  the  kinetic  energy. 

This  result  was  obtained  from  first  principles  in  Art.  284, 
and  by  its  means  the  Equation  of  Virtual  Velocities  in  its 
usual  form  was  deduced  from  the  Equation  of  Energy. 

290.  Equation  of  Energy  when  Equations  of  Con- 
dition Involve  tbe  Time  Explicitly. — If  the  equation 
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F-  0  involve  the  time  explicitly,  the  work  done  in  any  actual 
motion  of  the  system  by  the  forces  capable  of  replacing  the 
condition  F=0  need  not  be  zero.  In  a  virtual  displacement 
the  work  done  by  these  forces  must  still  be  zero,  because  in 
such  a  displacement  no  lapse  of  time  is  supposed  to  take 
place.  So  far,  therefore,  as  the  equation  of  virtual  velocities 
is  concerned,  t  must  be  considered  constant  in  the  equation 
i^=  0,  and  as  in  Art.  200  the  virtual  displacements  must 
fulfil  the  condition 

dF^        dF  dF  ^        dF  ^ 

-T-oxi  +  3—8^1  +  3-  &i  +  3—  0^2  +  &c.  =  0. 

axi  oyi  dZi  dX2 

The  actual  displacements  on  the  other  hand  fulfil  the 
condition 

dF         dF  dF         dF  „        fdF\ 

-T—  Cfoi  +  -7—  rfyi  +  -;—  C?2i  +  -7-  flfe2  +  &c.  +  (  -77     rf^  =  0. 

dxi  dyi  dzi  dx^  \dt  J 

Hence  in  this  case  the  Equation  of  Energy  becomes 

dT^^{Xdx'\-Ydy  +  Zdz)--\{^\dt-ii(^\dt'-&Q.    (3) 

291.  Similar  mechanical  Systems. — Two  systems  are 
geometrically  similar  when  each  line  of  the  one  is  equal  to 
the  corresponding  line  of  the  other  multiplied  by  the  same 
constant. 

Similar  Mechanical  systems  are  not  only  geometrically 
similar,  but  have  also  a  similar  distribution  of  mass,  and  a 
similar  distribution  of  force,  and  work  in  a  similar  manner ; 
i.e.  each  mass  of  the  one  is  equal  to  the  corresponding  mass 
of  the  other  multiplied  by  a  constant,  each  force  of  the  one 
is  equal  to  the  corresponding  force  of  the  other  multiplied  by 
a  constant ;  and  the  systems  are  always  geometrically  similar 
at  instants  of  time  whose  intervals  from  two  fixed  epochs  are 
in  a  constant  ratio. 

Let  ^  be  a  coordinate  of  a  point  in  the  first  system,  m  a 
mass,  X  a  force,  and  t  an  interval  of  time ;  and  x\  m\  X\  f 
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the  oorresponding  quantities  for  the  second  system ;  we  have 
then  the  equations  x'  ^  Ix,  m'  =  ^m^  X'  =  AX,  if  =  vt. 

Hence,         Sm'(^^8^ -f  ^8/+ ^8.  j 


uP  ^    fd^x  ^      d'y  ^      d'z  ^ 


s,.  g  A 


and       S  {TZx'  +  TZy'  +  Z'&O  =  X/S  (XSo?  +  Tiy  +  ZSz). 

In  order,  therefore,  that  D'Alembert's  equation  should 
hold  good  for  each  system,  we  must  have  iil  =  Av*. 

This  equation  of  condition  may  be  put  into  another  form 
by  expressing  v  in  terms  of  the  ratio  of  the  corresponding 
velocities  in  the  two  systems.     If  we  denote  this  ratio  by  a, 

we  have  -77  =  «  3t>  but  also,  3:7  =  -  37 ;  therefore  /  «  av,  and 
az         at  at       vat 

the  equation  of  condition  becomes  \l  =  iicf. 

If,  as  is  generally  the  case,  gravity  be  one  of  the  moving 

forces  in  both  systems,  we  must  have  A  =  /le ;  hence  a'  =  /,  or 

the  velocity  in  each  system  must  be  proportional  to  the 

square  root  of  its  linear  dimensions. 

292.  Cfeneralized  Coordinates. — If  a  system  have  n 
degrees  of  freedom  its  position  is  completely  determined  at 
each  instant  by  the  values  of  n  independent  variables,  which 
may  be  termed  coordinates^  and  be  denoted  by  £1,  £2,  £3, . . .  Sn- 
The  Cartesian  coordinates  a?,  y,  2  of  any  point  of  the  system 
are  expressible  in  terms  of  these  new  coordinates,  and  are 
therefore  functions  of  the  n  variables  ^1,  ^3,  &c.,  these  latter 
being  functions  of  the  time. 

If  we  differentiate  the  equation  x  =  /(Si,  £„  Ss,  .  .  •  fn) 
with  respect  to  the  time  we  obtain 

dx  £,  dx   £,  ^^    ^  fA\ 

This  equation  shows  that  i  is  a  function  of  the  velocities  |i, 
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&Q,y  and  of  the  coordinates  ^i,  &o.,  and  is  linear  with  respect 
to  the  velocities.    From  (4)  we  have 

dx      dx       dx      dx    t,  ,^^ 

d^x     rfgi      ^£2     ^^ 

dx 
Again,  if  we  differentiate  -7^-  with  respect  to  ^,  we  get 

d   dx      d^x  g        ^a?     i  ^^    fc 

Jtdi,^Wr"^d^J^^^''''^'di^^''' 

but  by  (4)  this  is  the  expression  for  the  partial  differential 

dx      

coefficient  — - .    Hence  we  have 

dl, 

ddx_dxddxdXo  //»x 

Itlird^x     dtdK2^d^2  ^^ 

Any  set  of  n  independent  variables  which  completely  deter- 
mine the  position  of  a  system  may  be  taken  as  the  generalized 
coordinates  of  the  system.  The  number  of  these  coordinates 
is  fixed,  but  the  actual  coordinates  are  in  general  to  a  great 
extent  arbitrary. 

293.  Kinetic  Energy  and  Creneralized  Coordinates. 

— The  kinetic  energy  T  of  any  system  in  motion  is  given  by 
the  equation  2T=  'km{x^  -^  y^  +  z^)  If  we  substitute  for  x^ 
y,  &c.,  their  values  given  by  (4)  and  the  corresponding  equa- 
tions, we  obtain  a  homogeneous  quadratic  function  of  the  n 
velocities  |i,  I2,  .  .  .  in,  the  coefficients  of  fi*,  |i  I2,  &o., 
being  functions  of  the  coordinates  ^i,  £2,  &o.,  and  of  the  con- 
stants of  the  system.  If  we  denote  these  coefficients  by  3£ii, 
23Ei2,  &c.,  we  have  the  equation 

2T  =  dCut'  +  Xnt2'  +  &C.  +  2dCnU2  +  SXislts  +  &0.      (7) 

294.    Equations   of  Motion   for   Impulses.  —  If  a 

system  start  from  rest  under  the  action  of  any  set  of  impulses 
X,  F,  Zy  &c.,  the  initial  velocities  are  determined  from 
D'Aiembert's  equation  by  equating  to  zero  the  coefficient  of 
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each  independent  yariation.  Now,  if  ^i,  ^2y  &o.  be  the 
generalized  coordinates^ 

where  S£i,  3^2,  &c.  are  independent  arbitrary  variations. 
Hence,  substituting  for  Sx^  St/y  &c.  in  D'AIembert's  equation, 
we  obtain  as  the  equation  of  motion  corresponding  to  the 
variation  85i, 

\  d^i     ^  d^i        d^ij        V  •  efgi      •  dKi      '  d^J 

The  left-hand  member  of  this  equation  becomes,  if  we  sub- 
sttiute  for  ^,    -^,  &c.  their  values  given  by  (5), 

^    f .  dx      .  dy      .  dz\        dT 
\   rf|,     ""dti       dlJ        dti 
Hence,  if  we  put 

V  •  ^1     '  d%i     '  d^J      '  '       ' 
we  have  for  a  system  starting  from  rest 

dT  dT  dT 

In  these  equations  T  is  supposed  to  be  given  by  (7),  and 
S5(i,  &c.,  are  the  generalized  resultant  components  of  the 
impidses  tending  to  alter  5i>  &c. 

It  follows  from  what  precedes  that,  for  a  system  starting 
from  rest,  D'Alembert's  equation 

Sw  {xSx  +  yly  +  2&)  =  2  {Mx  +  Pgy  +  Z^z) 
becomes  by  transformation  of  coordinates 

?8?i  +  ?  852  +  &o.  =  SfiSSi  +  ?;,SS,  +  &c. 

2E 
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This  equation  may  be  written  in  the  form 


2(^^85)  =2(985).  (9) 


If  a  system  be  in  motion,  and  pi^  pz^  &c.  be  the  general- 
ized impulse  components  which  would  give  its  actual  motion 
to  the  system  starting  from  rest,  these  impulses  pu  &o.  are 
determined  by  the  equations 

dT  dT  dT  ,,., 

dii  afa  di 

dT     dT 
The  differential  coefficients  -r-,    -^,  &c.  are  the  gene- 

d^i     d^2 
ralized  components  of  momentum  of  the  moving  system. 

If  a  system  in  motion  be  acted  on  by  any  set  of  im- 
pulses whose  generalized  components  are  !EEi,  Sa,  &c.,  the 
changes  of  velocity  produced  by  these  impulses  are  given 
by  the  equations 

dT     fdT\  dT     fdTV 

where  ( -7-  J  >  &o.  correspond  to  the  instant  immediately 

before,  and  -r-,  &o.  to  that  immediately  after  the  action  of 
dJ^i 

the  impulses.    Since  the  values  of  ^1,  &c.  remain  unaltered 
during  the  impulse,  equations  (11)  may  by  (7)  be  written 

Si,(^l-|/)+3E,,(^a-^/)....  +  3Ean(^n-|n')  =  B?a    [.    (12) 
&0.  &C.  &C.    y 
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295.  Kinetic  Eneri^  and  Components  of  Momen- 
tum. — Since   T  is  a  homogeneous  quadratic  function  of 

li,  ?a,  &0.,  we  have,  by  Euler's  Theorem, 

dii         d^2 
This  equation  may  be  written  in  the  abbreyiated  form 

2T^^{pt).  (14) 

If  we  suppose  the  same  system  occupying  the  same  posi- 
tion to  have  successively  two  different  motions,  in  the  first  of 
which  the  velocity-components  are  5i>  &c.,  and  in  the  second, 
I/,  &c.,  and  if  we  put  |/  =  gi  +  ai,  &c.,  and  express  the  cor- 
responding values  of  T  by  T^  and  T^ ,  we  have,  by  Taylor^s 
Theorem, 

rf  =  r^+Si?o  +  ra,  i.e.  r|'=T|+sp(^'-|)  +  %_j).  (is) 

If  now  we  suppose  a  system  to  start  from  rest  the  values 
of  certain  components  of  velocity  being  prescribed,  and  if 
the  system  be  set  in  motion  by  impulses  such  that  there  are 
no  components  of  impulse  except  those  corresponding  to  the 
prescribed  velocities,  the  initial  kinetic  energy  is  a  minimum. 

Let  |i,  &c.,  be  the  velocity-components  of  the  initial 
motion  produced  in  the  manner  described,  then  ^i,  &c.,  are 
the  impulse-components;  and  if  any  impulse-component  jt?^ 
be  not  zero,  the  corresponding  velocity-component  ^q  is  pre- 
scribed. Let  us  now  suppose  the  system  to  be  set  in  motion 
in  any  other  way,  the  prescribed  velocity-components  being 
the  same  as  before,  and  let  f /,  &c.,  be  the  velocity-components 
of  the  new  initial  motion.  We.have,  then,  Sp  {^-^)  =  0, 
since  whenever  p  is  not  zero,  5  =  ?•  Hence  T^  =  y^  +  ^'(^'  -i)> 
and  therefore  T^  is  a  Tnim'mnm. 

This  is  Thomson's  Theorem,  Art.  199. 

Again,  if  ti>  &c.,  piy  &c.  be  the  components  of  velocity 
and  momentum  of  a  system  in  any  given  position,  and  I/, 
&o.,  Ply  &c.  the  corresponding  quantities  for  a  different 
motion  of  the  same  system  in  the  same  position,  we  have 

S  (pt)  =  S  (/I).  (16) 

2E2 
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The  truth  of  this  equation  appears  readily  by  substituting 
^1  +  |i'>  &o.  for  li,  &o.  in  T^,  and  equating  the  two  expres- 
sions which  by  Taylor's  Theorem  can  thence  be  obtained. 

296.  Energy  of  Initial  Motion. — ^If  we  substitute  l^idt 
for  8Si,  ^2^^  for  852,  &c.  in  (9),  we  obtain  for  the  initial 
energy  T  of  a  system  starting  from  rest  the  equation 

2r=s(B;t).  (17) 

Let  us  now  suppose  that  on  a  system  having  ^i,  &c.  as 
its  generalized  coordinates  constraints  are  imposed  capable  of 
being  expressed  as  in  Art.  284  by  equations  connecting  the 
coordinates  £i,  £29  •  •  •  •  Sn*  The  coordinates  are  then  no  longer 
independent,  and  if  the  system  be  set  in  motion  by  impulses 
B!i,  &c.,  equations  (8)  no  longer  hold  ^oodj  but  (9)  and  (17) 
remain  valid,  f  1,  &c.  being  the  velocity-components  of  the 
actual  motion.  Also  T  is  the  same  function  of  |i,  &c.  as 
it  was  before  the  imposition  of  the  constraints,  the  only 
difierence  being  that  certain  relations  hold  good  in  the 
constrained  motion  connecting   these  velocity-components. 

In  order  to  compare  the  initial  kinetic  energies  of  the 
system  in  the  imconstrained  and  constrained  motion,  let  |i, 
&c.  be  the  velocity-components  corresponding  to  the  former, 
and  ^/,  &c.  those  corresponding  to  the  latter,  then  by  (17) 
we  have 

Substituting  in  (15),  we  obtain 

This  proves  Bertrand's  Theorem,  Art.  199. 

297.  liagrange's  Equations  of  Motion. — We  saw  in 

Art.  294  that 

^    f  .dx      .dy       .  dz\      dT  ,,^, 


Lagrange^ %  JBquations  of  Motion. 
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if  we  differentiate  each  side  of  this  equation  with  respeot  to 

the  time,  and  substitute  for  —  3=-,   &c.  their  values  given 

at  aQi 

by  (6),  we  obtain 

_     /    dte      ..dy      ..dz\     _    ( ,dx      .  dy      .  dz\    d  dT 

I.  i.  ^    f '^      '  ^y      •  ^2\  .      ,  .  T     dT 

but  Sm  \x-T7r  +  z-^  +2-1?-    IS  plainly  -jzr ; 

V   dl,        d^i        d^x)      ^        ^  dix' 

henoe  we  have 

f    dx         dv         dz\      d  dT     dT       .^^. 

Now  in  D'Alembert's  equation  for  continuous  forces  the 
coefficient  of  the  independent  variation  S^i  is, 

/ .  dx      ..  dy      ..  dz\         (^  dx 
Hence,  if  we  put 

we  have,  as  the  equations  of  motion  of  any  system, 


1 ^_^_ - 
dt  d%x     fl?£i 


*^i/^i) 


dt  d%i 


dT 

d^^ 


—     <2«2 


£  dT 

dt  d%n 


dT_ 

din 


(21) 


T    TZ" ZZr  ""   *^n 


The  work  which  would  be  done  by  the  forces  of  the 
system  against  the  displacement  S^i  is  -  BiS^i,  accordingly 
Si,  &c.  are  the  generalized  components  of  force  tending  to 
alter  the  coordinates  ^i,  &c.    It  is  to  be  observed  that  the 
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forces  X,  F,  Zy  &o.  axe  not  equivalent  to  the  forces  Hi,  H2, 
&C.9  unless  the  variations  S^,  S^,  Ss,  &c.,  and  the  correspond- 
ing variations  8^1,  8?2,  &c.,  result  by  orthogonal  projection 
from  the  same  possible  displacements  of  the  system. 
For  a  conservative  system  equations  (21)  become 


±dT^dT^     dV  _Q 
dt  d^i      d%i     d^i 


d_  dT 
dt  d^2 


dT     dV 

—  +  — 

dKi     d^2 


rf  dT 
dt  4*1 


a  ax      ajL      av      /v     v 
5- + =0     > 


dT     dV     ^ 
—  +  —  =  0 

d^n      d^n  J 


(22) 


Equations  (21)  and  (22)  were  first  given  by  Lagrange, 
and  are  known  as  Lagrange's  equations  of  Motion  in 
Generalized  Coordinates. 

The  proof  given  above  for  Lagrange's  equations  holds 
good  even  though  the  time  appear  explicitly  in  the  equations 
which  determine  the  Cartesian  in  terms  of  the  Generalized 
coordinates.     In  this  case  a  =/(5i5  ?2,  • .  •  •  ?n>  0>  ^^«  ^  ^^^^ 

contains  the  additional  term  — ;  but  the  equations 

at 

dx       dx    ^       d  dx       dx  ^ 
d^i     d%i  dt  d^i     d^i 

are  still  true,  and  therefore  the  proof  of  Lagrange's  equations 
remains  valid. 

If  we  put  L  =  T-  F,  the  function  L  is  the  difference 
between  the  kinetic  and  potential  energies  of  the  system, 
and  is  called  Lagrange's  Function. 

Equations  (22)  may  now  be  written  in  the  form 

d  dJJ     dJj      ^  d  dJj      dJu      ^  /^«.. 
±l_^=0,  ..  ._-— __  =  0.          (23) 

dt  d^i     d^i  dt  din     d%n 


n 
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This  form  of  the  equation  of  motion  is  likewise  due  to 
Lagrange. 

298.  Beduciloii  of  the  Equatloii  of  Energy. — If  we 

multiply  the  first  of  equations  (22)  by  5i>  the  second  by  §8, 
&c.,  and  add,  we  get 

Now  2r=st^; 

d% 

and  therefore     2  —  =  S  ?-  -r-  +  Itt"  > 

dt         \  dt  di         di  J 

henoe 


dT     ^(aT     ^dT\ 
since  —  =  S5-77+§-7-. 

dt  \   d^        dt) 

Substituting  in  (24),  we  obtain 

dT     dV  ^ 
dt""  dt         ' 

hence  we  have 

r+r--E.  (26) 

299.  Kflleet  of  Constraints. — If  a  system  having  n 
degrees  of  freedom  be  subjected  to  additional  constraints 
capable  of  being  expressed  by  q  equations  connecting  the 
coordinates  of  the  form  i^=  0,  G  =  0,  &c.,  we  may  either 
select  a  new  system  of  n  -  ^  generalized  coordinates,  or  else 
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retain  the  old  system,  and  proceed  aooording  to  the  method 
of  Art.  289.    Equations  (22)  would  then  become 


.  (27) 


dt  d^t     d^t     d^i         d^t        dJii 

•  •  •  •  • 

•  •  •  •  • 

d^'dT_dT     dV^^dF        dQ_ 

dt    d^n       d^n       d^n  d^n      ^  d^n 

In  the  case  of  impulses  we  may  proceed  in  a  similar 
manner,  and  still  make  use  of  equations  (8)  or  (11),  provided 
we  introduce  additional  terms  into  JHfi,  &c.  representing  the 
impulses  by  which  the  constraints  may  be  replaced.  It  is 
plain  that  both  in  the  case  of  continuous  and  also  in  that  of 
impulsive  forces  the  terms  in  Lagrange's  equations  repre- 
senting the  action  of  the  constraints  disappear  from  the 
equation  of  energy. 


Examples. 

1.  Detennine  in  polar  coordinates  the  equations  of  motion  of  a  particle 
which  moves  freelj  in  a  fixed  plane. 

Here    T=  Jm(f» +  r»a2),  whence 

d  dT     dT  ^    d  dT     dT         d       . 

dt  dr      dr  ^  dt ds      dd  dt^      " 

and  the  equations  of  motion  are  the  same  as  those  which  would  be  given 
by  (11)  and  (12),  Art.  28. 

2.  Determine  in  polar  co-ordinates  the  general  equations  of  motion  of  a 
free  particle. 

Here  T  =  }m  {f»  +  r2(a2  +  sin'tf^*)}, 

and  the  equations  of  motion  are 

wj{r-r(e2  +  sin26^2)}  =J2, 


m 


[dt  (**'^)  -♦^«^^cos^*'l  =^^*    m^(r2sin»d<^)  =  Or  ain«, 
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where  E,  P,  and  Q  are  the  components  of  the  force  acting  on  the  particle,  along 
the  radius  vector  from  the  origin,  perpendicular  to  the  radius  vector  in  the 
meridian  of  the  particle,  and  at  right  angles  to  these  two  directions. 

3.  Prove  Euler's  equations  for  a  body  having  a  fixed  point. 
The  body-axes  being  the  principal  axes  at  the  fixed  point,  the  expression  for 
Tin  terms  of  0,  4>,  ^  is  given  in  Ex.  5,  Art.  288.    Hence 

—  {C5^  +  C^  cose}  -(A-B)  sin^  cos^(tf2  -  ^«  sin'e) 

+  (A-B)  sind  (cos*^  -  sin'^)  e^  =  ♦. 

If  we  substitute  ws  for  ^+4'Cos  9  by  (12),  Art.  258,  and   then  make 
9  =s  ^  =  Jit,  we  have 

C^  -{A-B)mm=-*  =  N,     (Ex.  4,  Art.  288.) 
at 

^  4.  Greneralize  Euler's  equations  for  the  case  in  which  the  body-axes  are  not 
principal  axes. 

In  this  case  T  is  a  quadratic  function  of  «i,  »2,  «»3,  with  constant  co- 
efacienta  (Art  263).    Hence,  by  Ex.  5,  Art.  260, 

dT  ^  dT  dmi      dT  dw%      dT^daa  _dT 
diji      d»i  d^       dcoi  d^       das  d^      dtfz 

d^^dTdooi      dT_dm     dT  dw3  _  dT         dT^ 
d^p      dt»\  dip      dtoz  dp      dnz  d<p       dw\  dto^ 

and  we  have 

dTl        dT 

«8  +  T-  «l  =  ♦  =  iV. 

aw2 


d_  ldT\       dTi 
dt  \dazl       d»\ 


5.  Two  particles  m  and  m'  are  connected  by  an  inextensible  string  passing 
through  a  smooth  hole  at  the  edge  of  a  srnoo^  horizontal  table  on  which  m  rests ; 
detemine  the  equations  of  motion  of  the  particles,  and  the  tension  of  the  string. 

Let  r  and  Q  be  the  polar  coordinates  of  m  with  respect  to  the  hole  as  origin ;. 
then 

2T=(m  +  m')f3  +  mr2e2^ 

and  the  equations  of  motion  are 

(f»  +  m')f-mre2  =  -mV,    ^  (mr»  d)  =  0. 

dt 

If  r  be  the  tension  of  the  string,  and  h  the  value  of  mi^  6,  we  have 

mf-»irtf»  =  -T(Ex.  1), 


whence 


mm      I         ^  \ 


6.  A  smooth  particle  descends  the  upper  edge  of  a  thin  vertical  lamina, 
which  is  capable  of  sliding  freely  down  a  smoo&  inclined  plane  with  which 
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its  whole  lower  ledge  is  in  contact.  If  the  plane  of  the  lamina  be  perpendicular 
to  the  intersection  of  the  inclined  plane  with  the  horizon,  and  the  particle  and 
lamina  start  from  rest,  determine  their  position  at  any  time. 

Let  X  be  the  distance  at  any  time  of  a  point  in  the  base  of  the  lamina  from 
its  initial  position,  |  the  distance  which  the  particle  has  moved  along  the  edge  of 
the  lamina,  a  the  angle  which  this  edge  makes  with  the  inclined  plane,  ^  the 
inclination  of  the  latter,  m  the  mass  of  the  particle,  and  M  that  of  the  lamina. 

The  kinetic  energy  of  the  lamina  at  any  time  is  }  Mx^^  and  that  of  the 
particle  is 

\fn{{x+i  cos a)2  +  ^  sin* a}. 
Hence 

2T=  (Jf  +  m)  ic»  +  m^  +  2mxi  cos o. 

Again,  -  T  =  JfJ'a?  sin /3  +  my  { (a?  sin /B  +  f  sin  (a  + /B) } , 

■and  therefore  the  equations  of  motion  are 

(Jf  +  m)af  +  m^'  cos  a  =  (Jf  +  m) y  sin  i3,     m  (i*+ a?  cos  o)  =  iwy  sin  (o + /B), 

whence 

m  sin  a  cosa  cos/3)      .      ,    .,(-2^+  m)  sin  a  cos  iS 


i^«(-    A    wsinocosocos/B)      ^     .    .,i 
(  Jf+msm*o     ) 


M+m  sin*  a 


300.  Ignoration  of  Coordinates. — If  there  be  no  force 
tending  to  alter  one  or  more  of  the  independent  vaxiables 
by  which  the  position  of  a  system  is  defined ;  if  moreover 
the  expression  for  the  kinetic  energy  of  the  system  does  not 
oontain  these  variables,  but  only  their  differential  coefl&oients ; 
and  if  the  system  start  from  rest ;  then  T  may  be  expressed 
as  a  function  of  the  other  independent  variables  and  their 
differential  coefficients,  and  be  treated  as  if  these  latter  vari- 
ables completely  defined  the  position  of  the  system. 

Let  £i  be  one  of  the  independent  variables  satisfying  the 
conditions  supposed;  then,  as  there  is  no  force  tending  to 
alter  $i, 

d  dT      dT     ^    .    .dT     ^        ,..       .       dT  .     . 

T-  — z-  =  0  ;  but  -—  =•  0 ;  and  therefore  -r-  -  constant ; 

dt  d^i     fl?5i  dl^i  d^x 

also  as  the  system  starts  from  rest,  and  T  is  a  homogeneous 
quadratic  function  of  ti?  Is  •  •  •  tm  this  constant  must  be  zero ; 

hence  — r-  =  0.    In  like  manner,  if  I2  be  another  variable 

.  .  .  dT 

satisfying  the  same  conditions,  we  have  -^  =  0,  and  so  on. 

dl^z 
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dT  dV 

From  the  linear  equations  -r-  =  0,  -^  =  0,  &o.,  |i,  I2,  &o.  can 

be  fonnd  in  terms  of  the  remaining  differential  coefficients 
^99  •  •  •  !«•  Thus  T  becomes  a  function  of  ^^  . . .  f »,  and  of 
their  differential  coefficients^  that  is 

T  =  J'(5„f,«,&c.,  |,,&c.). 

If  now  we  regard  f„  f,+i,  &o.  as  completely  defining  the 
poaition  of  the  system,  Lagrange's  equations  are 

d  dF     dF 

dt  dt,  "  df,  ~  ^"  *°' ' 

but  these  equations  are  true,  for 

dF     dT     dT  dtx     dT  d^z      « 

rf?g         d^g         rfgl     rff J         rffa     rf§^ 

dF     dT     dT  4i      ^2*  4»      o 

+  -T-     -^    +  -T-    =r^  +  &C.  ; 


d^c       dl^,       rf|x    d^,       rffa    (/? 


9 

whence,    as     -z  =  0,     -z  =  ^>  &o-»  we  have 

dt       *     di,       '       ' 

dFdT     dFdT 

dtq  d^g  d^g  dig 

The  proposition  proved  above  is  given  by  Thomson  and 
Tait  {Natural  Philosophy)  y  and  is  the  simplest  case  of  what 
they  have  termed  Ignoration  of  Coordinates. 


Examples. 

1.  A  partide  descends  from  rest  along  one  face  of  a  smooth  triangular  prism 
which  is  supported  by  a  smooth  horizontal  plane.  The  initial  position  of  the 
particle  lies  in  the  vertical  plane  containing  the  centre  of  inertia  of  the  prism 
and  perpendicular  to  its  edge ;  determine  the  motion. 

Let  X  be  the  horizontal  coordinate,  in  the  vertical  plane  in  which  the  particle 
moves,  of  the  centre  of  inertia  of  the  prism,  M  its  mass,  m  that  of  the  partible, 
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I  the  distance  it  has  moyed  at  any  time  along  the  face  of  the  prism,  and  a  the 
angle  which  this  face  makes  with  the  horizontal  plane ;  then 

2T  =:i  {M  +  tn)  i^ -\- m^  +  2tnxi  cos  at     F=-my|  sin  a; 

and  the  equations  of  motion  are 

(if  +  m) X  +  in( cos  o  =  0,     mf '+  mx  cosa^mg  sin  a. 

Hence,  as  the  particle  starts  from  rest, 

(if+m)»  =  - mi  cos  a,     {M  +  m  sin^  a)  ^  =  (Jf  +  w)^  sino. 

The  student  will  observe  that  if  T  were  expressed  by  means  of  the  first  of 
these  equations  as  a  function  of  i  alone,  and  treated  as  such,  the  second  equation 
would  be  obtained  directly  as  Lagrange's  equation. 

2.  In  the  preceding  example,  if  the  face  of  the  prism  down  whicb  the  par- 
ticle descends  be  rough,  determine  the  equations  of  motion. 

The  force  of  friction  tends  merely  to  stop  the  relative  motion  of  the  particle 
and  prism ;  hence,  F  being  this  force,  Fdf  -  —  fiPS^t  where  F  is  the  perpen- 
dicular pressure  of  the  particle  on  the  face  of  the  prism.  Now  P  =  f»  (^  cos  a 
+  X  sin  a),  and  therefore  the  equations  of  motion  are 

(Jf  +  m)  X  +  mi*  cos  o  =  0, 
m^  +  tnx  cos  a  —  mg  (sin  a  —  /*  cos  a)  —  iinMS  sin  a. 
The  latter  of  these  equations  can  be  reduced  to  the  form 

i'  cos  A  +  i*  cos  (a  -  X)  =  y  sin  (o  -  X), 
where  tan  \  =  /*. 

3.  A  sphere,  having  no  motion  of  rotation,  and  under  the  action  of  a  force 
passing  through  its  centre  of  inertia,  moves  through  a  liquid  extending  indefi- 
nitely in  all  directions  on  one  side  of  an  infinite  plane :  the  liquid  being  origi- 
nally at  rest,  and  not  acted  on  by  any  force,  determine  the  form  of  the  equations 
of  motion  of  the  sphere. 

Let  the  origin  be  anywhere  in  the  fixed  plane,  the  axis  of  x  being  at  right 
angles  to  that  plane ;  and  let  x,  y,  z  be  the  coordinates  of  the  centre  of  the 
sphere  at  any  time,  and  (  a  coordinate  of  any  particle  of  the  liquid,  whicb  may 
be  defined  as  matter  which  is  incompressible,  devoid  of  resistance  to  change  of 
shape,  and  incapable  of  exercising  any  friction  against  a  surface  with  which  it 
is  in  contact. 

dT 

If  T  be  the  kinetic  energy  of  the  whole  system,  we  have  ^  =   C,  since 

there  is  no  force  acting  on  the  liquid ;  but  as  the  liquid  was  originally  at 
rest,  and  no  impulse  was  imparted  to  it,  (7=0.  Hence  T  is  a  fimction  of 
Xj  y,  Zy  X,  y,  z.  Again,  the  motion  of  the  system  at  any  instant  could  be  pro- 
duced from  rest  by  placing  the  sphere  in  its  actual  position,  and  giving  it  an 
impulse  sufficient  to  impart  to  it  its  actual  velocity,  since  the  impulses  which 
should  be  given  to  the  liquid  particles  are  zero  (10),  Art.  294.  Hence,  as  the 
initial  circumstances  are  unaltered  by  changing  the  values  of  y  and  2,  T  is  a 
function  of  x^  x,  y,  z.    Again,  a  change  in  the  sign  of  y  or  i  can  make  no  change 
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in  the  value  of  T,  which  nmat  therefore  he  of  the  form  J  {Pi*  +  Q  (y*  +  »*) } , 
since  the  coefficients  of  xy,  yz,  zx  must  he  zero. 
The  equations  of  motion  are  then 


^^+*!?^'-g(^^+^)i=^- 


4.  Prove  that  a  sphere  projected  through  a  liquid  perpendicularly  from  an 
infinite  plane  houndary  is  at  first  accelerated,  and  then  tends  towards  a  con- 
stant velocity.  Show  also  that  if  projected  parallel  to  the  houndary  it  moves  as 
if  it  were  attoicted  towards  the  houndary. 

Initial  circumstances  in  Ex.  8  are  altered  in  the  same  manner,  whether  we 
suppose  introduced  into  the  liquid  a  second  hounding  plane  parallel  to  the 
first,  and  hetween  it  and  the  sphere,  or  suppose  the  sphere  placed  initially 
nearer  the  original  hounding  plane.  Hence  a  diminution  of  die  initial  value 
of  2  is  equivalent  to  the  introduction  of  additional  geometrical  constraints 
into  the  system.  From  this  it  follows  hy  Bertrand's  Theorem,  Art.  296,  that 
ii  x'  <Xj  and  F'af  =  Px^  the  value  of  Fi?  must  exceed  that  of  P'^r'^,  and  there- 
fore a^  <x,  and  P'>  F^  or  P  decreases  as  x  increases.  Similar  reasoning  can  he 
applied  to  Q.  If  a;  he  infinite,  or  the  liquid  unhounded  in  every  direction,  P 
and  Q  are  constants. 

The  statements  made  in  the  enunciation  of  this  example  follow  then  imme- 
diately from  the  equations  of  Ex.  3,  hy  making  X  and  Y  zero. 

Examples  3  and  4  are  taken,  with  some  slight  modifications,  from  Thomson 
and  Tait  (Naturcil  Fhilosopht/). 

301.  Componeiito  of  Monteiitaiii  and  Telociiles. — 

Equations  (10),  Art.  293,  enable  us  to  express  the  velocities 
|i,  &o.  as  linear  functions  of  the  components  of  momentum 
/?!,  &c.  If  these  values  be  substituted  for  |i,  &o.  in  T,  as 
given  by  equation  (7),  a  new  expression  for  T  is  obtained 
which  is  a  homogeneous  quadratic  function  of  ^i,  JO2,  ...  /?«. 
We  shall  represent  the  two  expressions  for  T  by  Ti  and  Tp. 

Equation  (7),  Art.  293  gives   r>,  and  the  corresponding 

equation  for  Tp  is  of  the  form 

Tp  =  Piii?i'  +  P22j»a'  +  &c.  +  2P12P1JP2  +  &c.         (28) 

In  this  equation  Pn,  P22,  &o.  are  functions  of  5i,  I2,  &o. 
Thus  Ti  and  Tp  are  each  functions  of  |i,  ^3,  &c. ;  but  these 

coordinates,  so  far  as  they  appear  explicitly,  do  not  enter  in 
the  same  manner  into  the  two  expressions  for  T.    Equation 
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m 

(14)  gives  an  expression  for  T  which  is  symmetrioal  in  |i  and 
Ply  &o.,  and  which  becomes  Tj  or  Tp  according  as  we  express 

Pi,  &c.  in  terms  of  tu  &o.,  or  li,  &c.  in  terms  of  pu  &c. 

dT 

If  we  seek  for  -7-  from  equation  (14)  we  obtain 

api 

2^=|.  +  Spj^.  (29) 

dpi  ^  dpi 

dT 
Again,  if  we  seek  for  —  from  (7)  we  have 

dT     dTdt      dT  dt,      «         ^4  ,oax 

—  =  -:-  -^  +  -T-  -^  +  &c.  =  Sp  -^.  (30) 

dpi     rffi  dpi      d^2  dpi  dpi 

Substituting  this  value  for  ^—  in  (29)  we  get 

cdT  .    i,      dT      ,  dT     i, 

2  3—  =  ?i  +  -7-,  whence   7-  =  5i ; 
dpi  dpi  dpi 

and  as  a  similar  result  holds  good  for  each  component  of 
momentum,  we  have 

The  partial  differential  coefficients  of  T  with  respect  to 
5i,  &c.  are  different  according  as  T  is  expressed  by  Ti  or  Tp, 

If  we  seek  for  -z^  from  equation  (14)   or  (7)  we  must  in 

each  case  regard  f  1,  &c.  as  functions  of  jpi,  p^^  &c. ;  |i,  ^2,  &c. 
In  this  way  we  get  from  (14), 

dTp  d%x  d%2     ^  .^^. 

2rfir  =  ^'rf^-^^rf^^*°-'        (32) 
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and  from  (7) 

dTp     dTi     dTi  4i     dTi  rf|, 

-r--r  +  -r  — +  -^— +  &e. 

rf|i      rfgi      d^i  dii     rfg,  rfg, 
rflV  dt  d|j 

Henoe,  by  (32),      J^^^g^' 

and  therefore  f  .  ?  =,  o 

We  have  then  the  system  of  equations 

dTp     dTi  ^Tp     dTi  dTp     dTi 

rf?i         C??i  Cfga  rf&  dJSn        din 

It  is  plain  that  the  reciprocal  relations  between  compo- 
nents of  velocity  and  momentum  are  analogous  to  the  polar 
properties  of  curves  and  surfaces. 

302.  Hamiltoii's  Equations  of  motion. — If  we  put 

Tp  +  V  =  UyWe  obtain  a  function  27 of  Pi,  jp2,  &c.,  fi,  ^2,  &c., 
wnich  represents  the  total  energy  kinetic  and  potential  of  the 
system,  and  whose  value  is  constant.  By  the  employment 
of  U  Lagrange's  equations  of  motion  may  be  expressed  in 
another  very  symmetrical  form  due  to  Hamilton. 

B,(10,.A*294,i|.*.nd.,(34)-|.f. 
Hence  Lagrange's  equations  (22)  become 

df^dfr'     'df^lfr^'"-df^dl-n  ^^^^ 

Equations  (35)  have  been  termed  The  Equations  of 
Motion  of  a  system  expressed  in  the  Canonical  Form. 
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It  is  easy  to  see  that  the  equations  which  give  the  motion 
of  the  centre  of  inertia  and  the  changes  in  the  moments  of 
momentum  for  any  system  are  particular  cases  of  equa- 
tions (36). 

Examples. 

1.  In  a  moving  system  the  total  elementary  change  of  momentum  corre- 
sponding to  one  of  the  generalized  coordinates  is  made  up  of  two  parts,  one 
resulting  from  the  forces  acting  on  the  system,  the  other  from  the  previously 

dT 
existing  motion.    Show  that  ■-=--  dt  expresses  the  latter,  (  heing  the  generalized 

<}oordinate. 

If  Pf  &c.  he  the  impulses  which  would  give  the  existing  velocities  at  any 

dT  /dT\ ' 

instant,  -r-  =  ».    At  the  next  instant  (  tt  I  =  JP'* 

From  these  equations  it  appears  that  the  total  elementary  change  of  mo- 
mentum p'  —  p  corresponding  to  |  is 


(dT\'    dT  d  dT ^ 

I  -rr   I    —  --:-     Or      -—  -r^  dt. 

\di  I      d^  dt  di 


Now,  hy  Lagrange's  equations, 

—  -^dt=  Udt  +  —  dt. 
dt  di  ^  rf|      ' 

whence,  as  ^t  represents  the  change  of  momentum  resulting  from  the  applied 
forces,  -^—dt  must  represent  that  due  to  the  previous  motion. 

2.  Apply  the  method  of  the  last  example  to  determine  the  components  of  the 
centrifugal  couple  in  the  case  of  a  hody  having  a  fixed  point. 

Here  2T=  -4«i*  +  £u2*  -}-  C»s*.     If  now  a>i,  «2,  «3  he  expressed  in  terms  of 

dT  _^  dT  dooi      dT   dwt      dT   dioz 
dip      d*a\  d<p       dw2    d<p       dwz  d<J> 

then  when  ^  =  0,  we  have,  Art.  258  and  Ex.  6,  Art.  260, 

dT 

y--={A  —B)wi  002. 

(Up 

3.^  If  the  Cartesian  and  generalized  coordinates  he  connected  hy  linear 
equations  with  constant  coefficients,  show  that  there  are  no  terms  in^the  equations 
of  motion  resulting  from  the  previous  motion. 
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303.  Calculus  of  Variations. — ^In  the  Calculus  of 
Variations  the  form  of  the  function  which  determines  the 
dependent  variable  p  in  terms  of  the  independent  variable  x 
is  supposed  to  vary,  and  Z7  being  the  symbol  of  a  given 
operation  or  set  of  operations,  the  fundamental  problem  of 
the  Calculuii  is  to  determine  the  variation  of  zjt/. 

If  y  =f[x\  a  change  whose  magnitude  is  infinitely  small 
in  the  function /(a;)  must  be  of  the  form  i^  {x)^  where  »  is  an 
infinitely  small  constant.  We  have  then  ty  =  i^  [x).  In 
consequence  of  y  becoming /(a?)  +  «i/»  [x\  the  differential  co- 
efficient -T—  becomes  -pr  +  » -r—. 

Hence  we  have  8  ??  =  ?-|.  (36) 


If  0=|ir(.,.y,|,... 


the  variation  SO  is  the  change  in  Q  in  consequence  of  y 
changing  from  f{x)  to  f[x)  +  iyfj  (a?).  As  the  result  of  this 
chcmge  of  y  the  function  F  becomes  F+  Si^,  where 

\dx)  {daf^l 

and  Q  becomes  J  Fdx  +  J  SFdx.   Hence  we  see  that 

Sa  =  SjFdx  =  jSFdx.  (37) 

In  the  case  of  a  definite  integral  whose  limits  are 
variable  the  complete  variation  is  the  sum  of  two  parts,  one 
resulting  from  the  variation  of  the  limits,  the  other  from  the 
variation  of  the  expression  under  the  integral  sign.    Hence 

pa/' 

if  Q  =  FdXy  and  if  DO,  be  the  complete  variation  of  Qy  we 
^*^®  DQ  =  F'W  -  F'dx'  +  rSFdx.  (38) 

In  general  the  complete -variation  Du  of  a  dependent 
variable  u  is  the  sum  of  two  parts,  one  resulting  from  a 
change  of  the  independent  variable  Xy  the  other  from  a 

2F 
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change  in  the  form  of  the  relation  connecting  u  with  x.  In 
the  Calculus  of  Variations  the  symbol  8  is  restricted  to  varia- 
tions of  the  latter  kind.     Hence,  in  general, 

Du  =  ^dx  +  Su.  (39) 

OOP 

Examples. 

1,  A  particle  under  the  action  of  gravity  is  constrained  to  move  from  one 
given  point  A  to  another  £  along  a  smooth  plane  curve ;  determine  the  nature 
of  the  curve  so  that  the  time  of  descent  may  be  the  least  possible. 

The  curve  obviously  lies  in  a  vertical  plane  passing  through  the  points 
A  and  B. 

^  Let  the  axes  of  x  and  y  be  a  vertical  and  horizontal  line  in  this  plane,  the 
positive  direction  of  x  being  downwards,  and  let  v  be  the  velocity  of  the  particle 
in  any  position,  then,  if  the  origin  be  properly  selected, 

ds 
©2  =  2ffXf  and  therefore  dt  =  . 

\/2^a; 

i*i    |l  +  »*  ^         ,  ^y 

^^-^'^'  '''**"'  '=S' 

we  have  to  determine  y  as  a  function  of  x  so  that  fi  may  be  a  minimum,  and 
therefore  8X1  =  0  for  all  possible  variations  of  y.    Now 

J*o  y/2six(l+p^)  dx 

hence,  integrating  by  parts,  and  neglecting  the  terms  outside  the  integral  sign, 
since  y\  and  yo  are  given,  and  therefore  ly\  —  Hi/q  =  0,  we  have 


J«,  dx\y/2gx(l+p^-)/ 


but  8y  being  arbitrary,  this  equation  cannot  be  true  for  all  values  of  8y,  except 

d  tf 

dx  y/2gx  (1  +  pf 

Integrating,  we  have  p'  =  2g<^x  (1  +  jp*). 

1  dy 

If  we  put       r— i  =  «,  and  p  =  tan  d,   we  get  x-a  sin*^,    ^  =  tan  (>. 
2gc^  ax 

dy     dy  dx 
Again  -f-  =  —-  -—  —2a  sin^tf ;  hence  we  obtain,  as  the  equations  of  the 
^        de      dx  de  ^ 

curve,    x^a  sin^O,    y  =  a  (0  —  sin  0  cos  9)  +  d,    where  a  and  h  are  arbitrary 

constants. 

The  curve  is  therefore  a  cycloid  {Differential  Calculus y  Art.  272). 

This  problem  is  one  of  great  interest  in  the  history  of  Mathematics,  as  its 
proposal  by  John  Bernoulli  in  1696  led  to  the  invention  of  the  Calculus  of 
Variations. 
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2,  Prove  that  for  any  system  of  coplanar  forces  the  curve  of  quickest  descent 
is  such  that  at  each  point  the  pressure  on  the  curve  due  to  the  forces  is  equal  to 
that  due  to  the  motion. 

f'l  y/T+pi 
Here  ^  =  J  xq ^ '  hence,  putting  5n  =  0, 

we  have,  after  integrating  by  parts,  —  [ ]  +  ^ ^-  —  =  0. 

dx\v\/\+p^)  t?2  dy 

If  we  put »  =  tan  9.  this  equation  becomes  -r-  | )  + =  0, 

^     ^  '  ^  dx\    V    I  ^  t;2cos  B  dy       ' 

^.    ,  .  1   rfsind      sin  d  (dv      ,      ^dv\  1        dv 

that  IS, r-  I  :r  +  **^  ^  T"     +  -1 2  T-  =  0  J 

V      dx  XT     \dx  dyj       v^  cos  d  dy 

de      1  /dv  dv  \ 

whence  cos  0  -7-  =  -  ( -r-  sin  d  -  -;-  cos  6  ) . 

dx     V  \dx  dy  / 

XT  X      ^        '    ^     ^y  A4X.      t  ^dd  /dv   dy      dv  dx\ 

Now  cos  ^  =  --,     sin  6  =  -7-,    and  therefore  v^—-  =  v\—-  -i 1  • 

ds  da  da  \dx  da      dy  da  j 

dd 
also  -T-  =  pf  where  p  is  the  radius  of  curvature,  and  mv^  =  2  ^{Xdx  -\-Ydy) ; 
da 

hence,  substitutiag,  we  obtain 

mv^  _  X  ^       Y  — 
p  da  da* 

which  proves  the  theorem  in  question. 

The  curve  of  quickest  descent  is  called  the  Brachystochrone.  The  propo- 
sition here  proved  is  a  case  of  a  more  general  theorem  in  the  Calculus  of  Varia- 
tions, for  the  discussion  of  which  the  reader  is  referred  to  Jellett's  Caleulua 
of  Variational  p.  140,  or  to  the  JSncyclopadia  Britannicttf  vol.  24,  p.  86. 

3.  Deduce  Lagrange's  equations  of  motion  in  generalized  coordinates  and 
the  corresponding  equations  for  impulses  from  D' Alembert's  Principle  by  means 
of  the  Calculus  of  Variations. 

If  X,  y,  z  be  the  coordinates  of  any  particle  m,  T  is  given  by  the  equation 
T  =  2*»  (i^  +  y^  +  «*) ;  but  T  can  also  be  expressed  as  a  function  of  the  gene- 
ralized coordinates  |i,  &c.,  and  velocities  li,  &c.  As  these  two  expressions  for 
Tare  always  identical,  so  also  are  the  expressions  for  /  8  T<f^  derived  from  them  ; 
we  have  therefore 

f         /  ,d^x      ,dZy      .dnz\   ^        { fdT  ^^      dT  d^i       „     \ 

If  we  integrate  by  parts  each  side  of  this  equation,  the  terms  remaining 
under  the  integral  sign  on  one  side  must  be  equal  to  those  remaining  under  that 
sign  on  the  other,  and  a  similar  equality  must  hold  good  for  the  terms  outside 
the  integral  sign  at  each  limit.    Hence  we  have 

(d  dT     dT\  / d  dT     dT\ 

dT  dT 

and  -^  l\{  +  3iT 5^'  +  &c.  =  5m (^'«a;'  +  y'5y'  +  «'««'). 

2F2 


436  The  General  Equations  of  Dynamm. 

Since  the  limits  are  arbitrary  the  latter  equation  may  be  written 
dT  dT 

If  we  now  employ  D'Alembert's  Principle,  the  equations  of  motion  are 
immediately  obtained. 

304.  I^east  Aetlon. — The  integral  /2  Tdt  taken  between 
two  given  configurations  of  a  system  is  termed  the  Action  of 
the  system  in  passing  from  one  of  these  configurations  to  the 
other.    If  we  denote  the  action  by  Jl,  we  have  the  equation 

^  =  2  rVrf^,  (40) 

where  f  and  ^'  correspond  to  the  initial  and  final  configura- 
tions of  the  system. 

If  V  be  the  velocity,  m  the  mass,  and  s  the  path* of  any 
particle  of  the  system,  it  is  plain  that  A  may  be  expressed 
also  by  the  equation 


A  =  Sw 


f 
vds  =  Sm     (xdx  +  ydy  +  zdz)^       (41) 


where  s'  and  /'  are  in  any  individual  motion  the  values  of  a 
for  the  particle  m  in  the  initial  and  final  configurations. 

The  Principle  of  Least  Action  asserts,  that  subject  to  the 
condition  imposed  by  the  equation  of  energy  the  mode  in 
which  a  conservative  system  passes  from  one  configuration  to 
another  is  such  that  the  action  is  a  minimum. 

The  equation  of  energy  is  jT  +  F  =  ^,  where  E  is  con- 
stant, and  V  a  given  function  of  the  coordinates.  This 
equation  determines  7  as  a  function  of  the  coordinates,  but 
not  V  the  velocity  of  an  individual  particle.    Hence  the  value 

I*" 
^  vda  depends  not  only  on  the  initial  and  final  positions  of 

the  particle,  but  also  on  the  relation  which  in  any  individual 
actual  motion  exists  between  v  and  s.  If  we  consider  the  ex- 
pression for  A  given  by  (40)  it  is  plain  that  the  value  of  A 
depends  on  the  equations  which  are  supposed  to  determine 
the  coordinates  in  terms  of  t  in  any  individual  motion  of  the 
system,  and  the  Principle  of  Least  Action  asserts  that  in 
the  actual  motion  of  the  system  these  equations  are  such  as 
to  render  A  a  minimum.     The  student  should  observe  that 
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in  (40)  the  limiting  values  of  t  are  not  given.  In  fact,  when 
the  initial  and  find  configurations  are  given  the  correspond- 
ing values  of  t  depend  upon  the  actual  motion  of  the  system. 

To  show  that  ^  is  a  minimum  in  the  actual  motion  we 
must  suppose  the  forms  of  the  functions  by  which  a?,  &c.,  are 
expressed  in  terms  of  t  to  vary,  and  prove  that  the  consequent 
variation  of  A  is  zero. 

We  have  then  by  (38) 

DA  =  2rW -  2rW  +  l2iTdt. 
Now  ST  +  SF  =  0,  and  therefore  we  get 

DA  =  2r'df^  2rdf  +  j{ST'  SF)  dt; 
also,  since  2T=  2m  (ic^  +  y'  +  z^) , 

we  have  82'=  Sw  {xdx  +  yS^  +  2S2), 

h.noe         |m<.|.»(4.*f.i§').<.  («) 

If  we  integrate  each  term  bj  parts,  and  sabstitute  in  the 
expression  for  DA,  we  obtain 

+  Sm(i"&B"+  ^'8y''+  8"&")  -  '2m{df8x'+  y'S/  +  sW) 

Now  by  D'Alembert's  equation  the  part  under  the  inte- 
gral sign  must  be  zero,  and  therefore  if  the  part  outside 
that  sign  be  likewise  zero,  we  have  DA  =  0. 

But        2r'W  +  Sw  (i"  Sx''  +  ^"8/'  +  r  SO 

= sw  {i"  (i''(^r + s^o  +  y"  (^w  +  s/o  +  r  (s'w + so ) , 

and  df^df'  +  Sa/',  &c.  are  by  (39)  the  complete  variations  of 
af\  &c.,  and  therefore  must  each  be  zero,  since  x'\  tf\  s",  &c. 
are  invariable,  being  the  coordinates  of  the  particles  of  the 
system  in  its  final  configuration,  which  is  given.  Hence,  ba 
similar  results  hold  good  for  the  other  limit,  we  obtain 
DA  =  0,  and  therefore  may  conclude  that  -4  is  a  minimum 
or  a  maximum. 
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If  the  potential  energy  of  a  system  be  given  as  a  function 
of  the  generalized  coordmates,  the  Frinoiple  of  Least  Action 
enables  us  to  arrive  at  its  equations  of  motion. 

To  obtain  the  equations  of  motion  in  this  manner  we  must 
seek  to  determine  the  generalized  coordinates  as  functions  of 
t  in  such  a  way  as  to  make  A  a  minimum,  subject  to  the 
condition  that  T  +  V  =  constant.  This  condition  gives 
8T+  8F=  0,  and  therefore  if  X  be  an  indeterminate  quantity 
we  must  have,  when  ^  is  a  minimum, 

jD-4  +  JX(Sr+  8F)  dt  =  0.  (44) 

In  this  equation  the  variations  S^i,  &c.  may  be  regarded 
as  independent  and  arbitrary,  provided  we  can  determine  A 
so  as  to  satisfy  the  equation  T  -\-V  =  constant. 

If  we  substitute  — :-    — -  +  —  8?i  +  &c.   for  ST  and 

d^i     dt       d^i 

dV 


dlr 


S?i  +  &c.  for  SF  in  (44),  we  get,  after  integrating  by 


parts,  for  the  terms  imder  the  sign  of  integration. 


Hence,  as  the  part  under  the  integral  sign  must  vanish 
independently  of  the  terms  outside  that  sign,  and  as  8?i,  &o. 
are  independent  and  arbitrary,  we  have  the  system  of  equa- 
tions 

,^     ..(dT     d  dT\     .dV     dT  d\      ^ 

(2  + a) -]+\ r    —  =  0 

\dl,     dt  d^J       dKi     dii  dt 
\d^t     dt  d^J        d%2      d^2  dt 


&c. 


=  0 


If  we  multiply  the  first  of  these  equations  by  |i,  the 
second  by  I29  &c.  and  add,  we  have 

Wg.     dtd^J  d^        dt       d^ 
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Hence,  by  (25)  and  (13),  we  obtain 

.,    ,  .  dT       X     dV      2T  d\     .  ,  .„ 

*^**"'  dt-2rxdf-27xdi  =  ^'  (*^) 

This  equation  becomes  the  same  as  the  equation  of  con- 
dition T-{-V=  constant,  provided  X  =  -  (2  +  A),  or  X  =  -  1. 
Equations  (45)  then  become  the  same  as  Lagrange's  Equa- 
tions (22).  It  is  easy  to  see  that  if  X  =- 1,  the  terms  outside 
the  sign  of  integration  in  (44),  after  integrating  by  parts, 
vanish  of  themselves  when  the  limiting  values  of  ^i,  ^2?  &o. 
are  given. 

Some  eminent  mathematicians  have  deduced  the  equa- 
tions of  motion  from  the  Principle  of  Least  Action  in  a 
strangely  illogical  manner. 

305.   Hamilton's    Charaeteristic    Fanction. — The 

motion  of  a  given  system  having  n  degrees  of  freedom  whose 
potential  energy  is  a  given  function  of  the  coordinates  is 
completely  determined  if  the  initial  values  of  the  generalized 
coordinates  and  velocities  be  given.  At  any  subsequent  un- 
determined time  t  we  have  n  equations  connecting  t  with  the 
corresponding  values  of  the  coordinates  and  the  2n  quantities 
previously  assigned.  If  t  be  eliminated  from  these  equations 
n  -  1  remain.  Again,  the  kinetic  and  potential  energies  are 
at  any  time  connected  by  the  equation  T  +  V-  Ej  which 

g'ves  another  relation  between  the  2n  assigned  quantities, 
'ence  we  conclude,  that  if  the  initial  values  of  the  coordi- 
nates be  given,  and  also  their  values  at  any  subsequent 
undetermined  time,  along  with  the  total  energy  E  of  the 
system,  the  motion  is  completely  determined. 

It  follows  from  what  has  been  said  that  the  action  ^  of  a 
system  in  passing  from  one  configuration  to  another  is  a 
determinate  function  of  the  initial  and  final  values  of  the 
coordinates  and  of  the  total  energy.  This  function  is  called 
by  Hamilton  the  Characteristic  Function.  Whenever  it  can 
be  assigned  it  furnishes  us  with  the  first  and  second  integrals 
of  the  equations  of  motion,  as  we  proceed  to  show. 
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Suppose  each  of  the  initial  and  final  coordinates,  as  well 
as  the  total  energy  of  the  system,  to  be  slightly  altered,  then 
each  coordinate,  at  any  intermediate  time,  receives  a  corre- 
sponding variation,  and  so  likewise  does  T,  the  kinetic  energy 
of  the  sj^stem.  Now  A  =  2j  Tdt^  and  therefore  iA  «  /  2lTdt ; 
but  8T+8r=S^,  hence 

8-4=J(8r+8j&-8r)rf^.  (48) 

K  in  this  we  substitute  ioxl^Tdt  its  value  given  by  (42) 
and  integrate  by  parts,  we  find,  as  in  (43),  that  the  part 
under  the  sign  of  integration  must,  in  virtue  of  D'Alembert's 
equation,  be  zero.  Hence  8^  must  consist  entirely  of  the 
terms  outside  the  sign  of  integration.  To  ascertain  what 
these  are  when  T  is  expressed  as  a  function  of  the  generalized 
velocities  and  coordinates,  we  must  put  for  ST  in  (48)  the 
expression 


\di  di    dt  J 


;?  d^ 

Since  iA  as  shown  above  consists  entirely  of  the  terms 
outside  the  sign  of  integration,  if  ^i,  ^3,  &c.,  ^/,  ^2',  &c.,  be 
the  final  and  initial  coordinates,  we  obtain  thus 

8^= (^-0  S^+ S  8S1  +  ^S?3+&o.  -  (^^W  +  ^  8?;+&c.\ 

dT  c. 

Now  DA  =  2Tdt-2rdif+  8^,  and  2r=  S  -j  5, 

dtQ 
hence  by  (39)  we  get 

Z>-4  =  (^  -  if)  SJE  +  pMi  '\-PzDK2  +  &o.  -  {piDKi  +P2DK2  +  &c.) 

where  ji)i,  &c.  have  the  same  meaning  as  in  (10). 

Again,  A  being  supposed  to  be  expressed  as  a  function  of 
the  initial  and  final  coordinates  and  total  energy  of  the 
system,  we  have 

DA  =  ^DK.-^—DK2-^&o.J—  2)?/+ —  i)?/+  &C.+  —  8^. 
dl         d^,  dl\         dK\  dE 
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Comparing  the  two  expressions  tor  DA,  and  remembering 
thati)^,,  D?2,  &o.  2>^i',  DC2',  &c.  and  SE  are  independent  and 
4irbitrary,  we  get 

dA  dA  dA  f.^. 

^  =  P..      ^,  =  i''>---  ^„  =  l'-  (49) 

Equations  (49)  and  (51),  if  E  be  eliminated,  fumisb  ex- 
pressions for  ^1,  I2,  &o.,  in  terms  of  the  coordinates  and  the 
time,  in  other  words,  the  first  integrals  of  the  equations  of 
motion.  Equations  (50)  and  (51),  if  ^  be  eliminated,  enable 
us  to  express  the  coordinates  themselves  as  functions  of  the 
time,  and  so  furnish  the  second  integrals  of  the  equations  of 
motion.  In  each  case  the  initial  coordinates  |/,  &c.,  and 
<x)mponents  of  momentum^/,  &c.,  are  supposed  to  be  given. 
It  is  to  be  observed  that  if  we  desire  to  have  the  first  inte- 
grals in  their  usual  form,  in  which  the  arbitrary  constants  are 
determined  from  the  initial  velocities,  we  must  employ  all  the 
equations  (49),  (50),  and  (51),  and  eliminate  ^i,  &c.,  as  well 
as  E. 

In  the  case  of  a  set  of  free  particles,  equations  (49)  and 
(50)  become 

dA         .      dA         .      dA         .     dA         .    ^  ,^^. 

—  =  m.^„    ^  =  t«iyi,    ^  =  ^i«i,   ^  =  ^.,&c.;       (52) 

dA  .,  dA  . ,  dA  .,  dA  . ,  -     ,-,^. 

The  function  A  satisfies  certain  partial  differential  equa- 
tions by  which  it  may  sometimes  be  determined.  These 
equations  are  obtained  thus : — Multiply  the  first  of  equations 
(49)  by  li,  the  second  by  fe,  &c.,  and  add,  and  we  have 

^  li  +^  I2  +  &c.  =  2T=2{E'  V).         (54) 
ac,i  ac,2 
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In  like  manner,  from  (50)  we  get 

^,t'  +  ^,t'+&c.  =  -2r  =  2(r-^).       (55) 
dKi         d^2 

In  equation  (54)  we  must  remember  that  |i,  ?2,  &c.  are 
supposed  to  be  expressed  as  functions  of  ^i,  Piy  &c.,  and  thus, 
finally,  as  functions  of 

dA     dA    ^ 

A  similar  remark  holds  good  for  (55). 

In  the  case  of  free  unconnected  particles,  equations  (54) 
and  (55)  take  the  simple  forms, 


Examples. 

1.  Find  the  characteristic  function,  and  the  initial  and  final  integrals  in  the 
case  of  a  hody  falling  vertically. 

Here  there  is  only  one  coordinate,  z  the  height  of  the  hody  from  the 
ground.  Since  gravity  tends  to  diminish  z,  the  potential  energy  V  =  mffz, 
and  JS=:  T  +  mgz.    We  have,  then, 

where  z'  is  the  initial  height.     If  we  attribute  the  negative  sign  to  the  square 
root  in  the  first  of  these  equations,  we  get,  by  integrating. 


3^  \        m         / 


In  this  equation  (7  is  a  function  of  z\  and  is  to  he  determined  from  the  second 
differential  equation  for  A.  Bemembering  that  A  must  vanish  when  z  s  z\ 
we  get  finally 

^^m  U2(E-mgz)\i       n{E-mgz*)\i\ 
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We  have,  then, 

^^dA  ^l  U2{E-fngz)\\       f2{E^nig^)\\\ 
dE      g\\         m        )         \         m         )    ]' 

If  we  eliminate  E  and  z*  from  these  three  equations,  and  put  i'  =  —  v',  we 
get  the  ordinary  first  integral  of  the  equation  of  motion  in  which  the  initial 
velocity  is  supposed  to  be  given.  If  we  merely  eliminate  E  between  the  last 
two  of  the  above  equations,  and  put  i'  =  -  r',  we  get  the  ordinary  final 
integral. 

The  resulting  equations  are    z  =  —  {gt  +  v').    z^  —  g  —  -v't-\-zf. 

The  signs  which  we  have  attributed  to  the  square  roots  correspond  to  the 
motion  of  a  falling  body  projected  vertically  downwards.  The  results  which 
hold  good  in  the  other  cases  of  the  motion  of  a  body  falling  vertically  are 
deduced  from  the  general  equations  by  giving  the  proper  signs  to  the  square 
roots. 

2.  A  material  particle  is  acted  on  by  an  attractive  force  passing  through  a 
fixed  point,  and  varying  directly  as  the  distance  ;  find  the  characteristic 
function. 

Let  m  be  the  mass  of  the  particle,  and  fir  the  magnitude  of  the  force  at  the 
distance  r,  then 

dV  u 

Hence  we  have 


r^)'-^^)^-^^^-^^'-^')}- 


(») 


If  we  assume 


(*) 


the  equation  (a)  is  satisfied,  provided 

«?i  +  C2  =  2j&.  (c) 

dA         dA       ,    . 
Since  the  differential  equation  to  be  satisfied  by  j-7  and  ——^  is  similar  to  {a)y 

ax  ay 

and  since  A  must  vanish  when  x  =  x'  and  y  =  y',  we  have 


A  =  — 

2V/A 


H^/5W(-H-^^/^-5'•)] 


-'•J('-;'^)]+■^■Wi'-""'^^''l■  " 
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In  this  expression  for  A  the  constants  e\  and  C2  are  subject  to  the  condition 
e\-\-  e2  =  2E,  In  order  that  A  should  be  expressed  as  a  function  of  x,  y,  x\  y\ 
•and  B,  a  second  equation  connecting  e\  and  ei  with  these  quantities  is  required. 
This  equation  is,  in  fact, 

8in-*a;^/--sin-^«'   / — as  sin-^  y  J— -  sin-^  y'^— .  {e) 

Its  truth  may  be  proved  as  follows  : — 

By  equation  (d)  A  is  expressed  as  a  function  of  Xf  y,  xf,  y',  ci,  cz,  so  that 
we  may  write  A=:  <l>  {x,  y,  a^,  y',  ci,  €2)*  An  equation  must  exist  between 
cijCz,  Xf  y,  xf,  y\  by  means  of  which  ^  can  be  transformed  into  y^{x,  y,  x\  y',  cv  +^). 
We  have,  then, 

d^      d<f>      d<p  dc2      dijf     d<f>      dtp  de\  d^      d^ 

dci      dci      dc2dei      doz     dc2     dc\  dc2  dc\     dez 

and  therefore  ^(1-^)  =  ^  fl-^V  thatis,  ^  *>i+^  <fc,  =  0. 
de\\       dc2l       dc2\       dc\J  dci  dcz 

Again,  dc\->t  dc%^  0,  since  (?i  +^2  =  2^,  and  therefore  we  have  -y-  =  r^. 

ae\      do2 

Hence  the  required  relation  between  ci  and  C2  must,  in  virtue  of  {c)y  be  capable 

»  dA      ddt  dd^  dih 

of.  being  expressed  in  the  form,  -^  =  -^.    The  expressions  for  -^  and  -p- 

dci      ac2  dci  acz 

are  found  most  easily  from  {b).    From  these  equations  we  have 

dA         X—     / -  d^A  *y  m 

^Ymyci—  fix%    whence 


Integrating,  we  have 


In  like  manner 


S=WJK'4-'^-'^'V|)' 


,         dA      dA 
lience,  since   --  =  -  — ,  we  have  (e). 
de\      dc2 
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CHAPTEE  XIII. 


SMALL    OSCILLATIONS. 


306.  Introductory  Considerations. — When  a  material 
system  in  equilibrium  under  the  action  of  any  forces  is. 
idightly  disturbed,  the  several  points  of  the  system  in  many 
cases  tend  to  return  to  their  original  positions.  In  such 
oases,  if  the  distance  of  each  point  from  its  position  of  equi- 
librium remains  during  the  motion  very  small  as  compared 
with  the  other  magnitudes  on  which  the  motion  depends, 
the  system  performs  small  oscillations. 

Some  cases  of  small  oscillations  have  been  already  con- 
sidered in  Articles  102  and  193.  The  simplification  of 
the  problem  in  the  case  of  small  oscillations  has  been  exem- 
plified in  the  articles  referred  to,  and  consists  in  neglecting 
the  squares  and  higher  powers  of  small  quantities. 

Before  proceeding  to  the  general  theory  of  small  oscilla- 
tions we  shall  illustrate  the  method  by  the  consideration  of  a 
few  elementary  cases. 

307.  Oseillation  on  a  Plane  €urTe. — ^We  commence 
with  the  small  oscillation  of  a  particle,  under  the  action  of 
gravity,  on  a  smooth  vertical  circle. 

Taking  the  lowest  point  on  the  circle  as  origin,  the 
vertical  diameter  as  axis  of  z,  and  the  tangent  as  that  of  x, 
the  equation  of  the  circle  is 

2az  =  a^  +  z\  (1) 

where  a  is  its  radius. 

Also,  by  D'Alembert^s  principle  (Art.  196)  we  have 

xS(v  +  zSz  +  gSz  =  0.  (2) 

Now,  for  a  small  oscillation  x  must  be  small  throughout 
the  motion,  and  consequently  z  is  a,  small  quantity  of  the 
second  order. 
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Hence,  to  the  degree  of  approximation  required,  we  have 
aSz  =  x^Xj    and  az  =  xx;    therefore  az=^  xx  -^  £^ ; 
we  may  accordingly  neglect  s,  and  equation  (2)  becomes 

X+-X]Bx=0,     OTX+'X=0. 

a    J  a 

The  integral  of  this  equation  is 

x  =  k^{fJUx),  (3) 

as  in  Art.  102. 

In  like  manner,  if  any  curve  be  taken  instead  of  the  circle, 
its  equation,  referred  to  the  tangent  and  normal  at  its  lowest 
point,  may  be  written 

2g  =.  C(^  +  2ciicz  +  2^82*  +  &c. 

Accordingly,  neglecting  terms  of  a  higher  order  than  the 
second,  we  have  cz  =  Coa?8a?,  and  it  is  readily  seen  that  z  may 

be  neglected  as  before ;  also  observing  that  Co  =  -  {Biff-  CaL^ 

P 
Art.  230),  where  p  is  the  radius  of  curvature  at  the  origin, 

we  get  immediately  from  (2), 


X 


^ksm(tji+x} 


This  shows  that  in  all  such  cases  the  motion  is  represented 
by  a  simple  harmonio  function. 

808.  Oscillation  on  a  Smooth  Surface. — We  shall 
next  consider  the  case  of  a  small  oscillation,  under  gravity, 
on  a  smooth  spherical  surface. 

Taking  the  origin  at  the  lowest  point  on  the  sphere,  and 
the  z  axis  vertical,  tHe  equation  of  the  sphere  is 

2az  «  a;«  +  y»  +  z\  (4) 

Also,  from  D'Alembert's  principle, 

o^Sx  +  ygy  +  2S2  +  gSz  =  0.  (5) 
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Here  we  may  neglect  z^  and  z  as  before,  and  thus  we  obtain 
immediately 

Hence  aj  +  -a:=0,     y  +  -y  =  0; 

a  a 

accordingly  we  have 


a?  =  m  sm 


in  (<Jf  +  X.),     y  =  ~  sin  {t^^  +  x.^ 


where  w,  w,  xu  X*  ^®  arbitrary  constants. 

These  equations  may  also  be  written  in  the  form 


X 


=  a  sin^  /-  +  a'cos^  p 
\a  \a 


2/=0sin^J^^^' 


N 


cos  t  I- 
a 


(6) 


in  which  a,  j3,  a',  j3'  are  small  arbitrary  constants,  whose 
values  depend  on  the  initial  circumstances  of  the  motion. 

Hence,  if  the  particle  be  set  in  motion  with  a  small 
initial  velocity  from  a  point  near  the  lowest  point  on  a  sphere, 
its  motion  will  be  given  by  equations  (6). 

Also,  if  we  eliminate  t  from  these  equations,  we  see  that 
the  horizontal  projection  of  the  path  of  the  particle  is  an 
ellipse.     (Compare  Art.  193.) 

We  shall  now  consider  the  oscillatory  motion  of  a  particle, 
under  gravity,  on  any  smooth  concave  surface. 

Neglecting,  as  in  the  former  cases,  small  quantities  of  a 
higher  order  than  the  second,  the  equation  of  the  surface, 
when  referred  to  the  normal  and  tangent  plane  at  its  lowest 
point,  may  be  written 

22  =  flaj»  +  2hxp  +  bf.  (7) 

This  gives        8»  =  {ax  +  ht/)  8a?  +  (A;»  +  6y)8y. 
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Also  i  tnAj  be  neglected,  as  before,  and  equation  (5)  becomes 

{iP  +  flr  (ewj  +  Ay)}  Sa?  +  {y  +  flr  {hx  +  by))  8y  =  0. 

Henoe 

x^-  g[ax'\-hy)--0j      $ +g  {hx  +  by)  =  0.  (8) 

Now,  these  being  linear  differential  equations,  we  may  put 

a?  =  m  sin  {t  ^\  +  x),  y  =  n  sin  (t^X  +  x) ; 
this  leads  to  the  equations 

{ga  -  A)  w  +  ghn  =  0,  ghm  +  (flrS  -  A)  w  =  0. 
Aooordingly  A  must  be  a  root  of  the  equation 

ga  -  A,     gh 
gh,     gb-X 


-  0,  (9) 


X-  ga 

and  n -—  m. 

gn 

Hence,  if  Ai  and  Aa  be  the  roots  of  (9),  we  see  that  the  com- 
plete integrals  of  (8)  may  be  written 

a?  =  Wi  sin  {t^Xi  +  xi)  +  ^2  sin  {t  ^/X^  +  X2) 

Ai-^a       .    ,,    /T-       X     X^-ga       .    ,^    /r-        ,  [»(^W 
y  = — j-  mi  sm  (t  ^/Xl  +  xO  +  — r-  ^h  sm  {t  y^Aa + Xa) 

in  which  twi,  ^Wa,  xu  X^  ^^®  arbitrary  constants,  of  which  the 
two  former  must  be  very  small,  in  order  that  the  motion 
should  be  one  of  small  oscillation.  It  is  readily  seen  that 
this  solution  would  fail  if  either  Ai  or  Aa  were  negative ;  thus 
if  A  be  negative,  instead  of 

nil  sin  {t  v/Ai  +  xO, 
we  shall  have  the  terms 

where  /ui  =  —  Ai. 
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The  motion  will  then  not  be  a  small  oscillation,  as  this 
expression  will  increase  continually  with  t,  unless  in  the 
exceptional  case  where  ki  =  0, 

Again,  if  JRi  and  B2  be  the  principal  radii  of  curvature  at 
Oy  it  is  readily  seen  that 

Xti  JLV2 

For  let  the  ellipse  ax^  +  2hxi/  +  by^  =c  be  transformed  to  its 
axes,  so  that 

aa^  +  2hxy  +  bf  =  a'X^  +  VY^ ; 

then,  since  a  +  J  =  a'  +  J',     and    ab  -It?  -  a'b\ 

the  equation         {ga  -  X){gb  -  A)  -  ^*A*  =  0 

becomes  {gd  -  A)(^J'  -  A)  «  0. 

The  roots  of  this  equation  are  ga'  and  gV ;  but,  as  in  Art.  307, 
we  have 

JBi  Hi 

accordingly  for  a  small  oscillation  both  i2i  and  R^  must 
be  positive,  i,e.  the  surface  must  be  convex  towards  the  plane 
of  xy.  If  Ai  =  A2,  we  have  Rx  =  -B2,  and  the  origin  is  a  point 
of  spherical  curvature.  In  this  case  a  small  oscillation  is 
the  same  as  on  the  surface  of  a  sphere,  and  is  given  by 
equations  (6). 

Examples. 

1.  A  bar  of  mass  m  hanging  freely  from  one  extremity  is  sliglitly  displaced ; 
determine  its  motion. 

Take  two  horizontal  lines  at  right  angles  to  each  other  passing  through  the 
point  of  suspension  for  axes  of  x  and  y.  Let  the  small  angular  di^lacements  of 
the  bar  at  any  time  round  each  of  these  axes  towards  the  other  be  0  and  ^ ; 
then,  r  being  the  distance  of  any  point  of  the  bar  from  its  extremity, 

x  =  ripf    y  =  re,    «*  =  r^  -  jj«  -  y* ; 

therefore  «  =  r  (1  -  Ja«  -  J4>«),    8«  =  -  r  (e 5a  +  <>  50), 

2  O 
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thus  we  may  neglect  is,  and  have 

^mr^  (6f  W  +  in<p)  +  g2dmr  (eW  +  <p9<p)  =  0. 

Hence,  if  Sr^dm  =  mk^,  frdm  =  ml,  we  have 

.• .  a  =  a  sin  (I  \/7;  +  Xi) »     4>  =  ^  ^i^  (  ■f  V^^^  +  X2  j  • 

2.  Two  balls  connected  by  a  horizontal  bar,  whose  mass  may  be  neglected, 
are  suspended  by  two  vertical  cords  of  equal  length.  The  bar  receives  a  slight 
displacement  of  rotation  round  a  vertical  axis  midway  between  the  cords ;  find 

the  motion  of  the  system.    ^    ^     ,  ,         • ,      v    •      -.  i  v  n  w    -i. 

Let  ^  be  the  angle  which  the  bar  makes  with  a  horizontal  line  parallel  to  its 
initial  position,  6  the  inclination  of  one  of  the  cords  to  the  vertical  (see  figure  in 
Ex.  4,  Art.  244),  I  its  length,  b  the  distance  from  the  middle  point  of  the  bar  to 
one  of  the  balls ;  then 

aj  =  Jcos4^  =  *(l-j4'*),    y  =  *^,    z  =  Hi-ie^); 
but  ie==b^;    .•.«  =  ni-iji^*j, 

and  «'  =  -«?,     2^  =  - y,     «'  =  «; 

then  X,  aT,  z,  a'  may  be  neglected,  and  equating  to  cipher  the  coefficient  of  5^  in 
D*Alembert's  equation,  we  have 


4;  +  ?4,  =  0; 


therefore  4'  =  «  ^inMy  t  +  xjy 

where  a  and  x  a^©  arbitrary  constants. 

This  shows  that  the  period  of  vibration  is  the  same  as  that  of  the  pendulum 
whose  length  is  I. 

3.  A  heavy  bar  is  suspended  and  displaced  as  in  the  preceding  example ; 
investigate  its  motion.  ^ 

Let  r  be  the  distance  of  any  point  of  the  bar  from  its  centre,  and  b  the 
distance  from  its  centre  to  the  point  of  attachment  of  one  of  the  cords ;  then, 
as  in  the  preceding  example, 

therefore  t|/  =  osin(-^^<  +  xJi  where ir^dm  =  mk^. 
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4.  How  must  the  bar  in  the  preceding  example  be  suspended  in  order  that 
its  Tibrations  should  be  isochronous  with  those  of  a  ball  hung  by  one  of  the 
supporting  cords  ? 

^ns,   b  =  Ii.    In  the  case  of  a  homogeneous  bar   whose  length  is  2a, 
a 

vi' 


i^!L 


5.  A  uniform  rod  of  mass  m  hangs  from  a  horizontal  pivot  passing  through 
one  of  its  extremities.  An  inextensible  string,  whose  weight  is  negligible, 
attached  to  the  other  extremity,  passes  through  a  smooth  ring  situated  on  the 
vertical  line  through  the  piyot  at  a  distance  below  it  equal  to  the  length  of  the 
rod,  and  sustains  a  mass  p.  The  rod  being  slightly  displaced  from  its  position 
of  equilibrium,  determine  the  motion. 

The  equations  of  motion  are 

i  ma^  d  =  -  mga  sin 6  —  2aT,    pz=  T  —  pff, 

where  a  is  half  the  length  of  the  rod,  and  z  the  vertical  coordinate  oip,  Hz 
be  measured  from  the  position  of  p  when  the  rod  is  vertical,  «  =  4a  sin }  0. 
Since  6  is  always  small,  we  may  take  sin  0  =  0 ;  substituting  for  z  and  elimi- 
nating T,  we  have 

ia{m  +  Sp)  e  +  mgf  (^  +  ~)  =0. 
Hence  the  rod  returns  to  its  vertical  position  in  a  time 

\\3ff\       ml)  2p-hmeo 

where  Oq  is  the  initial  value  of  e. 

309.  Stable  Kquillbiium. — A  position  of  stable  equi- 
librium is  one  from  which  a  system  has  no  tendency  to  depart 
far  if  it  be  slightly  disturbed. 

In  a  conservative  system  if  the  potential  energy  be  a 
minimum  the  corresponding  position  is  one  of  stable  equi- 
librium ;  as  may  be  shown  in  the  following  manner : — 

From  equation  (4),  Art.  282,  we  have  T+  V-  Vo=  To. 
Now  since  T=^l  Sm«?^  it  is  always  essentially  positive ;  also, 
To  being  the  minimum  potential  energy,  V-  Fi  is  positive 
for  all  small  values  of  the  variables,  and  may  therefore  be 
reduced  to  a  number  of  squares  with  positive  coefficients. 
Therefore  if  To  te  small,  each  term  both  of  T  and  of  F  -  Fi 
must  be  small,  and  must  always  remain  so.  Hence,  if  the 
original  disturbance  be  slight  the  system  can  never  depart 
far  from  the  position  of  equilibrium  nor  attain  a  high  velo- 
city.    The  position  is  therefore  one  of  stable  equilibrium. 

2  o  2 
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310.  Equations  of  Motioii  for  an  Oscillating  Sys- 
tem.— In  the  following  investigation  of  the  small  oscillations 
of  a  system  about  its  position  of  equilibrium,  it  is  assumed  that 
the  forces  which  act  at  the  diflEerent  points  of  the  system  are 
functions  of  the  coordinates  of  those  points,  and  that  the 
constraints  and  mutual  connexions  can  be  expressed  by  means 
of  equations  between  the  coordinates. 

In  virtue  of  these  equations  the  coordinates  of  the  points 
of  the  system  are  functions  of  n  independent  variables,  and 
these  again  are  at  any  time  functions  of  their  values  in  the 
position  of  equilibrium,  and  of  the  increments  resulting  from 
the  disturbance  from  this  position  and  subsequent  motion. 
If  the  system  perform  smsdl  oscillations  the  increments  of 
the  variables  are  all  small  quantities,  whose  squares  and 
higher  powers  may  be  neglected. 

Hence  the  equations  of  motion  involve  only  the  first 
powers  of  the  variables  and  of  their  differential  coeflBcients. 
In  other  words,  they  form  a  system  of  linear  differential 
equations  with  constant  coefficients. 

Let  au  02,  . . .  On  represent  the  values  of  the  generalized 
coordinates  in  the  position  of  equilibrium,  and 

Oi  +  5i»  02  +  5s>  .  .  .  a«  +  %n 

their  values  at  any  time  during  the  motion.  Then  a?,  y,  z 
being  the  Cartesian  coordinates  of  any  point  of  the  system, 
we  have 

=/(a:.«„...a„)-f£?.+£5,...  +  £?„  +  &0.,    (11) 

whence,  difierentiating,  we  get 

since  the  squares  and  higher  powers  of  |i,  &o.  may  be 
neglected ;  similar  equations  hold  good  for  y  and  s.    Henoe 
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7,  the  kinetic  energy  of  the  system,  is  a  quadratio  function 
with  constant  coefficients  of  5i,  I2,  &o.,  and  we  may  write 

2r=/nf  i^  +  AI2'  +  &c.  +  2fMz  +  &o.  (13) 

Again,  if  F  be  the  potential  energy,  we  have 

F=  F[ai  +  5i,  aa  +  ^2,  .  . .  an  +  |»). 

Expanding  by  Taylor's  Theorem,  putting  F© = -P(ai,  02, . . .  o^), 
and  neglecting  powers  of  ^1,  &o.  higher  than  the  second,  we 
get 

Now  since  Fo  is  the  potential  energy  of  the  system  in  a 
position  of  equilibrium,  8  F©  =  0  for  all  possible  variations  of 
a,.  02, . . .  a„,  and  since  these  variations  are  independent  and 
arbitrary,  we  must  have 

;^—  =0,    j-=0,  .  .•-J— =0.  (15) 

aai  aai  aan 

Hence,  if  we  put 

d'Vo  ePFo  d'Vo  .  ,,^. 

1^  =  ^"'    da?  =  ^"'    d^.  =  ^"'  *'•'  ^^^^ 

(14)  becomes 

r  =  Fo  +  i  (?nSi'  +  ^22^2^  +  2q,,Uz  +  &C.)  (17) 

If  we  substitute  the  values  of  T  and  F  given  by  (13)  and 
(17)  in  Lagrange's  Equations  (22)  Art.  297,  we  obtain 

/ii^i  +/i2f2  .  .  .  +/iii^n+  S'lili  +  quKz  .  .  .  +  qin^n  ^0\ 
fli^i  +/22^2  .  .  .  +/2nfn  +  qi2^i  +  3'22?2  •  •  •  +  3'2nSn  =  0 


h  (18) 
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311.  S^lvttoB  •r  Evuitf^M  m€  ■•«! 

. — As  in  Art.  308,  if  we  aaBume 


^1  =  K01  Bin  (^  v^X  +  x),     &=  Kfl.  sin  (^  V'X+x)*  *»•> 

and  sabstitute  in  the  equations  of  motiony  we  obtain  the 
n  equations 


{fuK-qn)  ai  +  i/i^-qu)  a, . . .  +  {/inX-qi»)an--0\  . 
(/iiX-gii)  (h  +  i/tik-qn)  a, . . .  +  (/2»X  -^»,)  fl»=0 


(/i-X  -  5^1-)  «i  +  (/a-X  -  g„)  fl,  .  .  .  +  {/nmK  -  g..)  fl»  =  0 


(19) 


These  can  be  satisfied  by  the  ratios  of  the  n  determinable 
constants  Oi,  Ox, . . .  a«,  provided  X  is  a  root  of  the  equation 


jiiX  —  ^11,    yijA  —  5'i»>  •  •  •  yi«»X  ~ 2^: 


lf» 


/ijA  —  $'i2»    yiiX  —  ^^a,  ...  /imX  —  ^2» 


yiiiX  —  qxnt    yiiiA  —  ^2fi9  •  •  •  yimA  —  q\ 


nn 


=  0. 


(20) 


The  symmetrical  determinant  which  enteis  into  this 
equation  we  shall  call  A.  It  is  usually  termed  the  harmonic 
determinant  of  the  motion. 

If  the  roots  of  the  equation  A  =  0  be  all  real  and  positiTe, 
and  be  denoted  by  Ai,  X2,  .  .  .  X«,  the  complete  yalues  of 
Sx,  l^  &c.,  are  given  by  the  equations 


\\  =  Ki«ii  am  (<  Vai  +  xi)  +  K2«i2  Bin  (< V3^  +  X»)  •  •  •  +  «"«n»  ^in  (<VxII+  x»)' 
|2  =  «ifl2iflm(<>/\i  +  Xi) +«2«2a  8in(<\/\2+X2)  •  •  • +«««2n8m  (VXi+x*) 


in = KiOfii  sm  (<Vxi + xi)  +  «2«n3  Bin  {ty/xi + X»)  •  •  •  +  ««•«"•  sin  (^V^Ai,+x«)  > 


K  (21) 
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where  jci,  xi'  ^^y  X^'  ^^*  ^^^  arbitrary  oonstants,  2n  in  number, 
and  any  a^u  •  •  •  ^m  satisfy  the  n  linear  equations  for  aiy  a^^^^.a^ 
obtained  by  putting  Xi  for  X  in  (19) ;  a^,  a^y  •  •  •  dm  those 
obtained  by  putting  Xa  for  X ;  and  so  on. 

If  any  root  of  the  equation  A  =  0  be  real  and  negative, 

instead  of  jciflu  sin  {t  y^Xi  +  xi)>  there  will  be  in  ^i  a  term  of 
the  form 

where  j«i  =  -  Xi ;  and  there  will  be  corresponding  terms  in 
$2j  ^39  &o.  In  fact  if  we  substitute  KiaiC^^li  for  Si,  KiOte^^lL  for 
^39  and  so  on  in  the  equations  of  motion,  we  get  a  system  of 
equations  which  differ  from  (19)  in  having  -  jn  instead  of 
X,  and  which  can  therefore  be  satisfied  by  ai :  ^2,  &c.  pro- 
vided -  /i  be  a  root  of  the  equation  A  =  0.  Corresponding 
therefore  to  every  real  negative  value  of  X  there  is  a  real 
positive  value  of  /u.  In  this  case,  since  Si,  S29  &c.  contain  in 
general  terms  increasing  without  limit  with  the  time,  the 

motion  cannot  consist  of  small  oscillations. 

•     •         •    , 

If  we  suppose  ^i,  ^2,  .  .  .  ^n  substituted  for  Si»  Say  •  •  •  Sn  ^ 
T,  and  for  Si>  S2,  .  •  •  Sn  in  F,  and  denote  the  results  of 
these  substitutions  by'  T'  and  F',  equations  (19)  may  be 
written 

A  (xr  -  n  =  0.  £  (AT'-  v)  =0. . .  .±  (xr-F>o.  (22) 

312.  Itfemma  in  the  Theory  of  Determiiiaiitfii. — If 

A  be  any  determinant,  and  if  the  determinants  obtained  by 
erasing  the  first  row  and  first  column  of  A,  the  second  row 
and  second  column,  the  first  row  and  second  column,  the 
second  row  and  first  column,  be  denoted  by  An,  Aaa,  -  Au,  -  A21, 
and  if  also  the  determinant  formed  by  erasing  the  first  row 
and  first  column  of  An  be  denoted  by  Aim,  then  it  is  a  well- 
known  .property  of  determinants  that 

An  A22  -  A12  A21  =  AA1122.  (23) 

For  the  convenience  of  the  student  we  shall  give  here  a 
proof  of  this  theorem. 
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If  we  have  the  n  linear  equations 

aziXi  +  (i^i  +  a^i .  .  .  +  a^n^n  =  t/i 
a^iXi  +  a^2  +  ^332^3  .  .  .  +  a^o^n  =  y^ 


(24) 


and  solve  for  a?i,  &o.,  in  terms  of  yi,  &o.,  we  get  another 
system  of  n  equations,  of  which  the  first  two  are 

Aa?!  =  Aii^i  +  A2iy2  +  &o., 
AiTz  =  Aia^i  +  Aga^a  +  &0. ; 

whence,  eliminating  ^2,  we  obtain  between  the  w  + 1  variables 
^ij  ^'ii  ^19  ysj  •  •  .  y»  the  linear  equation 

A(A2aa?i  -  A2ia?2)  =  (All  A22  -  AiaA2i)yi  +  &c.         (25) 

Again  we  may  obtain  a  linear  equation  between  the  same 
variables  in  another  way,  viz.,  by  eUminating  a?3,  a?*, . . .  a?„  from 
the  {n  -  1)  equations  got  from  equations  (24)  by  omitting  the 
second.     The  result  of  this  elimination  is 


aiiXi  +  ai^2  -  yi,  auy  ^u,  . . .  am 

a^lXi  +   a^2  -  ys,  ^33,  ^34,    .  .  .  «3n 

.  •        •  ■  •  ■ 

•  •        ■  •  •  • 

•  •        •  •  •  • 

aniXi  +  anTJXz  -  t/ny  ^nSy  ^nij  •  •  •  ^n« 

which  expanded  becomes 

Aaa^?!  -  A3ia?2  =  Aii22yi  +  &0. 


=  0,       (26) 


(27) 


Since  only  one  linear  equation  can  exist  between  w  +  1  vari- 
ables of  which  n  are  independent,  (27),  when  multiplied  by 
A,  must  be  identical  with  (25).     Hence  we  have 

A  Alias  =  All  A22  ~  Ai2A2i- 

In  the  case  of  the  harmonic  determinant,  since  it   is 
symmetrical,  we  have  A21  =  A12,  and  therefore  (23)  becomes 


A11A22  ~   A12     ~   AAll22< 


(28) 
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313.  Transformatloii  of  the  Harmonic  DetermU' 
nant. — If  we  denote  the  quadratic  function  of  n  variables 

¥ji^V  +.A2S2*  +  2/,,?,g,  +  &c.), 

by  ^and  the  function 

iteiili*  +  q^^l^  +  2$'i2?i?2  +  &o.), 

by  ©,  the  harmonic  determinant  A  is  the  discriminant  of 
A^-  @,  and  the  equation  A  =  0  is  therefore  unaltered  by 
linear  transformation  of  the  variables  in  ^and  @. 

Again,  when  |i,  I2,  &c.,  are  substituted  for  the  variables, 
in  i9;it  becomes  the  kinetic  energy  T  oi  the  system.  Now, 
tiy  ?2,  being  generaUzed  components  of  velocity,  whatever 
small  values  be  assigned  to  them,  these  values  will  belong  to 
a  possible  motion  of  the  system.  Hence  the  quantic  i9'is 
positive  for  all  real  values  of  the  variables,  and  may  there- 
fore be  transformed  into  the  sum  of  n  positive  squares.  If 
this  transformation  be  effected  we  have 

2^=iii^  +  i»2'  +  „3^...  + V,  (29) 

2©  =  «iilji*  +  «22»j2*  +  2«i2ljllj2  +  &C.,  (30) 

and  the  harmonic  determinant  is  given  then  by  the  equation 

A  —  8\\y     —  Si2,     —  5i3>      ...  —  8in 

A   __  —  *l2j   A  —  8229   —  *23j      ...  —    82n        ^  (31) 

•  •  •  . 

•  •  •  . 

~~  Siny     "~  8iny     ~~  Sony     ...  A  —  S^n 

314.  Reality  of  the  Roots  of  the  Harmoiiic  Deter-- 
minant  iEquatioii. — If  the  first  row  and  first  column  of  the 
harmonic  determinant  be  erased,  and  a  similar  process  be 
applied  to  the  determinant  so  obtained,  and  again  to  the 
determinant  thus  formed  from  it,  and  so  on,  we  get  a  series 
of  determinants  beginning  with  the  harmonic  determinant 
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itself,  whose  degrees  in  X  axe  n,  n  *  1,  n  -  2,  &o.|  and  whioh 
in  the  present  Article  will  be  denoted  by  An,A»-i,  .  .  •  Ai. 

It  is  to  be  observed  that  Any  An-19  An-a  are  identical 
with  A,  All,  Aim,  and  that  Ai  is  simply  A  -  «««.  If  we  place 
+ 1  at  the  end  of  this  series  of  determinants  we  obtain  a  set  of 
(n  +  1)  quantities,  such  that  when  any  one  intermediate  be- 
tween the  first  and  the  last  vanishes,  the  two  on  each  side 
of  it  take  opposite  signs.  When  An-i  (that  is  An)  vanishes 
this  appears  from  (28),  and  it  is  plain  that  a  similar  equation 
holds  good  for  any  three  successive  determinants  in  the 
series.     Its  last  three  terms  are, 


~  ^(«-i)  tt>  A  —  St 


'nn 


,      A  —  Snny      •*•> 


of  which  the  first  is  negative  when  A  -  «»»  =  0. 

If  now  we  substitute  +  00  for  A,  each  term  in  the  series 
is  positive,  and  if  we  substitute  -  00  the  terms  are  alter- 
nately positive  and  negative.  Hence  n  variations  of  sign  in 
the  successive  terms  of  the  series  have  been  gained  in  the  pro- 
cess of  diminishing  A  from  +  00  to  -  00  ;  but,  since  when  one 
of  the  intermediate  terms  vanishes  no  variation  is  lost  or 
gained,  a  variation  can  be  gained  only  by  passing  through 
a  root  of  the  equation  An  =  0.  In  this  way,  therefore, 
n  variations  must  have  been  gained.  Hence  the  n  roots  of 
the  equation  An  =  0  are  real,  and  a  variation  is  gained  in 
passing  through  each. 

From  this  last  observation  it  follows  that  when  An  first 
vanishes  An-i  is  positive,  and  that  it  must  become  negative 
before  An  vanishes  a  second  time,  then  again  become  positive 
before  An  vanishes  a  third  time,  and  so  on.  Hence  the  roots 
of  the  equation  An-i  =  0  separate  those  of  An  =  0.  In  like 
manner  the  roots  of  the  equation  An-2  =  0  separate  those 
of  An-i  =  0,  and  so  on. 

If  we  denote  by  ^^  and  ^©  the  quantics  obtained,  from 
9^  and  ©,  by  omitting  all  terms  containing  $1  the  minor 
determinant  An-i  belonging  to  An  in  its  most  general  form, 
as  written  in  equation  (20),  is  the  discriminant  of  \9^-  ^©, 
and  the  special  form  of  An-i,  considered  in  this  Article,  is  the 
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cUscriminant  of  the  same  quantio  after  linear  transformation. 
Henoe  the  general  and  special  forms  of  An-i  vanish  for  the 
same  values  of  A,  and  we  conclude  that  in  general  the  roots 
of  the  equation  A».i  =  0  separate  those  of  An  =  0.  It  is 
obvious  that  similar  considerations  apply  in  the  case  of 
A«-2,  &c.  ^         ^ 

The  results  in  this  Article  might  have  been  obtained 
-directly  for  the  determinants  An*  A«t.i,  &o.,  in  their  most 
;general  form  by  using  the  conditions  which  must  be  fulfilled 
{Biff.  Calc.y  p.  460)  when  the  quantic  5"  is  always  positive. 

315.  Stability  of  the  Motloii. — If  we  make  X  zero  in 
the  series  of  determinants  A»,  A»-i,  &c.  of  Art.  314,  we 
obtain  a  new  series  which  may  be  denoted  by  (-  1)**  Dny 
(-  1)**"^  Dn.i9  &c.,  where  D„  is  the  discriminant  of  @,  and  the 
remaining  determinants,  J^n-i,  &c.  are  formed  from  Dn  by  a 
process  similar  to  that  employed  in  obtaining  the  former 
series. 

It  is  clear,  from  Art.  314,  that  the  number  of  positive 
roots  of  the  equation  A«  =  0  is  equal  to  the  number  of  vari- 
ations of  sign  in  the  successive  terms  of  the  series  (-  l)'^Dnj 
(- 1)»-^ 2)„.i,  .  .  .  -A,l. 

Hence  it  follows  that  if  2)«,  2)«-i,  &c.  be  all  positive,  the 
harmonic  determinant  equation  has  n  positive  roots.  We 
•conclude,  therefore  {Diff.  Calc,y  p.  460),  that  in  order  that  the 
roots  of  this  equation  should  be  all  positive,  the  quantic  @ 
must  be  positive  for  all  values  of  the  variables,  and  vice  versa. 

Without  assuming  the  truth  of  the  conditions  referred  to, 
we  may  obtain  the  same  result  in  another  way  by  employing 
the  following  transformation  : — 

We  shall  suppose  that  ^and  ©  are  of  the  form  given  by 
-equations  (29)  and  (30),  and  that  the  roots  of  the  equations 
A  =  0  are  all  imequal. 

Apply  a  linear  transformation  which  will  change 

111'  +  712  +  nz  +  &o.  into  t^i  +  C/  +  ?s'  +  &c., 
«nd  at  the  same  time  reduce  @  to  its  canonical  form 

Jr\  ^l    +  JT  a  (,2    .   .   .  +  Jr^  sn  • 
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In  order  to  show  that  it  is  possible  to  do  this  by  a  real  trans* 
formation,  assume 


111  =  mKi  +  mXi  +  m^^Zs  +  &o.  > 

•  •  •  ■ 

•  •  •  • 

Vn  =VnZi  +  VnXi  +  »?»"?3  +  &C. 


(32) 


where  the  ratios  rii  '  Vz  »  m  •  &o.,  are  determined  by  the  equa- 
tions 

Siitli   +  Si2ri2   +  Siifli     .    .    .    +  SinVn   =  Xi»?i     ^ 

«i2*?i'  +  S22V2  +  «2S»?8'  .    .    .   +  SantJn'  =  ^im      K    (33) 

•  •  •  •  •         ' 

•  •  •  •  • 

•  •  •  •  • 

^in»?i    +  S2nfl2  +  SsnVz    .   •    •    +  SnnVn  =  Ailjn 

the  ratios  ij/' :  ?j2" :  ija'" :  &c.  by  the  equations 


«lll|l      -t-  Ol2»?2        •     • 


// 


•    +  Sintln 
5l2*?l     +  ^22l2       .     •     .    +  $2nf}» 


oin»?i     +  «2n'72    .    •    .    +  SnnHn 


A2II1 

A2»|2 

'  A2»?n 


•.   (34) 


and  so  on. 

From  equations  (30)  and  (33)  it  follows  that  when  Ai  and 
A2  are  unequal, 

iji  1)1    +  rii  ri2    +  Vz  m     .   .   .   +  *?n  Vn    =  0.  (OO) 

For     Ai  [rii  i?i"  +  1)2'  »»2"  +  &C.)  =  ly/'  ( -^ )  "*"  ''a"  ( ^ )  ■**  *^- 

=  iii'(  ^j  +1J2'  (  3~)  +  *0'  =  ^2(m'»»/'  +  mri2^  +  &o.)- 


We  shall  now  show  that  ©  becomes  of  the  required  form- 
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In  tact  :^  =  ^1  T~  +  ^Ja  T~  •   •  •  +  »»»  T~ 

«4i  «»Ji  ai72  «»Jn 

/^@Y        fd@V     «        .   ,   , 

=  Ai  { (i,i'»  +  »,/'  +  1,3'*  +  &C.)  Zi  +  (ij/tj  1"  +  U/Ua"  +  &0.)  ?a  +  Ac. ) 

=  Xi ivi'  +  v/'  +  Tja"  . . .  +  un'^)  Ji,  by  (35). 
It  can  be  shown  in  a  similar  manner  that 

;;T*r  =  A2  (ij/"  +  tia"* .  . .  +  W)  ?3,  and  so  on. 
If  then  we  assume,  as  is  allowable, 

•,  '»  X  ^  '^  J.  -  "*  J.  *.  '2  -  1      «  '^  4.  *.  "»  4.  *.  "2  a.  •»  "«  ^  1     JR-/^ 

*?i     +  »|2    +1)3      •  •  •  +  IJn   >—  A,    IJi      +  IJ2      +  t?8       ...+!/»      =1,  CCC, 

we  have  the  equations 

dB     .y     fl?©     .^     . 
oil  aia 

Hence  2®  =  XiZi^  +  XaSa* . . .  +  KKny  (36) 

and  at  the  same  time 

m'  +  i?2' . . .  +  W  =  Si'  +  fa . . .  +  ?:«".  (37) 

The  constants  »j/,  ija'j  &c. ;  ?y/',  ija'',  &c.,  are  obviously  the 
values  which  any  ^21,  &c. ;  au,  ^22,  &c.  (Art.  311)  take  in  the 
particular  case  in  which  25"  is  of  the  form  tji'  +  »j2* .  .  .  +  i?»*. 

As  the  transformation  above  is  real,  it  follows  that  if  @  be 
reduced  in  ant/  way  to  a  form  which  contains  only  the  squares 
of  the  variables,  the  signs  of  the  coefficients  of  the  different 
squares  are  the  same  as  those  of  Ai,  A2,  &c. 

In  order  that  every  term  in  the  general  values  of  ?i,  ?2,  &o. 
should  be  periodic^  it  is  necessary  (Art.  311)  that  all  the  roots 
of  A  =  0  should  be  positive.  This  condition,  as  we  have  just 
seen,  is  fulfilled  if  ©  be  reducible  to  the  sum  of  a  number  of 
squares  with  positive  coefficients — in  other  words,  if  the  f imc- 
tion  F(Art.  310)  be  a  minimum  for  the  position  of  equilibrium 
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of  the  system.  In  this  case,  the  system  being  sKghtly  disturbed 
in  any  manner  from  its  position  of  equilibrium  has  no  ten- 
dency to  depart  far  from  this  position,  and  consequently 
^1,  I2,  &c.  must  remain  small  throughout  the  motion.  The 
motion  is  then  stable  in  its  character  whatever  be  the  direc- 
tions of  the  initial  disturbances,  and  the  position  for  which 
$1,  ^gj  &c.  are  zero  is  one  of  stable  equilibrium. 

If  V  be  not  a  minimum  for  the  position  of  equilibrium  of 
the  system,  that  is,  if  some  of  the  coefficients  in  ©  when 
reduced  to  the  above  form  be  negative,  terms  will  in  general 
occur  in  £1,  £2,  &c.  which  increase  without  limit  with  the  time. 
In  this  case  the  position  is  not  one  of  stable  equilibrium, 
and  the  motion  will  not  consist  of  small  oscillations,  unless 
the  original  disturbances  be  such  that  the  arbitrary  constants 
multiplying  terms  in  £1,  &c.,  which  increase  without  limit  with 
the  time,  are  each  zero. 

316.  Case  of  Equal  Roots. — When  the  equation  A  =  0 
has  equal  roots,  the  solution  in  Art.  310  of  the  differential 
equations  (18)  seems  to  fail  from  not  containing  the  requisite 
number  of  arbitrary  constants ;  and  we  might  suppose  that 
terms  containing  ^  as  a  factor  would  occur  in  the  values  of 
?i,  ^2,  &c.,  and  therefore  that  a  stable  motion  of  oscillation 
would  not  take  place  for  all  possible  small  disturbances. 
Lagrange  and  Laplace  both  fell  into  this  mistake,  which  was 
first  pointed  out  by  Dr.  Routh. 

The  true  theory  depends  upon  the  circumstance  that  when 
the  equation  A  =  0  has  a  double  root  Ai,  the  system  of  n  linear 
equations  for  determining  ^i,  «2,  &c.,  Art.  311,  are  no  longer 
independent,  but  can  be  satisfied  by  {n  -  2)  of  these  quanti- 
ties, the  remaining  two  being  arbitrary. 

This  may  be  proved  as  follows : — 


If  we  put 


A' 


Ai  —  5ii,        —  5i2, 


~  S\2y 


A2  —  ^22! 


-  H 


\ny 


-    S 


2m 


"^  Sin 
"  Sin 


•  •  •  A,j~"  Oj 


nn 


where  Ai,  Aa, .  .  .  An  are  functions  of  A,  we  have 
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rfA'      d^'  dAi      rfA'  dAi  dA'  dAn  ,oo\ 

^  "  ^1  "^  "^  dA^  'dX  '  '  '^  dAi,  ^ ' 

If  Ve  next  suppose  A  i=  A2  =  As .  .  .  =  An  =  A,  (38)  becomes 

dA  . 

-T^  =  All  +  A22 .  .  .  +  A«».  (39) 

Now,  from  (28)  it  appears  that  when  A  vanishes  An  and 
A22  have  the  same  sign,  and  this  holds  good  for  any  two  of 
the  determinants  on  the  right-hand  side  of  (39) ;  but  if  Ai  be 
a  double  root  of  the  equation  A  =  0  the  right-hand  side  of 
(39)  must  vanish  for  this  value  of  A,  and  as  all  its  terms  have 
the  same  sign,  each  must  vanish  separately.  Again,  when 
A  and  An  vanish  it  appears  from  (28)  that  A 12  must  vanish 
likewise,  and  the  same  is  true  for  every  first  minor  of  A. 

We  conclude  that  when  A  is  a  double  root  of  the  equation 
A  -=  0,  the  system  of  n  linear  equations  (19)  of  Art.  311  can 
be  satisfied  by  (w  -  2)  of  the  quantities  ij/,  1J2'  .  .  .  W*  the 
other  two  remaining  arbitrary. 

A  case  of  equal  roots  has  been  already  considered  in 
Art.  308. 

We  can  now  show  that  when  two  roots,  Ai  and  A2,  are 
equal,  the  method  already  given  of  effecting  the  orthogonal 
transformation  still  holds  good  with  a  slight  modification. 
In  fact  we  have,  as  before,  Art.  315, 

rii  r\"'  +  y\i  r\i"  +  &C.  =  0,     iji"  r\("  +  IJ2"  r\i"  +  &C.  =  0, 

&c.  =  0,         &c.  =  0 ; 

but  in  the  present  case  y\( :  i\i  and  r\C  :  1J2"  are  both  arbitrary, 
and  the  two  systems  »ji',  r\i^  ijs',  &c.  and  ij/',  r\i\  r\{\  &c.  differ 
only  in  consequence  of  different  values  having  been  assigned 
to  these  two  arbitrary  ratios.  By  means  of  one  of  these  ratios 
we  can  now  satisfy  the  single  equation 

*?1     ^1      +  »?2     »/2      •••   +   »?»»»?»»      =   ^, 

whilst  the  other  still  remains  arbitrary.  Hence  the  transfor- 
mation is  complete,  but  one  of  the  ratios  which  is  determined 
in  the  case  of  unequal  roots  remains  arbitrary  in  the  case  of 
equal. 
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The  results  obtained  above  for  the  determinants  An,  A32, 
^0.  may  be  extended,  as  in  Art.  314,  to  the  first  minors  of  A 
in  its  most  general  form.  We  may  then  assert,  in  general, 
that  when  A  is  a  double  root  of  the  equation  A  =  0,  the 
system  of  n  linear  equations  (19)  can  be  satisfied  by  (w  -  2) 
-of  the  quantities  fli,  ^2,  •  •  •  «n)  the  other  two  remaining 
arbitrary. 

The  conditions  to  be  fulfilled  in  the  case  of  equal  roots 
might  have  been  deduced  at  once  from  the  consideration  that 
the  roots  of  the  equation  An  =  0  separate  those  of  A  =  0,  as 
shown  in  Art  314. 

If,  on  the  other  hand,  some  method  different  from  that 
of  Art.  314  be  adopted  to  prove  the  reality  of  the  roots  of  the 
equation  A  =  0,  then  the  method  of  the  present  Article  may 
be  employed  to  investigate,  as  above,  the  case  of  equal  roots, 
«.nd  also  to  show  that  the  roots  of  the  equation  An  =  0  separate 
tho^e  of  the  equation  A  =  0. 

317.  Cfeneral  solatlon  of  the  DlflTerentlal  Eqaa- 
tionii  in  the  case  of  £qaal  Roots. — When  the  roots  of 
the  equation  A  =  0  are  all  unequal  and  positive,  equations 
(21)  may  be  written 

4i  =  «n  sin  t  Vxi  +  a'n  cos  t  V\l  +  012  sm  ^  V\2  +  «'i2  cos  t  V\2  +  &c.' 
^2  =021  ant  Vai  +  a 21  cos  t  Vai  +  022  sin  <  V\2  +  «'22  cos  t  Vk2  +  &c.  " »    (^") 
^c.  =  &c. 

where  the  2n  constants  an,  a'n,  ai2,  «'i2,  &c.,  in  the  expression 
for  ^1  are  all  arbitrary,  and  the  corresponding  constants  in 
$2,  &c.  may  be  found  in  terms  of  these  arbitrary  constants 
by  the  solution  of  linear  equations,  the  equations  connecting 
an,  a2i,  asi,  .  .  .  ani  being  the  same  as  those  connecting  a'n, 
•a  21,  a  31,  •  •  •  a  ni» 

If  now  two  roots  Ai  and  A2  of  the  equation  A  =  0  become 
equal,  equations  (40)  are  reduced  to  the  form 

li  =  an  sin  t^Ki  +a'u  cos  t^\i  +  ais  sin  W^  +  «  13  cos  ^V^Xj  +  &o.^ 

^2  =  «3i  sin  t ^/a.1  +  fl'21  coBtV\i  +  023  sin f  V\z  +  om  cos  t V\z  +  &c.  ..    (41) 

-in  -  Oni  sin  t  ^\i  +  a'ni  COS  ty/\i  +  (ha  anty/hz  +  a'«3  cos  t  ^\i  +  &c.> 
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In  this  case  there  are  only  2(n  ~  1)  arbitrary  constants  in  ^i; 
but  since  the  system  of  n  linear  equations  corresponding  to 
Ai  can  (Art.  316)  be  satisfied  by  (n  -  2)  of  the  unknown  quan- 
tities, the  other  two  remaining  arbitrary,  we  may  in  the 
present  case,  in  addition  to  the  (2n  -  2)  constants  in  |i,  con- 
sider ^21  and  a2i  also  as  arbitrary.  We  thus  have  still  2n 
arbitrary  constants  altogether,  and  the  solution  of  the  diffe- 
rential equations  (18)  is  therefore  complete.  A  particular 
case  of  this  has  been  already  considered  in  Art.  308.  It  is 
easy  to  see  that  we  may  still,  if  we  please,  express  the  values 
of  5i,  &c.  by  equations  (21),  but  when  Ai  =  A2  the  constants 
Ozi  and  ^22  are  arbitrary,  as  well  as  ki^h,  Kzfiny  Xi»  ^^^  X^'  ^^^ 
in  terms  of  these  six  we  can  express  the  four  arbitrary 
constants  which  belong  to  the  solution  of  the  differential 
equations. 

If  there  be  several  distinct  double  roots  similar  considera- 
tions apply  to  each  of  them,  and  in  general,  corresponding 
to  each  double  factor  of  A  there  are  four  arbitrary  constants 
in  the  solution  of  the  differential  equations. 

The  preceding  investigation  can  be  readily  extended  to 
the  case  in  which  the  equation  A  -  0  has  r  equal  roots. 

In  this  case  2r  constants  an,  «2ij  •  •  •  <?ri>  ^ny  ^/>  •  •  •  ^n' 
are  arbitrary,  and  the  n  linear  equations  corresponding  to  the 
multiple  root,  which  in  general  determine  (n  -  1)  quantities 
in  terms  of  the  remaining  one,  are  equivalent  to  only  (n  -  r) 
independent  equations. 

In  fact,  from  what  has  been  proved  above,  it  appears  that 
every  double  root  of  the  equation  A  =  0  must  be  a  root  of 
All  =  0.  Hence  if  the  former  equation  have  r  equal  roots 
the  latter  must  have  (r  - 1).  Again,  it  is  plain  that  An  is 
related  to  Aii22  in  the  same  way  in  which  A  is  related  to  An, 
and  so  on.  We  may  therefore  conclude  that  if  the  equation 
A  =  0  have  r  roots  equal  to  Ai,  then  (r  -  1)  successive  minors 
of  A  must  vanish  for  that  value  of  A. 

318.  Principal  Coordinates  and  Directions  of 
Harmonic  Vibration. — Since  in  the  present  ceuse  the 
equations  are  linear  which  connect  different  sets  of  co- 
ordinates, the  generalized  components  of  velocity  are  ex- 
pressed in  terms  of  each  other  by  the  same  equations  as 
those  which  connect  the  corresponding  coordinates.    Hence 

2H 
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the  transformation  of  coordinates  by  which  29^^  becomes 
Zi^  +  Z2  ...  +  Zn\  reduces  2  T  to  the  form  ^»  +  tz' .  •  •  U^  Now, 
Art.  316, 2©  is  in  this  case  of  the  form  XXi^  +  X222'* . . .  +  A„^„% 
and  therefore  by  the  solution  of  the  differential  equations  for 
this,  particular  set  of  generalized  coordinates  we  have 

{i  =  kiBmt{V\i  +  xi)i  b  =  ^2Bixi(t  y/K2'\-X2)f  '  •  Cn'=Kan{ty/\n-\-  Xn),  (42) 

where  Xi,  &c.  are  the  roots  of  the  equation  A  =  0,  and 
Ai,  fc,  .  .  .  kn,  xiy  X2>  •  •  •  X«  fi^®  arbitrary  constants,  2n  in 
number.  .    ,  ^ 

The  coordinates  ?i,  ?2,  &c.  are  called  the  Principal  Co- 
ordinates of  the  oscillating  system. 

The  Cartesian  coordmates  a?,  y,  z  of  any  point  of  the 
system  are  given  in  terms  of  the  principal  coordinates  by 
equations  of  the  form 

y  =  yo  +  B^Zi  +  J52^2  .  .  .  +  BnZn  i ,  (43) 

2  =  So  +  OiZi   +  C2Z2   .  .  .  +  CfXn  J 

where  Xo^  yo,  So  are  the  values  of  x,  y,  2  respectively  for  the 
position  of  equilibrium,  and  -4i,  -Bi,  Ci,  -^2,  ^2,  Cz,  &c.  are 
constants  depending  (Arts.  310,  316)  on  the  coefficients 
/ii>/i2,  &c.,  ^ii,  qi29  &c.,  that  is  on  the  connexions  between  the 
several  particles,  and  on  the  forces  acting  on  the  system. 

From  (42)  it  appears  that  the  motion  of  each  particle  is 
in  general  resolvable  into  n  simple  vibrations  whose  periods 

are 

2ir         27r  2w 


... 


V  Ai       ^/X^  V  An 

The  motion  of  any  one  particle  being  determined,  that  of  any 
other  consists  of  simple  vibrations  having  the.  same  periods, 
i,  e.  harmonic,  with  the  former. 

The  direction  of  motion  for  the  particle  xyz^  arising  from 

the  simple  vibration  whose  period  is  -^^,  is  found  by  suppos- 

V  Ai 

ing  Zii  Ss)  •  •  •  Zn  to  be  each  zero,  and  depends  upon  the 
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constants  A^  j8i,  Ci.  Henoe  the  directions  of  the  several 
component  vibrations,  as  well  as  the  ratios  of  their  amplitudes 
for  the  different  particles  in  any  one  harmonic  set,  depend  on 
the  particulars  of  the  system,  i.e.  on  the  connexions  and 
forces ;  and  are  independent  of  the  particulars  of  the  motion, 
e.  e.  of  the  initial  positions  and  velocities. 
The  several  systems  of  directions 

{A^B^C,,  A(B(GU  A('B('C;\  &c.), 

\jA.2Jji\y29    Ja.2-t^2^2  9    •^2    -^2    ^2     9    %X>0,)j 

&0. 

along  the  constituents  of  any  one  of  which  if  the  particles 
xyzj  ic'yV,  x'y"^\  &c.  were  simultaneously  displaced  they 
would  all  vibrate  in  the  same  period  or  harmonically,  are 
termed  the  directions  of  harmonic  vibration. 

The  simple  harmonic  functions  of  the  time  which  occur 
in  the  expressions  for  |i,  &c.  given  by  equations  (21)  differ 
in  general  only  by  constant  multipliers  from  the  values  of 

Jl,  ^2,  &c.  __  _ 

If  we  put  Ki  sin  {t  v/Ai  +  xO  =  ^u  ^%  sin  (^  \/Aa  +  X2)  =  ^2^ 
&c.,  we  may  express  i/^i,  ^2,  &c.  in  terms  of  ^1,  ^2,  &c.,  as 
follows : — 

Let  25^1  =/iiaii*  +/22a3i*  -^fTsfhx  +  ^fiTf^n^hY  +  2/i3aiiflrji  +  &c. 

2^2  ^fndn   +/22O22'  +/33flss*  +  2/'i2ai2fl22  +  R/iafliaflga  +  &C. 

ff\2  =/ll«ll«12  +/22fl2lfl22  -^  f^ZlO^  +/l2(flll«22  +  fll2fl2l)   +  &0. 

&C.  &C.  &C.  &0. 

and  let  @i,  @2,  ©12,  &c.  denote  the  expressions  obtained  by 
the  substitution  of  g'u,  ^'12,  &c.  for/ii,/ia,  &c.  in  ^1,  ^2,  5i2,  &c. 
We  have,  then, 

^Cr  ACT 

(44) 


'iff. 

dSfx          dSf,                dff^ 
dan          da2\                da^i 

2^, 

d9^2          dSf2                d9^2 

-  ai2  'j           1    ^22     ,^       •  •   •    1    fln2     ,^     , 

aa\2          ^^22                win% 

• 

dS^i          dSr^     .            dff2          dSf2      0 
-  an-T-  +  «22  T     +  &c  =aii        +021  3 —  +  &c. ; 
dan          da2\                  dan          dOzz 

&G.               &o.                   &c.                 &c 

(46) 
(46) 
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and  eiinilar  equations  hold  good  for  @i,  @2»  ©12,  &o.  It  is 
easy  to  see  that  ^12,  ^i3>  &o.)  @i2,  @i3,  &e.  are  each  zero.  In 
fact  by  (22)  we  have 

Ai  -J—  =  3 — ,     Ai-j-    =  3 — ,     Ai  ■;z —  =  -3 — ,  ao.       (47) 
aou      aflii  aaai      aa2i  »«3i      "fl^si 

from  which  by  multiplication  and  addition  we  get  Xi^w  =  ©12. 
In  like  manner,  X25'i2  =  ©12,  and  therefore  in  general  ^12  =  0, 
and  ©12  =  0. 

From  (47)  we  have  also  ©1  =  Xi^i,  and  in  a  similar 
manner  ©2  =  X252,  &c.  ^^ 

If  now  we  multiply  the  first  of  equations  (21)  by  t-^,  the 

d9^  dd'i  ^^" 

second  by  -7— \  the  third  by  - — ,  and  so  on,  and  add,  all  the 
da^i  aosi 

simple  harmonic  functions  of  the  time  except  ^1  disappear. 

In  like  manner  we  can  find  \p2y  ^39  &o.  and  thus  we  obtain 

dan  CUhi  cUln\ 


2^21^2  = 


da  12 


52»  •  •  •  +  ~7~~  sn 


2^»r^„  =  ¥^?i  + 


da 


in 


^^^22 

da 


da 


k 


n2 


b2«  •  •  •"*"  ~7~       bn 


2n 


(3?a 


(48) 


n» 


/ 


Since  9i  is  a  homogeneous  quadratic  function  of  an,  Oji, 
&c.,  and  ^the  same  function  of  ^i,  ^2,  &c.,  it  is  plain  that  the 
first  of  equations  (48)  may  be  written 

o^,  dSf  dSf  dSf 

^iy  iWi  =  ^11 3^  +  ^21  -^pr  •  •  •  •  +  <3fni  3^  ; 
d^i  d^z  d^n 

now  from  (21)  we  have  -rr  =  ^ii>    tt^  =  «2i,  &c.,  and  there- 

d\pi  d\pi 


fore  we  obtain  2,9'i^i  = 


dS_ 
d\pi 


dSf 


In  like  manner  2Sfi)\i2  «  ~^,  &c. ;  hence  we  have 

«^i 

5^=  ^11^1*+  ^2^2^... +  ^nl/'n^ 


(49) 
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In  a  precisely  similar  manner  we  can  show  that 

@  =  ©it/'i'  +  ©2^2*. . .  +  Qf4n^=^  \iSriiP,^+  X2^2^2'. . .  +  \n9n^\'  (50) 

If  we  select  the  constants  an,  ^12,  a^,  •  •  •  a^  so  as  to 
satisfy  the  equations  ^1  «  1,  5^2  =  1,  . . .  S^n  =  Ij  the  simple 
harmonic  functions  ;//i,  1/^29  &c.  express  the  values  of  the 
principal  coordinates  of  the  system. 

When  the  harmonic  determinant  equation  has  equal  roots 
the  orthogonal  transformation  which  reduces  @  to  its  canoni- 
cal form  though  valid  is  no  longer  determinate  Art.  (316), 
and  there  are  an  indefinite  number  of  sets  of  principal  coordi- 
nates. 

319.  Effect  of  Increase  of  Inertia. — If  the  mass  or 
inertia  of  any  part  of  a  moving  system  be  increased,  the 
expression  for  the  kinetic  energy  receives  thereby  the  addition 
of  one  or  more  terms  of  the  form  v6s  where  v  is  a  positive 
constant,  and  d  is  a  linear  function  of  the  generalized  com- 
ponents of  velocity.  The  coordinates  may  be  transformed 
in  such  a  way  as  to  make  the  linear  functions  0,  &c.  identical 
with  an  equal  number  of  the  generalized  coordinates  ^1,  &c. 

If  the  forces  acting  on  the  system  remain  imaltered,  and 
if  there  be  only  one  additional  term  in  the  expression  for  the 
kinetic  energy,  the  harmonic  determinant  A'  of  the  system 
in  which  there  has  been  an  increase  of  mass  or  inertia,  is 
given  then  by  the  equation 

A(/ii  +  v)  -  $'11,    A/12  -  qi2    . 

A/ 12  —  $'12 


A'  = 


A  +  vX  A 


n> 


where  A  is  the  harmonic  determinant  of  the  original  system. 
If  the  original  position  be  one  of  stable  equilibrium  all 
the  roots  Xi,  .  .  .  Xn  of  the  equation  A  =  0  are  positive,  and 
are  separated  by  the  roots  /tci, .  .  .  fin-i  of  the  equation  An  ==  0. 
Hence  A'  is  positive  for  X  =  Xi,  negative  for  X  =  /ii,  negative 
for  X  =  X2,  positive  for  X  =  fuz,  and  so  on.  Consequently  the 
roots  of  the  equation  A'  =  0  are  each  less  than  the  correspond- 
ing root  of  the  equation  A  =  0,  but  are  all  positive  and  are 
separated  by  the  roots  of  the  equation  An  «  0. 
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It  follows  from  what  has  been  said,  that  when  the  forces 
remain  unaltered  an  inorease  of  mass  increases  the  several 
periods  of  vibration. 

If  the  generalized  coordinate  0  or  ^i  were  rendered 
invariable  the  system,  would  have  only  (w  -  1)  degrees  of 
freedom,  and  the  harmonic  determinant  would  become  An. 
Hence  no  root  of  the  equation  A  =  0  is  diminished  by  an 
increase  of  inertia  as  much  as  it  would  be  by  rendering  the 
corresponding  coordinate  invariable. 

It  follows  that  if  any  period  of  oscillation  belong  to  a 
system  both  before  and  after  a  certain  coordinate  has  been 
rendered  invariable  this  period  belongs  also  to  the  system 
when  the  mass  corresponding  to  this  coordinate  is  increased. 

The  substance  of  this  Article  is  taken  from  Eouth's 
Rigid  Dynamics, 

320.   Kneriry  of  an  Oscillatlns  System. — ^If  we  put 

and  substitute  in  T  the  values  of  ^i,  ^2>  &c.  obtained  by  dif- 
ferentiating equations  (42)  we  have 

2T  =  \ikx  cos*  01  +  Ajij'  cos*  02  +  &c.  (51) 

Again,  substituting  in  V  the  values  of  ^i,  ^2,  &c.  we  have 

2  r«  2  Fo  +  Xi*i*  sin*  0i  +  \Jc^^  sin*  0a  +  &c.  (52) 

Hence,     2(T+  F)  =  2^0  +  XiAi*  +  \Jh^ .  .  .  +  \nkn\       (53) 

From  equations  (51)  and  (52)  it  is  plain  that  the  sum  of  the 
kinetic  and  potential  energies  corresponding  to  each  oscilla- 
tion is  constant  at  each  instant  and  equal  to  double  the  mean 
value  of  either. 

It  is  plain  also  that  the  mean  value  of  the  total  kinetic 
energy  is  equal  to  that  of  the  total  potential  energy  due  to 
the  oscillatory  motion. 

The  general  expression  for  the  kinetic  energy  is  found  by 

substituting  ^^  for  ^i,  t//,  for  t/^j,  &o.  in  (49). 
We  have  thus 

T  =  AiKi*  ffi  COS*0i  +  AalC2*  S^2  COS*08  . .  .  +  A„iCn*^«  COS*0„.    (54) 

From  (50)  we  obtain 

F«  Ft + Ai  Ki*  ffi  sin'0i  4  As  ic2*  ^a  sin'  02 .  •  •  +  A,»  ic«*  9^n  sin*0„.  (55) 
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In  the  following  examples  the  small  oscillations  of  the  system  are  to  be 
determined  in  each  case : — 

1.  A  number  of  balls  suspended  by  a  fine  cord  hang  in 
a  yertical  line,  and  are  slightly  displaced  in  the  same  vertical 
plane. 

Let  x\f  zi ;  ar2,  22,  &c.  be  the  horizontal  and  vertical 
coordinates  of  the  balls  ;  01,  02,  &c.  the  distances  from 
the  point  of  suspension  to  the  first  ball,  from  the  first  ball 
to  the  second,  and  so  on ;  $1,  $2,  &c.  the  angles  which  ai, 
02,  &c,  make  with  the  vertical  at  any  instant.  The  weight 
of  the  cord  being  neglected,  the  distances  ai,  &c.  are  inva- 
riable; then 

3Pi  =  «i ^1,  «i  =  «!  cos  $i  =  ai{l-  J^i*), 

X2  =  ai0i-\-  0262,      22  =  «!  (1  -  J^l^)  +  «2  (1  -  J<>J*)i  &C. 

Substituting  in  the  general  dynamical  e<][uation,  neglecting 

z'l,  &c.  and  equating  to  zero  the  coefficients  of  S0i,  862,  &c.  we  have,  after 

dividing  the  first  equation  by  ai,  the  second  by  02,  &c. 

{mi  +m2  +  tnz  +  &c.)  ai'di  +  (w2  +  *»3  +  &c. )  02  fe  +  («»8  +  &C.)  «$  Bz  +  &c. 

+  (*»i  +  m2+  Ac")  sfSi  =  (J, 

(*n2  +  IW8  +  &c.)  rti  61  +  (m2  +  Ms  +  &c.)  a2  6*2  +  (ma  +  &c.)  os  ^3  +  &c. 

+  (ms  +  &c.)^(^2-0, 

••  ••  ••  _  •• 

mnai^i  +  mna2^3  +  »*n«3^8  +  &C.  +  mnfln^n  +  WnffBn  =  0, 

Hence,  assuming 

0i  =  kaaJi{tV\  +  x),     O2  =  ArjS  sin  (< n/x  +  x)»  &c. 

where  ^  and  x  ft^e  arbitrary  constants,  we  get  to  determine  a,  iS,  7,  &c.,  and  \ 
the  equations 

(mi  +  m2  +  &c. )  (aiA.  -ff)a  +  {m^  +  ma  +  &c.)  «a  XjS  +  (mj + &c. )  03^7  +  &c.  =  0, 

(m2  +  ma  +  &c.)  ai\a  +  (m2  +  ma  +  &c.)  («2A. — ^)  i3  +  (ma  +  &c.)  ozKy  +  &c.  =  0. 
•  •••••••• 

(«io  +  02/8  +  asy  +  &c.  +  anw)  X  -  ^»  =  0. 

This  problem  can  also  be  treated  by  the  general  method  of  Art.  310.  For, 
since  the  vertical  motion  of  each  ball  is  very  small  in  comparison  with  its  hori- 
zontal motion,  the  velocities  ii,  Z2,  &c.  may  be  neglected ;  and  we  readily  find 

2T  =  mi  ai*  Bi^  +  m2  (oi  Bi  +  02  ^2)*  +  ma  (ai  tfi  +  02  fe  +  as  ^)' 

.  .  .  +  mn  (fll  ^1  +  02  ^2  +  .  .  .  +  «n  Bn)^. 

Also,  if  the  potential  energy  be  estimated  from  the  position  of  equilibrium  of 
the  system, 

2r=  miyai^i*  +  m2ff{aiei^  +  fl2<>2')  +  . . .  +  m,^ (ai ei«  +  02 ^2'  + . . .  +  OnBn^). 

The  preceding  differential  equations  immediately  follow  from  these  equa- 
tions by  the  method  of  Art.  310. 
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2.  The  syBtem  of  balls  siupended  as  in  tlie  last  example  are  displaced  in 
different  vertical  planes. 

In  this  case,  Bi  and  ^i  being  the  angular  displacements  of  ai  towards  the 
axes  of  y  and  x,  $2  and  ^  those  of  02,  &c. 

xi  =  01  ^i,    yi  =  ai  $1,    «i  =  fli  (1  -  J^i*  -  i4>i%  &c. ; 

then  $1,  $2,  &c.  are  independent  of  ^1,  ^2,  &c.  as  in  Ex.  1,  Art.  308.  The 
values  of  01,  &c.  are  therefore  the  same  as  in  the  last  example,  whilst  those  of 
^1,  &c.  differ  from  them  only  by  haying  a  different  set  of  arbitrary  constants. 

3.  A  number  of  rigid  bars  are  hinged  together  in  the  same  vertical  line, 
and  are  displaced  in  the  same  veiiical  plane. 

^  If  Xu  zi  be  the  coordinates  of  any  point  of  the  first  bar,  4:2,  zz  those  of  any 
point  of  the  second,  &c.  and  0i,  62,  &c.  the  inclinations  of  the  bars  to  the 
vertical ;  xi  =  nBi,  zi  =  n  (1  -  Je^i*),  X2  =  ai^i  +  r2d2,  «2  =  «!  (1  -  J«i*) 
+  ra  (1  -  ie2*),  &c. 

Proceeding  as  in  Ex.  1,  we  obtain 

{*»!*!«+  (m2  +  ws  +  &c.)  ai^}  Bi  4-  {tmh  +  (ms  +  &c.)  ^2}  aifi** 

+  {tnzh  +  (m*  +  &c.)  az]  aife  +  &c  +  {mih  +  (m2  +  i»s  +  &c.)  ai}  gBi  =  0, 

{*W2^2  +  (ma  +  &c.)  02}  ai0i  -r  {m2k2^  +  (ms  +  &c.)  a2'}  ^2 

+  {ms^s  +  (»m-  &c.)  as}  Ms  +  &c.  +  {m2b2  +  (ws  + 1»4  +  &c.)  02]  gB2  =  0, 

ninhniaiBi  +  tnnbna2B2  +  mnhnazB^  +  &C.  +  nifJln^Bn  +  mnbnffBn  =  0, 

where  ki,  Ar2,  &c.  are  the  radii  of  gyration  of  the  bars  round  their  extremities, 
and  bif  ^2,  &c.  the  distances  from  their  extremities  to  their  centres  of  inertia. 
The  solution  of  these  equations  is  obtained  in  the  same  manned  as  in  Ex.  1 . 

4.  Two  balls,  f»i  and  m2,  are  suspended  by 
cords,  whose  lengths  are  01  and  02,  from  the  extre- 
mities of  a  bar  whose  position  of  equilibrium  is 
horizontal,  and  which  hangs  from  a  fixed  point  by 
another  bar  e  rigidly  attached  to  the  former  at  a 
point  whose  distances  from  the  extremities  of  the 
horizontal  bar  are  bi  and  62.  The  system  is  dis- 
placed in  the  vertical  plane  which  it  occupies  when 
in  equilibrium. 

Let  Bi,  B2*  Bzfhe  the  inclinations  of  ai,  02,  taide 
to  the  vertical ;  xi,  zi,  and  X2,  22  the  coordinates  of  mi  and  m2 ;  then 

xi  =  aiBi  +  Ji  (1  -  jas^)  +  eBs,    «i  =  ai  (1  -  iBi^)  -  ^i^s  +  c  (1  -  }«3*), 

a?3  =  02^2  -  ^(1  -  iBi^)  +  cBz,     22  =  «2  (1  -  iB2^)  +  b2Bs  +  <?(!-  J^s*). 

Also  let  di  and  ek  be  the  distances  from  0  to  the  extremities  of  the  lever. 
Then,  neglecting  small  quantities  beyond  the  second  order,  we  readily  get 

2T=mi  {ai^Bi^  -f  2aicBiB2 + di^Bz^)  +  m2  {a^^k^  +  2a2fiB2k  +  d2^Bz^)  +  mikz^Bz*, 

where  mik?  is  the  moment  of  inertia  of  the  lever  round  the  point  0, 
Also,  if  th  weight  of  the  bar  e  be  neglected, 

2  r  =  migaiBi^  +  m2ga2B^  +  MgeB^, 
where  if  =  mi  +  «»2  +  ms. 
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Hence  the  differential  equations  for  small  oscillatory  motion  are 

ai'di  +  eOz  +  gO\  =  0,     0^62  +  cdz  +  gQ%  =  0, 

and  fwiai^i  +  mzajS^  +  Majdz  +  MgBz  =  0, 

where  mi(?i*  +  m^c^  +  mzk^  =  Ma^e. 

If  we  now  assume 

ei  =  asin  ^^^^  +  x),      «2  =  /38in(<^|+x),    e3  =  7sm  (<-J^  +  x), 

it  is  readily  seen  that  A.  is  a  root  of  the  cubic 

M{\  -  ai)  (a.  -  «2)  (a.  -  as)  -  a.  (miai  +  m2a2)  <?  +  (*wi  +  W2)  aia2C  -  0. 

It  should  he  noted  that  if  the  cords  are  equal  in  length,  ».  e.  a\  =  «2»  then  a\ 
is  a  root  of  this  cubic,  and  the  remaining  roots  are  given  by  the  quadratic 

M{\  -  ai)  (A  -  as)  -  (wi  +  fM2)  «ic  =  0. 

This  latter  furnishes  the  solution  of  the  small  motion  of  a  beam  and  scales, 
oscillating  in  a  vertical  plane  passing  through  the  beam.  [See  Canib,  Math. 
Journal,  vol.  ii.,  p.  120.] 

5«  The  balls  and  cords  in  the  preceding  example  are  replaced  by  two  bars 
which  hang  freely  from  the  ends  of  the  lever. 

Let  h  and  I2  be  the  distances  from  the  ends  of  the  arms  of  the  lever  to  the 
centres  of  inertia  of  the  bars  «i  and  ^2,  respectively ;  and  let  miki^  be  the 
moment  of  inertia  of  the  bar  ai  round  its  upper  extremity,  and  fn2^2^  the  corre- 
sponding quantity  for  02 ;  then  we  readily  find 

2r=  mi  (A;i2«i2  +  2;iceie3  +  ^1*63*)  +  m2  {k2^2'^  +  2fe<?a2^3  +  ^^^s*)  +  mzkz^0z\ 

and,  making  the  potential  energy  zero  in  the  position  of  equilibrium,  and 
neglecting  the  mass  of  e,  we  have 

2r=  tnighOi^  +  m^hBt^  +  MgeOz^, 

Proceeding  as  in  last  example,  and  putting 

we  get,  for  the  determination  of  A,  the  cubic 

if  (A  -  h\)  (a  -  A2)  (a.  -  as)  -  \6  (mih  +  m2?2)  +  c  {mihht  + 1112^^1)  =  0. 

As  in  the  last  example,  if  Ai  =  7i2y  then  Ai  is  one  value  of  A,  and  the  other 
roots  of  the  cubic  are  those  of  the  quadratic 

if  (a.  -  hi)  (a  -  as)  —  cimih  +  iW2?2)  =  0. 

6.  A  rigid  body,  having  a  fixed  point  and  in  stable  equilibrium  under  the 
action  of  a  conservative  system  of  forces,  is  slightly  disturbed. 

Let  the  axis,  a  rotation  round  which  would  bring  the  body  from  its  position 
of  equilibrium  to  its  actual  position  at  any  time  (Art.  249),  make  angles  with 
the  principal  axes  of  the  body  at  the  fixed  point  whose  direction  cosines  are 
h  m,  n.    Let  a  be  the  magnitude  of  the  required  rotation,  which  by  hypo- 
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thesis  is  a  small  quantity.  The  coordinates  of  each  point  of  the  hody  are 
then  at  any  time  mnctions  of  constants  and  of  the  variables,  or,  I,  m,  n,  or,  of 
the  three  independent  variahles  trl,  am,  (m,  which  may  be  denoted  by  $,  4>f  i|r. 

Hence,  as  0,  <f>,  ip  are  small,  and  the  initial  position  is  one  of  equilibrium 
(Art.  310), 

Again,  neglecting  small  quantities  of  the  second  order,  »i  =  ^,  »)  s  ^,  ws  =  ifr ; 
and  therefore  (Art.  263) 

neglecting  small  quantities  of  the  third  order. 
Hence  equations  (18)  become 

A'e  +  que  +  qi2<t>  +  qii^  =  0, 
B'i  +  qi20  +  qn4*  +  9^^  =  0, 

C^  +  quO  +  q23<t>  +  JS8+  =  0. 
Assuming 

•  =  A:asin(*VA  +  x),     0  =  A;/8  sin  (« Vx  +  x)»     ^^^^"^.(i  ^^  +  x)» 
we  haye,  for  the  determination  of  a,  fi,  y,  A,  the  equations 

A\a  =  qua  +  qufi  +  ^137, 

.  .     £\$  =  qua  +  5-22)8  +  qtzy, 

C\y  =  ^isa  +  ?2SJ8  +  ^337' 

If  ai,  azi  &c.  be  the  values  of  a,  &c.  corresponding  to  Xi  and  X2,  two  of 
the  roots  of  the  cubic  for  A,  it  is  easy  to  see  that 

(Ai  -  Aa)  {Aaiat  +  JBfiifii  +  Cyiyz)  =  0  ; 

hence  Aaiaz  +  ^iSijSa  +  C7172  =  0, 

and  therefore  also 

aa  (yiiai  +  qufii  +  J'i»7i)  +  ^^  {qu^i  +  ^32^1  +  ^2371) 

+  72  (^isai  +  qzzfii  +  qzayi)  =  0* 

Accordingly  the  lines  whose  direction  cosines  are  proportional  to  ai,  jSi,  71 ; 
82,  i32»  72 ;  as,  $3,  73  ;  are  conjugate  diameters  of  the  momental  ellipsoid,  and 
likewise  of  the  quadric  JEy  whose  equation  referred  to  the  principal  axes  of  the 
body  at  the  fixed  point  is 

qns^  +  fi'22y'  +  fi'38«'*  +  2qiiXf/  +  2qiiXZ  +  23^283^2  =  K. 

Since  the  initial  position  is  one  of  stable  equilibrium,  £  must  be  an  ellipsoid 
(Art.  316). 
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An  angular  displacement  0*1  from  the  position  of  equilibriimi  brings  the  body 
into  a  position  whose  potential  energy,   relative  to  the  initial  position,  is 

Jjr(  —  J  ,  ri  being  the  semi-diameter  of  E  round  which  the  rotation  <ri  i» 

effected.  Hence  all  small  angular  displacements,  which  are  proportional  to  the 
diameters  of  E  round  which  they  are  effected,  bring  the  body  into  positions  having 
the  same  potential  energy.  On  this  account  Sir  Robert  Ball  calb  E  the  ellipsoid 
of  equal  energy,  or,  the  potential  ellipsoid  corresponding  to  the  initial  position  of 
equilibrium.  The  results  arrived  at  may  be  stated  as  follows : — The  harmonic 
axes  of  a  rigid  body,  having  a  fixed  point  and  in  stable  equilibrium  under  the 
action  of  a  conservative  system  of  forces,  are  the  three  conjugate  diameters 
common  to  the  momental  and  the  potential  ellipsoids.  This  theorem  is  due  to 
Sir  Eobert  Ball. 

7.  If  gravity  be  the  only  force  acting 
on  the  body  in  the  last  example,  show  that 
the  potential  ellipsoid  becomes  a  circular 
cylinder,  and  determine  the  positions  of  the 
harmonic  axes. 

Let  0  be  the  fixed  point,  G  the  initial 
position  of  the  centre  of  inertia,  G'  its  posi- 
tion resulting  from  a  small  angular  displace- 
ment (T  of  the  body  round  the  line  OB  whose 
direction  cosines  are  /,  m,  n.  Draw  GF 
and  G'P  perpendicular  to  OE,  and  G'H 
perpendicular  to  OG.  Then  tr  =  L  GFG\ 
and  the  potential  energy  due  to  the  displace- 
ment isSJlg  ,  GH,  Putting  OG  =  a,  and 
LG0F=  Pf-WQ  have 


gb:= 


QQfz     FG^,a^     a 


2a 


=  -  c*  sin'  p. 
2a  2  '^ 


Again,  if  \,  yu,  v  be  the  direction  cosines  of  OG, 

<r  coBp  =  (T  {l\  +  m/i  +  ny)  =  e\  +  ^fi  +  ^v. 

Hence,  the  potential  energy  due  to  the  displacement  is 
imga  {a*  +  4>«  +  ip  -  (©A  +  4>iu  +  ^p)^}, 
and  the  qnadric  E  is  determined  by  the  equation 

x^-{-y^-\-z^-{?up+  fiy  +  vzf  =  K, 

which  represents  a  right  cylinder  having  OG  for  its  axis. 

This  can  also  be  easily  seen  directiy  as  follows  :— The  amount  of  energy  7^ 
required  to  turn  the  body  through  an  angle  <r  round  any  semi-diameter  r  of  ^  is, 

as  we  have  seen,  J  JT  -r-.    Now,  if  r  be  vertical,  T=  0,  and  therefore  r  =  «  . 

r* 

Also,  if  r  be  horizontal,  T  =  ^gh  (where  h  is  the  height  through  which  tho 
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centre  of  inertia  is  raised),  and  is  therefore  constant  if  <r  be  constant,  hence 
r  is  constant :  accordingly  the  corresponding  section  of  J&  is  a  circle. 

To  determine  the  harmonic  axes — One  is  the  vertical,  OQ,  the  other  two  are 
found  as  follows  : — Draw  the  diametral  plane  of  the  momental  ellipsoid  which 
is  conjugate  to  a  vertieal  line  through  the  fixed  point ;  it  will  meet  the  cylinder 
E  and  the  momental  ellipsoid  in  two  ellipses ;  the  pair  of  conjugate  diameters 
common  to  these  two  are  the  lines  required.  Also,  since  a  horizontal  section  of 
^  is  a  circle,  the  projections  on  any  horizontal  plane  of  the  two  non-Yertical 
harmonic  axes  are  lines  at  right  angles  to  each  other.  If  the  body  be  displaced 
without  initial  velocity  there  will  be  no  oscillation  round  the  vertical  axis ;  and 
if  the  periods  of  vibration  round  the  other  two  axes  be  different,  the  instanta- 
neous axis  of  rotation  will  either  oscillate  or  revolve  continuously  in  the  plane  of 
the  non-vertical  harmonic  axes.  If  after  displacement  an  initial  velocity  be 
imparted  to  the  body,  in  order  that  there  should  be  small  oscillations,  this  initial 
velocity^  of  rotation  must  be  round  an  axis  in  the  plane  of  the  two  non-vertical 
harmonic  axes. 

8.  If  the  system  of  forces  acting  on  the  body  be  constant  in  magnitude  and 
direction,  determine  the  values  of  $'11,  &c.  in  Example  6. 

Let  X,  T,  Z  be  the  components  of  the  constant  force  acting  at  any  point  of 
the  body  parallel  to  the  initial  direction  of  its  principal  axes,  and  let  x,  y^  zhe 
the  coordinates  of  the  point  of  application  referred  to  space  axes  coinciding  with 
these  initial  directions,  its  coordinates  referred  to  the  principal  axes  themselves 
being  |,  j),  (.  Then,  if  Gg,  Oy^  0%  be  the  moments  of  the  forces  round  the 
space  axes,  neglecting  small  quantities  of  the  second  order,  we  have 

fi^.  =  2  {(yZ-  zTf^-Z  {(-n  -  Ctf  +  i^)Z-  (f  -  l<p  +  i7d)  T) 

=  2  (17Z-  fF)  -  67,  (i»r+  (Z)  +  ^2|r+  Tf^2|Z 

=  <r  {-  niiiT^-  (Z)  +  m2^T-\-nXiZ}, 

«ince  2(ijZ-fr)  =  0. 

The  work  done  by  the  forces  in  turning  the  body  through  d<r  is 

{IG9  +  mOy  +  nGz)  d<r. 

If  we  substitute  for  Gx  its  value  given  above,  and  make  similar  substitutions  for 
Oy  and  G^  we  obtain,  by  integration,  the  terms  of  the  second  order  in — F.  Hence 
we  have 

qn  =  2{vT+  fZ),     2qi2  =  -  2  (|r+  ijZ),  &c. 

9.  If  a  system  whose  position  is  determined  by  three  independent  variables 
perform  small  oscillations,  prove  that  the  hanuonic  axes  are  the  three  conjugate 
diameters  common  to  the  quadrics  whose  equations  are  ^=  constant,  @  =  con- 
stant (Art.  313). 
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CHAPTEE    XIV. 

THERMODYNAMICS. 

321.  MeehanicalCIqiiiiraleiitof  Heat. — The  experiments 
of  Joule  and  others  have  shown  that  whenever  sensible  kinetic 
energy  disappears  without  a  corresponding  increase  of  poten- 
tial energy,  an  amount  of  heat  is  produced  proportional  to  the 
quantity  of  sensible  kinetic  energy  which  has  disappeared. 

A  similar  result  takes  place  in  all  cases  in  which  work  is 
expended  without  producing  a  corresponding  increase  of 
energy ;  and,  conversely,  a  definite  amount  of  heat  can  be 
transformed  into  a  definite  amount  of  work. 

The  number  of  units  of  work  which  the  unit  of  heat  can 
perform  is  called  the  mechanical  equivalent  of  heat  ^  and  maybe 
designated  by  the  letter  J.  If  the  quantity  of  heat  required 
to  raise  the  temperature  of  the  unit  mass  of  water  from 
0°  to  1°  Centigrade  be  taken  as  the  unit  of  heaty  and  the 
amount  of  work  expended  in  lifting  the  imit  mass  through 
a  height  of  one  metre  as  the  unit  of  work,  the  value  of  J  is 
found  to  he  424.  In  English  units,  i,  e.  if  a  foot  be  taken  as 
the  imit  of  length,  and  temperature  be  estimated  by  Fahren- 
heit's thermometric  scale,  the  value  of  J  is  772. 

If  Q  be  the  number  of  units  of  heat  imparted  to  a  body ; 
Uita  total  energy,  kinetic  and  potential;  JFthe  work  done 
by  the  body  against  external  forces;  and  AQ,  &c.  the  in- 
crements of  these  quantities  at  any  time  reckoned  from  the 
same  instant,  the  experiments  of  Joule,  already  mentioned, 
conduct  to  the  equation 

JAQ^^U+^W.  (1) 

If  we  desire  to  give  this  equation  a  purely  theoretical 
basis,  we  have  only  to  assume  that  heat  is  energy  resulting 
from  molecular  motion,  and  that  the  principle  of  the  con- 
servation of  energy  holds  good. 
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If  we  seek  to  determine  J  from  Equation  (1)  by  measur- 
ing the  amount  of  AQ,  &o.  in  any  particular  case^  we  are  met 
by  the  diflSiculty  that  the  value  of  A  Z7  is  in  general  unknown. 
This  difficulty  can  be  got  over  by  bringing  back  the  body 
which  is  being  experimented  on  to  its  initial  condition  :  A  U 
is  then  zero,  and  we  have     JaQ  =  A  IF". 

When  J  is  known,  heat  can  be  expressed  in  work  units ; 
and  if  this  mode  of  expressing  Q  be  adopted,  (1)  takes  the 
simpler  form 

AQ  =  AZ7'+AJr.  (2) 

322.  Equation  of  Energy.  —  The  equation  of  the 
preceding  Article  is  one  of  the  two  fundamental  equations 
of  Thermodynamics,  and  may  be  called  the  Equation  of 
Energy. 

In  the  application  of  this  equation  the  substance  under 
oonsideration  is  in  general  supposed  to  pass  continuously 
from  one  state  to  another,  in  consequence  of  changes  in  its 
temperature  and  in  the  pressure  which  the  unit  area  of  its 
surface  exerts  against  the  surrounding  medium,  this  pressure 
being  supposed  the  same  at  all  points  of  the  surface. 

In  Thermodynamics  we  are  not  usually  concerned  with 
the  kinetic  energy  of  sensible  motion.  In  fact,  the  apparent 
effect  of  heat  on  a  substance  is  either  to  raise  its  temperature, 
or  to  change  its  condition,  or  to  cause  it  to  do  external  work. 
Hence  the  body  is,  in  general,  supposed  to  be  at  rest  in  the 
ordinary  sense,  and  its  kinetic  energy  is  exhibited  in  the 
form  not  of  sensible  motion,  but  of  those  molecular  motions 
on  which  temperature  depends.  This  being  understood,  we 
see  that  the  total  energy  of  a  unit  mass  of  the  substance  at 
any  time  is  a  function  of  two  independent  variables — the 
temperature  t,  and  the  pressure  p. 

As  the  volume  v  of  the  imit  of  mass  depends  on  p  and  t, 
we  may  take  as  independent  variables  any  two  of  the  three 
quantities  ^,  Py  and  v. 

If  the  work  done  by  the  body  against  external  forces  be, 
as  is  usually  the  case,  the  work  which  it  does  in  consequence 
of  its  expansion  against  the  pressure  on  its  surface,  and  if 
we  consider  merely  the  unit  of  masSy  it  is  easily  seen  that 
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dW  =  pdvj  and  hence  we  have  from  (1)  the  equation 

JdQ  =^^T  dt  +  -j-dv  +  pdv.  (3) 

at  av 

323.  Specific  Heat. — The  number  of  units  of  heat 
which  must  be  imparted  to  the  unit  of  mass  of  a  homogeneous 
substance  to  raise  its  temperature  one  degree  is  called  its 

specific  heat^  and  is  equal  to  the  limit  of  — -. 

The  specific  heat  in  general  depends  on  the  external  work 
accomplished  by  the  body,  and  is  indeterminate  unless  the 
relation  between  the  variations  of  the  independent  variables 
be  assigned.  If,  however,  the  temperature  of  the  body  be 
raised  either  under  the  condition  that  its  volume  remains 
constant,  or  under  the  condition  that  the  pressure  on  its 
surface  remains  constant,  the  specific  heat  is  a  definite  func- 
tion of  the  variables  on  which  the  state  of  the  body  depends. 

The  specific  heat  at  constant  volume  may  be  designated 
by  Cr,  and  that  at  constant  pressure  by  Cp.  We  have  then, 
from  (3), 

where  f-r—)  indicates  the  differential  coeflScient  of  [7  with 

respect  to  t  under  the  hypothesis  that  v  is  constant,  and 

(  —  I  has  a  similar  signification  in  reference  to  jt?,  and  where 

in  the  equation  for  Cp  we  regard  «?  as  a  function  oip  and  t. 

For  practical  purposes,  when  great  accuracy  is  not  re- 
quired, no  distinction  is  made  in  the  case  of  solid  and  liquid 
bodies  between  the  two  specific  heats,  and  the  specific  heat 
for  each  body  is  assumed  to  be  an  absolute  constant. 
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Examples. 

1.  A  raindrop  falls  to  the  ground  from  a  height  of  1272  metres;  determine 
by  how  much  its  temperature  is  raised,  assuming  that  it  imparts  no  heat  to  the 
air  or  to  the  groimd.  Ans,  S^'C. 

2.  Find  how  much  heat  is  disengaged  if  a  bullet  weighing  60  grammes  and 
having  a  Telocity  of  60  metres  per  second  strikes  a  target,  assuming  ^  to  be 
9*8  metres  per  second. 

Ana.  An  amount  of  heat  sufficient  to  raise  one  gramme  of  water  through 
16°C. 

3.  Supposing  the  Earth  to  have  been  originally  a  nebulous  mass  dissipated 
through  space  ;  find  the  heat  produced  by  its  condensation. 

If  ^be  the  kinetic  energy  generated  by  the  coming  together  of  the  nebulous 

mass,  we  have,  by  Ex.  12,  Art.  138,  ^=  -  ^ — .      The  equivalent  amount  of 

^  .      .        -     .1  ..      ^     9/     3  uf»  wr      ^  mar      __  i   ^..   ^ 

heat  Q  is  given  by  the  equation  (2=^  =  -^^-—=-  -^.     Now,  substitut- 

ing  for  r  its  value  in  metres  — ^ ^ — ,  and  424  for  /,  we  obtain  Q  =  9000m^, 

IT 

approximately.  Hence  the  quantity  of  heat  generated  by  the  condensation  of 
the  Earth  is  90  times  the  amount  required  to  raise  an  equal  mass  of  water  from 
0'  to  100°C. 

4.  Find  the  amount  of  heat  generated  by  the  condensation  of  the  sun. 

Let  Q'  be  the  amount  of  heat  required,  then  M  and  R  being  the  mass  and 

radius  of  the  sun,  we  have,  from  Ex.  3,  77-  =  — r- .  —  =  — .  —.  — .     Now,  —  = 

i4       m*    IC     m    H  tn  m 

324000,  and  —  =  108,  approximately.      Hence  —=3000 — ,  nearly.      Again, 

9000  X  3000  =  27000000,  consequently  the  heat  generated  by  the  condensation 
of  the  sum  is  270,000  times  the  amount  required  to  raise  the  temperature  of 
an  equal  mass  of  water  from  0°  to  100*^0. 

5.  If  the  sum  be  contracting  in  consequence  of  its  own  attraction ;  determine 
the  annual  contraction  which  is  required  to  maintain  its  temperature  constant. 

As  in  Ex.  3,  we  have  QR  =  t  ^— f-,  and  therefore  -77  +  -5-  =  0. 

By  observing  the  quantity  of  heat  received  from  the  sun  in  a  given  time  by 
a  given  area  on  the  surface  of  the  Earth,  it  is  easy  to  determine  the  whole 
amount  of  heat  emitted  by  the  sun  in  one  year.  From  this,  and  the  mass  of 
the  sun,  we  can  ascertain  that  the  temperature  of  an  equal  mass  of  water  would 
be  lowered  a  little  more  than  2*  by  losing  this  amount  of  heat.     Consequently, 

IT  ~  ToTwwwwiiA'  approximately,  and  therefore  to  maintain  its  present  tempera- 
^        loOOOOOu 

ture  the  sun  should  contract  each  year  by  an  amount  sufficient  to  <1iiniTiiRb  its 

diameter  by  .^^^^^^^  of  its  length. 
^  13000000  * 
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324.  Perfect  Oas. — In  the  oase  of  a  perfect  gas  the 
volume  t?  of  the  unit  of  mass  is  connected  with  the  pressure  p 
and  the  temperature  t  hj  an  equation  of  the  form 

^  =  VoPo  (1  +  a^),  (5) 

where  Vo  is  the  volume  corresponding  to  the  pressure  po  and 
the  temperature  zero,  and  a  is  a  constant  which  is  the  same 
for  all  gases,  its  value  being  ^rj  when  temperatures  are 
counted  on  the  Centigrade  thermometer.  If  the  zero  of 
temperature  be  taken  at  -  273°  0.,  and  temperature  reckoned 
from  this  origin  be  denoted  by  T,  we  have,  putting  E  for 

aVoPoy 

vp  =  ET.  (6) 

The  experiments  of  Joule  and  Thomson  have  shown  that 
if  the  volume  of  a  gas  vary  without  any  heat  being  imparted 
or  abstracted,  the  temperature  remains  constant,  provided  no 
external  work  is  done.  If  now  in  (2)  we  make  AQ  =  0  and 
AJF=0,  we  have  AZ7'=0;  hence  it  appears,  that  if  the 
temperature  of  a  gas  remains  invariable  so  likewise  does  the 
internal  energy,  which  is  therefore  a  function  of  the  tempe- 
rature alone.    In  this  case,  by  (4)  and  (6),  we  have 

JCp  =  JC,  +i>(§)  =  JO^  +  R'  (7) 

The  experiments  of  Begnault  have  shown  that  the  specific 
heat  of  a  gas  at  constant  pressure  is  independent  of  the  pres- 
sure, being  a  constant  for  each  gas.  From  this  it  follows 
by  (7)  that  the  specific  heat  at  constant  volume  is  likewise  a 
constant.  In  the  case  of  a  perfect  gas  equation  (3)  accord- 
ingly becomes 

JdQ  «  JC^dT -^  pdv.  (8) 

If  Q  be  the  heat  imparted  to  the  unit  mass,  and  c^  the 
specific  heat  at  constant  volume,  expressed  in  work  units,  (8) 
may  be  written 

dQ  =  Ct,dT  +  pdv.  (9) 

Again  it  is  plain  that 

dU  =  c^dTy  (10) 

2  I 
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and,  if  Cp  be  the  speoifio  heat  at  constant  piefisoie  expressed 
in  work  units,  that 

<>  =  Ci,  +  jB,  (11) 


EXAXPLEB. 

1.  Galcolate  the  diffsrenoe  betveen  the  two  spedfie  heats  of  air,  bemg  given 
that  a  cubic  metre  of  air  at  a  temperature  of  0°  G.  and  under  a  preasure  of 
760  mm.  of  mercury,  whose  density  is  13*6,  weighs  1*2932  kilogrammes. 

Ant.  0-069. 

2.  For  any  gas  wliose  density  referred  to  air  is  if,  show  that 

0069 


cv=  c;  + 


d 


3.  Determine  the  quantity  of  heat  which  must  be  imparted  to  a  gas  to  enable 
it  to  expand  at  a  constant  pressure  pi  from  the  volume  ci  to  the  vdlune  v%. 

Cm 

Am.  (2  =  — i»i(r»  -  ri). 

4.  If  7  be  the  absolute  temperature  of  a  gas,  and  ff*  the  portion  of  the 
energy  of  its  unit  mass  which  is  due  to  the  velocities  of  translation  of  its  mole- 
cules, show  that  S^  =  iRT. 

Since  jw  »  iff*  (Ex.  18,  Art.  288),  this  result  follows  from  (6)  Art.  324. 

5.  Determine  the  mean  velocity  of  translation  of  a  molecule  of  air  which  is 
at  a  temperatore  of  0"  G. 

Here  T  is  273,  and  the  mean  velocity  required  is  485  metres  per  second, 
nearly. 

6.  Show  that  the  mean  velocities  of  translation  of  the  molecnles  of  diiSerent 
gases  when  at  the  same  tempentore  are  inversely  proportional  to  the  square 
roots  of  the  densitieB  of  the  gases. 


7.  I)etenmMt]iflid«tumbetweat]ietol>lkiiietieenei^^afag^ 

that  porti<m  ^of  the  kinetic  cneigy  which  is  due  to  the  velocities  of  tzanslatian 
of  itB  molecnles. 

The  total  energy  17*  of  a  unit  mass  of  a  gas  is  composed  of  the  kinetic  energy 

ff<f  and  of  the  potential  energy  F,  which  again  is  the  sum  of  two  parts,  V\ 
lesulting  from  die  mutual  action  of  the  molecules,  and  Fi  depending  on  the 
constLtntion  of  the  individual  molecules.  V\  may  be  considered  constant  so 
long  as  the  chemical  constitution  of  the  gas  remains  unchanged,  and  V\  may  be 
assumed  to  be  zero,  since  IT'is  a  function  of  the  temperature  alone,  and  Fi,  if  it 
existed,  would  depend  on  the  mutual  distances  of  the  molecules,  and  therefore 
on  the  volume.    Henoe  (7=  ^+  Fs. 

dU  nr 

Again,  —«J^= constant,  whence  17=  TCT+C,  or  y+ Fi=/Cir+ C 

Let  y  =  ^^,  then  9^  jiU^r,  and  f/Uir+  F,  =  JC^T-K^  C.    Hence,  as 

Fa  is  constant,  ^  must  beof  the  lonn  7+^,  where  7  and  y  are  constants;  and 
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^must  be  the  snm  of  two  parts — one  proportional  to  the  temperature,  the  other 
constant.  The  existence  of  the  latter  part  seems  in  the  highest  degree  improb- 
able ;  we  may,  therefore,  conclude  that  fi  is  constant.    To  determine  its  yalue 

1  C 

we  have  i$E  =  /CV,  whence  $  =  i  t — rby  (7),  where  k=  -^ .    Now  k  is  found 

At  —  1  Cfft 

to  be  almost  the  same  for  all  gases,  and  to  be  equal  to  1*408  ;   hence  0  is 

approximately  the  same  for  all  gases,  and  is  equal  to  1*634. 

8.  Two  masses  of  different  gases  have  equal  volumes  at  the  same  pressure 
and  temperature ;  show  that  for  all  equal  temperatures  they  have  equal  kinetic 
energies. 

325.  ReYersiblllty  and  Cyclical  Processes. — When 
a  body  experiences  transfonnations  such  that  the  inverse 
changes  can  take  place  in  precisely  the  same  circumstances, 
the  transformation  is  said  to  be  reversible.  In  order  that  this 
should  be  the  case,  any  source  from  which  the  body  derives 
heat,  or  to  which  the  body  imparts  heat,  must,  at  the  time  at 
which  the  heat  is  transferred,  be  of  the  same  temperature  as 
the  body ;  and  also  the  external  pressure  on  the  body  at  any 
time  must  be  equal  to  the  pressure  corresponding  to  the  state 
of  the  body  at  the  time. 

A  cyclical  process  is  a  transformation  at  the  end  of  which 
the  body  returns  to  the  same  state  as  that  in  which  it  was  at 
the  beginning. 

326.  Indicator  Diagram. — The  state  of  a  body  is,  as 
we  have  seen,  a  function  of  two  independent  variables.  If 
those  selected  be  the  volume  of  the  unit  of  mass  and  the 
pressure  on  the  unit  of  area,  the  state  of  the  body  at  any 
time  is  indicated  by  the  position  of  a  point  whose  coordi- 
nates referred  to  two  rectangular  axes  are  proportional  to 
the  volimie  and  pressure. 

In  the  case  of  a  body  undergoing  a  transformation  accord- 
ing to  a  fixed  law,  the  set  of  points  indicating  its  successive 
states  form  a  curve.  In  a  reversible  transformation,  if  no 
heat  be  lost  or  gained  by  the  body  during  the  transformation, 
this  curve  is  called  an  adtabatic  or  isentropic  curve.  If  the 
temperature  remain  constant  the  curve  is  called  isothermaL 
The  area  comprised  between  the  curve,  its  extreme  ordinates, 
and  the  axis  of  abscissas,  represents  the  work  done  by  the 
body  during  the  transformation. 

2  12 
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327.  Isothermaii   and  Adiabatlcs  for   a  Perfect 

Oas. — ^In  the  case  of  a  perfect  gas  the  isothermal  curve  is 
determiDed  by  the  equation 

pv  =  RTi,  (12) 

where  Ti  is  the  constant  temperature.    The  isothermal  for  a 
perfect  gas  is  therefore  an  equilateral  hyperbola.  * 

Since  the  temperature  remains  constant  the  heat  required 
to  effect  the  transformation  is  given  by  making  dT=  0  in  (8), 
that  is  by  the  equation 

JQ  =  ^pdv  ^RtS^^-^^  BZ  log  ^^'\        (13) 

When  a  body  undergoes  an  adiabatic  transformation, 
dQ  =  0,  and  therefore  in  this  case  (8)  becomes 

JC^dT  ■\- pdv  =  0.  (14) 

If  we  substitute  in  this  the  values  of  dT  and  B  derived  from 
(6)  and  (7),  and  put  Cp  =  kCvy  we  get 

kpdv  +  vdp  =  0,    that  is    A;  —  +  —  =  0. 

V      p 

Integrating  we  have 

pv^  =  ;?it?i*,  (15) 

where  pi  and  Vi  are  the  initial  pressure  and  volume. 

The  temperature  T  at  any  stage  of  an  adiabatic  trans- 
formation is  given  by  the  equation 


Examples. 

1.  In  an  adiabatic  transfoimation  deteimine  the  equation  connecting  the 
initial  and  final  pressures  of  a  gas  with  its  initial  and  final  volumes. 


Pi      \*»/ 
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2.  Determine  the  external  work  done  by  a  gas  in  an  isothermal  transforma- 
tion. 

In  this  case  W=JQ=  RTi  log  -  =pivi  log  -. 

3.  Prove  that  the  external  work  done  by  the  unit  mass  of  a  gas  in  an  adiabatic 
transformation  is  JCv{Ti  -  T2),  where  T\  and  T2  are  the  initial  and  final  tem- 
peratures. 

4.  If  the  decrease  in  the  temperature  of  the  air  as  its  height  above  the 
surface  of  the  earth  increases  were  due  merely  to  the  fall  of  temperature  result- 
ing from  the  expansion  caused  by  diminution  of  pressure,  show  that  A  7,  the 
excess  of  the  temperature  at  the  earth's  surface  above  the  temperature  at  any 
height  z,  would  be  given  by  the  equation 

_     *  -  1  273« 

where  ho  is  the  height  of  a  homogeneous  atmosphere  at  0°  C. 

If  j9  be  the  pressure,  and  p  the  density  of  the  air  at  the  height  z,  we  have, 

1        p 
from  the  fundamental  equation  of  hydrostatics,  dp  =  —  ffpdz;  but  p  =  -  s  -^-^ 

and  since  the  expansion  is  adiabatic,  —  =   —7 .      Eliminating  dp^  we 

Ic  —  \  g 
have  rfT= r~ "»  ^*^»  iKim,  this,  since  gh^  =PoVo,  we  obtain  the  equation 

given  above. 

328.  Fandamental  Principles  of  Tiiermodyna- 
mics. — The  science  of  Thermodynamics  is  founded  on  two 
fundamental  Principles.  Of  these,  the  first  finds  its  mathe- 
matical expression  in  Equation  (1),  and  involves  two  state- 
ments, viz.  that  In  evert/  natural  process  the  total  energy  is 
invariable;  and  that  Heat  is  a  form  of  energy  y  a  definite  amount 
of  heat  being  equivalent  to  a  definite  amount  of  work. 

The  second  fundamental  Principle  was  first  stated  by 
Clausius,  as  follows : — It  is  impossible  for  a  machine,  unaided 
by  external  energy,  to  convey  heat  from  one  body  to  another  at  a 
higher  temperature. 

By  Thomson  the  same  Principle  is  stated  somewhat  difEe- 
rently  in  the  following  manner : — It  is  impossible  by  means  of 
inanimate  material  agency  to  derive  mechanical  effect  from  any 
portion  of  matter  by  cooling  it  behw  the  temperature  of  the 
coldest  of  the  surrounding  objects ;  and  by  Clerk  Maxwell  in 
another  form,  thus  : — It  is  impossible,  by  the  unaided  action  of 
natural  processes,  to  transform  any  part  of  the  heat  of  a  body 


488 


Thermodynamics. 


Henoe,  whateyer  be  the  body  employed,  we  obtain   the 
equation 

%  -  %         ('») 

331.  Extension  of  Carnot's  Cycle. — If  heat  imparted 
to  a  body  be  regarded  as  positive,  and  heat  given  out  by  the 
body  as  negative,  (19)  may  be  written 


(20) 


If  we  now  suppose  a  reversible  cyclical  process  represented 
by  any  number  of  isothermals  and  adiabatics,  each  isothermal 
being  followed  by  an  adiabatic,  and  if  Q  be  the  number  of 
units  of  heat  imparted  to  the  body  at  the  temperature  T, 

Q 

we  have  the  equation  S  -^^^  =  0. 

In  order  to  prove  this,  let  us  first 
suppose  a  cycle  in  which  there  are  three 
isothermals,  AiBiy  BtPiy  and  -^sCs,  cor- 
responding to  the  temperatures  2^1,  T^y 
and  Ts.  I^roduce  the  adiabatic  J9iJ?2  to 
^3,  then  Qs  =  ^3  +  <lU  where  q^  corresponds 
to  B^A^y  and  qi  to  CzBz. 

Now  by  (20), 

from  which,  by  addition,  we  have 

This  result  «may  be  extended  in  a  similar  manner  to  a  cycle 
containing  four  isothermals,  and  so  on.    Hence,  in  geneiul. 


4-0. 


(21) 
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Again  (21)  holds  good  for  every  reversible  cyolioal  process, 
whatever  be  the  nature  of  the  curves  by  which  it  is  repre- 
sented. 

This  appears  from  the  consideration  that  two  infinitely 
near  points  A  and  B  on  any  curve  can  be  connected  by  the 
element  of  an  isothermal  followed  by  that  of  an  adiabatic,  and 
that  the  area  boimded  by  these  elements,  the  ordinates  of  A 
and  By  and  the  axis  of  abscissas,  differs  only  by  an  infinitely 
small  quantity  of  the  second  order  from  the  area  of  which  the 
arc  AB  is  the  boundary. 

For  every  reversible  cyclical  process,  however  effected,  we 
have,  then,  the  equation 

^^,  =  0.  (22) 


I' 


332.  Entropy. — If  a  body  pass  from  any  one  state  to 
any  other,  we  may  suppose  the  change  of  state  effected  by 
means  of  a  reversible  transformation ;  and,  whatever  this  pro- 

CrlCh 

cess  be,  -^  between  the  limits  corresponding  to  the  two  states 

must  have  the  same  value,  since  the  cycle  may  be  completed 

by  a  definite  invariable  transformation.     Hence    -=-  depends 

only  on  the  state  of  the  body,  and  is  independent  of  the  mode 
(supposed  reversible)  by  which  the  body  is  brought  into  this 
state. 

If  we  put   -pp  =  f^y  the  quantity  0  is  called  by  Clausius 

the  Entropy  of  the  body. 

The  second  fundamental  Principle  of  Thermodynamics 

leads  therefore  to  the  result,  that  the  entropy  0  is  a  function 

of  the  two  independent  variables  on  which  the  state  of  the 

body  depends,  and  therefore  that  in  all  reversible  trans/or- 
jf\ 

mations  —  is  a  perfect  differential  dtp,  or  that 

dQ  =  Td4>.  (23) 

In  theoretical  applications  of  the  equation  of  entropy, 
Q  and  0  are  supposed  to  be  expressed  in  mechanical  units. 
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333.  Energy  and  Entropy. — ^For  every  reyerable 
tranfifonnation  in  which  the  external  work  done  by  the  body 
is  due  to  its  own  expansion  we  have,  if  Q  be  expressed  in 
work  nnitSy  the  two  equations 

dQ  =  dU  +  pdv\ 

(24) 
dQ  =  Tdi^         ) 

The  energy  U  and  the  entropy  0  are  functions  of  the 
independent  variables  on  which  the  state  of  the  body  depends, 
and  {^27  and  di^  are  therefore  perfect  differentials  ;  Q  depends 
not  merely  on  the  state  of  the  body  but  also  on  the  mode 
in  which  it  has  been  brought  into  that  state  ;  hence  dQ 
is  not  a  perfect  differential.    The  limits  of  the  quantities 

— — ,  -— ,  &c.  are  expressible  in  terms  of  the  independent 

variables  and  the  differential  coefficients  of  TJ  and  v.    Thev 
are  therefore  functions  of  the  two  independent  variables  which 
determine  the  state  of  the  body,  but  are  not  differential  coeffi- 
cients.   They  may  be  written  -^,  &c. 
Again  from  equations  (24),  we  have 

dU  =  Tdtp  -  pdv.  (26) 

In  this  equation  if  we  select  successively  as  independent 
variables  0,  t? ;  0,  /? ;  T^p;  T,  t? ;  and  t?,  p ;  and  express  in 
each  case  the  condition  that  a?  P"  should  be  a  perfect  diffe- 
rential, we  obtain  a  system  of  equations  which  hold  good  in 
any  reversible  transformation  in  which  the  external  work 
done  by  a  body  is  due  to  its  expansion  against  the  pressure 
on  its  surface,  and  which  are  as  follows  : — 
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Briot  remarks  that  from  the  first  of  these  equations  the 
three  succeeding  can  be  obtained  by  interchanging  p  and  Vy 
or  T  and  0,  the  sign  of  the  right-hand  member  of  the  equa- 
tion being  altered  after  each  interchange. 

334.  Elasticity  and  CSxpansioii. — The  elasticity  of  a 
substance  may  be  defined  as  the  limit  of  the  ratio  of  an  in- 
crease of  pressure  to  the  compression  which  it  produces,  the 
compression  being  the  ratio  of  the  diminution  of  volume  to 
the  original  volume. 

The  state  of  a  substance  being  determined  by  two  inde- 
pendent variables,  except  some  connexion  between  their  va- 
riations be  assigned,  the  elasticity  is  indeterminate.  The  two 
elasticities  usually  considered  are  the  elasticity  at  constant 
temperature  jEy,  and  the  elasticity  at  constant  entropy  E^. 
The  former  obviously  belongs  to  an  isothermal,  and  the  latter 
to  an  adiabatic,  transformation. 

From  the  definitions  of  Et  and  E^  we  have 


dv 


^.-,m.    m 


When  a  body  is  heated  it  usually  expands.  The  expan* 
sion  is  the  ratio  of  the  increase  of  volume  to  the  original 
volume,  and  the  expansibility  is  the  limit  of  the  ratio  of  the 
expansion  to  the  increase  of  temperature,  the  pressure  re- 
maining constant.    If  e  denote  the  expansibility,  we  have 


Ifdv 
e  = 


If  the  expansion  of  a  body  take  place  without  change  of 
temperature,  the  limit  of  the  ratio  of  the  heat  required  for 
the  expansion  to  the  increase  of  volume  is  called  the  latent 
heat  of  expansion^  and  may  be  denoted  by  /;  hence 

The  expansibility  of  a  substance  is  called  by  some  writers 
its  coefficient  of  dilatation. 
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Examples. 
1 .  The  Yolume  and  pressure  of  a  gas  being  given,  detennine  its  entropy. 

Ans.  4>  -  Ao  =  / 1 C;  log  —  +  (7,  log  —  }. 


2.  Show  that 


The  first  two  of  these  equations  follow  at  once  from  (23).    To  proye  the  last, 
we  have  from  the  two  former, 

and  by  (26), 

Again,  dp  =  ( -- j   dT-\-  l-£  J    <^,  from  which,  by  making  <^  =  0,  we  get 

(dv\ 
—  j  ,  and  substituting  in  the  expression  for  J(Cp  —  C)  already  given,  we 

obtain  the  result  required. 
3.  Prove  that    ^^?^, 

/^\         /^\    /^\ 

^'=-  m   .    In  like  manner  kL=_(*)    ; 
\*/.  \dv), 

hence  ^' =  4±Zl  =  "^  (Art.  334). 


and  therefore 


U/ 


T 
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4.  Prove  that  dQ  =  CpdT-  evTdp. 

but  by  (26)  we  have  (^)    =  —  (  jm)  >  *^d  hence  by  substitution  we  obtain 
from  (28)  the  required  result. 

5.  Assuming  that  the  square  of  the  velocity  of  the  propagation  of  sound  is 
proportional  to  the  elasticity  of  the  medium  divided  by  its  density,  show  that  in 

a  gas  the  velocity  of  sound  varies  as  ^kRT, 

Since  the  compression  of  the  air  during  the  passage  of  a  wave  of  sound  is 
very  sudden,  the  compression  may  be  regarded  as  adiabatic.    Hence  the  velocity 

of  sound  varies  as  ^^E^v,  but  E^  =  hB^  (Ex.  3),  and  B  ji=p,  therefore,  &c. 

By  means  of  the  results  obtained  in  this  Example  and  in  Ex.  1,  Art.  324, 
if  the  velocity  of  sound  be  determined  by  experiment,  Cp  and  Cv  can  be  calculated^ 
Conversely,  if  Cp  be  known  by  experiment,  C«  can  be  found  from  the  velocity 
of  sound,  and  hence  the  value  of  /  can  be  determined. 

6.  Show  that  bodies  which  expand  by  heating  are  heated  by  compression ; 
those  which  contract  by  heating  are  cooled  by  compression ;  and,  if  the  tempera- 
ture be  maintained  constant,  determine  the  rate  at  which  heat  is  given  out  or 
absorbed  according  as  the  pressure  is  increased. 

If  Q  be  the  heat  required  to  keep  the  temperature  constant,  the  rate  of  ab- 
sorption is  (  --  ]    ;  but 
\Bp/T 

Hence  8Q  is  negative  if  «  be  positive,  and  conversely. 

7.  Prove  that  in  water  not  far  from  its  maximum  density  the  rise  of  tem- 
perature produced  by  an  increase  of  pressure  is  given  approximately  by  the 
formula, 

(,^273)(.^4) 

2960000  ^' 

where  t  is  expressed  in  degrees  centigrade,  and  p  in  atmospheres. 

If  vo  be  the  volume  of  the  unit  mass  of  water  at  4"*,  when  the  density  is  a 

1  +  , .  .^^^  )  represents,  according 
144000/ 

to  Kopp  and  Tait,  the  results  of  numerous  experiments.     From  this  formula  we 
have  approximately  e  =  ^-^^. 

Hence,  assuming  the  pressure  of  the  atmosphere  to  be  1033  grammes  on  thfr 
square  centimetre,  we  obtain  the  required  result. 

8.  If  the  internal  energy  of  a  body  be  a  function  of  its  temperature  alone 
determine  the  relation  which  must  exist  between  v,  p,  and  T. 
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In  this  case  (25)  becomes  Td<l>  =  —  dT  +  pdv,  whence 

^       dU  dT     p , 
^     dT    T      T 

The  left-hand  side  of  this  equation  is  a  perfect  differential,  and  therefore 
p  =  Tf{^\  which  is  the  relation  required. 

9.  If  a  body  be  such  that  its  energy  increases  uniformly  with  the  tempe- 
rature when  &e  volume  is  constant,  and  uniformly  with  the  volume  when  the 
temperature  is  constant,  and  that  its  specific  heat  at  constant  pressure  is  con- 
stant, determine  the  equation  connecting  volume,  pressure,  and  temperature. 

Here  we  must  have  dXJ^  adT-\-  bdv,  where  a  and  b  are  constants.  Hence 
from  (25)  we  get  Td<p  «  odT  +  (*  -f  i?)  dv,  whence  *  +  jp  =  Tf{v),  If  by  means 
of  this  last  equation  we  express  dv  in  terms  of  dp  and  dT,  we  have 

dQ^{a-  ^)  dT+^dp.     Now  ep  =  (g)^, 

and  therefore,  if  n  be  the  constant  value  of  Cp,  we  obtain  a  -  ^  =  «.    From  this 

df 
we  have  {a-n)^  =  dv,  and  integrating  we  get  (r  +  C)  /=  («  -  a),  where  C 

is  the  constant  of  integration.    Hence  we  have  as  the  required  relation 

(h+p){v+C)^{n^a)T 

10.  If  the  specific  heats  of  a  body  at  constant  pressure  and  at  constant 
volume  be  each  constant,  show  that  the  energy  is  a  linear  function  of  the  volume 
and  absolute  temperature. 

Let  Cc  =  m,    ep  =  »,  then  f  —  j    =  m,  and  therefore   CT  =  mT  +  f  (v). 

Again,  from  (25)  we  have 

Td<f>  =  tndT  +{f+p)  dv,     whence   f'  +  p=  TF(v).  (b) 

If  we  differentiate  this  equation,  and  eliminate  from  the  equation  so  obtained 

and  equations  (a)  and  (b)  the  two  quantities  p  and  [ — ]  ,  we  get 

\dTj  p 

(«  -  m)f"  =  r{  J»  +  («  -  m)  J"} . 

This  equation  cannot  be  true  for  all  values  of  the  independent  variables 
T  and  v  except  each  side  vanish  separately,  hence  we  have  /"  =  0,  and 
therefore /(t>)  =  C\v  +  d.    Consequently  U ^  mT ^  dv  +  C^, 
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11.  If  the  specific  heat  of  a  body  at  constant  Tolume  be  constant,  and  the 
expansibility  at  any  temperature  be  the  inverse  of  the  absolute  temperature, 
determine  the  equation  connecting  volume,  pressure,  and  temperature,  and  find 
the  energy  in  terms  of  the  temperature  and  volume. 

Here,  as  in  Ex.  10,  I7=mr+/(f;),and/(i;)+p  =  rif(f;).  Also  -(^)  =  ^. 

whence  »=  T^{p\    Eliminating  jT  we  have  vF{v)  =  4'(P){/'W  +  P}* 
Differentiating  with  respect  to  jp  we  get 

This  equation  cannot  be  true  in  general  except 

f{v)  =  -  C,  and  ^{p)  -^pnP)  =  ^W, 

where  C  is  constant. 

Hence  we  obtain  {C-p)  v  «  KT,  and  U=  mT-Cv+  C,  where  JT  and  (7* 
are  constants. 

335.  mron-reversible  Transfbrmatlons. — In  the  case 
of  a  non-reversible  transformation  we  cannot  assume  the 
truth  of  equations  (24).  In  fact,  for  such  a  transformation, 
even  through  the  external  work  done  by  the  body  be  due  to 
its  expansion  against  external  pressure,  tiiis  pressure  need  not 
be  equal  in  magnitude  to  that  belonging  to  the  state  of  the 
body,  nor  is  dQ,  in  such  a  transformation  necessarily  equal  to 
Td^. 

In  this  case  we  must  proceed  as  follows : — ^Let  B.  be  the 
heat  actually  imparted  to  the  body  in  the  non-reversible 
process,  TFthe  external  work  done,  and  ZTi  and  ZT'the  initial 
and  final  energies  of  the  body ;  then 

J5r=  CT-  [70+  W.  (30) 

Let  us  now  imagine  a  reversible  transformation  capable  of 
bringing  the  body  from  its  initial  to  its  final  state,  but  other- 
wise perfectly  arbitrary.  Since  this  hypothetical  transforma- 
tion is  reversible,  we  can  make  use  of  equations  (24)  and  (25), 
and  of  any  results  therefrom  deducible  to  assist  in  determining 
TT  -  Uo.  The  expression  thus  obtained  may  be  substituted 
in  (30), 
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the  source,  and  JFthe  heat  converted  into  work  in  Camot's 

W .  . 

cycle,  Tj-  is  a  function  of  the  extreme  temperatures  only,  and 

is  independent  of  the  substance  employed.  In  order,  then,  to 
construct  a  scale  of  temperature  independent  of  any  parti- 
cular body  we  may  proceed  as  follows : — 

Draw  the  isothermal  AB  of  a  sub- 
stance chosen  at  random,  corresponding 
to  any  arbitrary  temperature,  which  may 
be  indicated  by  Ty  and  draw  the  adiabatics 
AA'  and  BB^  corresponding  to  the  con- 
dition of  the  body  before  and  after  a 
certain  arbitrary  amount  of  heat  Q  has 
been  imparted  to  it. 

Draw  another  isothermal  at  a  tem- 
perature T^  less  than  T,  so  that  the  area 
ABB'  A'  may  be  of  given  magnitude  or 
correspond  to  a  given  amount  of  heat  w.    Now  draw  a  series 
of  isothermals  T\  T'\  &c.,  at  intervals  such  that 

ABBA'  =  ABB' A!'  =  A'B'B"A"  =  &o. ; 

then  ii  T-  T'  be  the  unit  of  temperature,  T-  T"  is  two  units, 
T-  T"  three  units,  &c. 

Since  T,  Q,  and  w  are  fixed  quantities,  and  W  correspond- 
ing to  jT^")  is  nwy  Equation  (18)  shows  that  two  bodies  are  at 
the  same  temperature  if  each  indicates  in  the  manner  described 
«  degrees  of  temperature  below  T.  This  method  of  estimat- 
ing temperature  is,  therefore,  independent  of  the  body  em- 
ployed. 

Again,  if  T'  be  any  temperature  lower  than  T  estimated  in 
this  manner,  and  W  the  heat  converted  into  work  in  the  cor- 
responding cyclical  process,  we  have  W  =  (T-  T')  w?,  and  in 
like  manner  for  another  temperature  T"  lower  than  T'  we 

have  jr"=(r-ro«^. 

If  we  now  suppose  a  cyclical  process  between  the  tem- 
peratures T'  and  T",  indicated  by  the  points  -4',  jB',  jB",  A' 
the  heat  converted  into  work  is  W"  -  W'^  and  we  get 

W"'-W'^(r'-T")w  (31) 


9 
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Again,  the  heat  Q'  drawn  from  the  souroe  at  T',  is  equal 
to  that  given  to  the  condenser  in  the  process  in  which  T  and 
y  are  the  extreme  temperatures ;  hence 

Q  -  0'=  W'=  (r-  r)  w,  thatis,  Q'^Q^[T-  r)w.   (32) 

337.  Efficiency  of  a  Heat  Knglne. — ^A  system  work- 
ing in  the  manner  required  by  Camot's  cycle  may  be  termed 
a  reversible  heat  engine,  and  the  ratio  of  the  heat  converted 
into  work  to  the  heat  drawn  from  the  source  is  called  the 
efficiency  of  the  engine. 

It  appears  by  the  reasoning  of  Art.  329  that  the  extreme 
temperatures  being  given^  the  efficiency  of  a  non-reversible  engine 
cannot  exceed  that  of  a  reversible^  and  that  the  efficiency  of  all 
reversible  engines  is  the  same. 

338.  Absolute  Zero. — From  Art.  337  it  appears  that 

the  eflGloiency  of  a  reversible  engine  working  between  the 

JT"  -  W 
temperatures  T'  and  T"  is  .   By  (31)  and  (32)  this 

becomes 


"-(-!) 


As  T"  decreases,  the  efficiency  increases,  but  the  limit 
which  it  can  never  exceed  is  unity,  since  the  mechanical  work 
done  by  an  engine  can  never  exceed  the  equivalent  of  the 
heat  drawn  from  the  source.  Hence,  if  we  make  the  effi- 
ciency unity,  we  obtain  for  2"'  the  smallest  possible  value, 

Q 

which  is  T •     This  temperature  T",  since  it  is  the  lowest 

to 

which  can  be  attained  by  any  body,  must  be  the  absolute 

zero.    Hence 

The  expression  for  the  efficiency  of  a  reversible  engine 
working  between  any  two  temperatures  T'  and  T"  becomes 

2  K  2 


500  ThermodytMmies. 

then  — =? — ,  and  for  the  oyolioal  prooess  described  in  Art. 

329  we  have  -^ — -  =     ^^    \    Camot's  function  has  thus 

been  determined  independently  of  the  properties  of  any 
particular  substance. 

Again,  this  mode  of  determining  Camot's  function  shows 
that  the  existence  of  an  absolute  zero  of  temperature,  sug- 
gested and  rendered  probable  by  the  known  properties  of 
what  are  called  permanent  gases,  follows  necessarily  from 
the  two  fundamental  Principles  of  Thermodynamics. 

The  experiments  of  Joule  and  Thomson  have  shown  that 
the  absolute  zero  is  273*7  below  zero  on  the  Centigrade 
scale,  or  460'66  below  zero  on  the  Fahrenheit.  This  is  very 
nearly  the  same  result  as  that  of  Article  324. 

Examples. 

1.  The  entropy  ^  being  defined  by  the  equation  dQ  =f{t)  d^f  prove  that  in 
a  body  subject  to  the  equation  pv  =  Jif{t)f  where  £  is  constant,  the  energy  is 
a  function  of  the  temperature  alone. 

Let/(0  =  Ty  then  from  (2)  we  have  d<f>=:~+  It  — .    Hence  -dU must 

be  a  perfect  differential,  whence  U=  F{T), 

2.  Gas  is  made  to  pass  uniformly  through  a  tube  in  which  a  porous  plug, 
such  as  cotton-wool,  is  placed.  No  heat  is  permitted  to  leave  the  gas  or  enter  it 
from  any  external  source  ;  determine  the  connexion  between  the  variations  of 
pressure  and  temperature  caused  by  the  plug. 

Since  the  density  of  the  gas  at  any  particular  cross  section  of  the  tube  does 
not  vary  during  the  experiment,  equal  masses  of  gas  pass  through  each  section 
in  the  same  time,  or  the  velocity  of  the  unit  of  mass  is  constant.  Again,  any 
energy  which  is  lost  by  fiictien  is  restored  as  heat.  We  are  therefore  entitled 
to  assume  that  any  change  in  the  energy  of  the  gas  as  it  passes  through  diffe« 
rent  parts  of  the  tube  is  due  to  the  work  done  on  it  or  to  the  work  which  it 
does. 

Suppose  two  cross  sections  A  and  B  of  the  tube,  one  on  each  side  of  the 
plug,  the  pressures  at  which  are  py  and  p2.  As  a  small  quantity  dm  of  gas 
passes  A  the  pressure  driving  it  forward  does  work  on  it  whose  amount  is 
pividm.  At  the  same  time  dm  does  work  on  the  next  layer  of  gas  which  is 
equal  to  the  work  done  on  dm  when  passing  the  section  consecutive  to  A.  Thus, 
in  going  from  A  to  B  the  work  done  by  dm  and  the  work  done  on  dm  compen- 
sate each  other,  with  the  exception  of  piVidm  done  on  dm,  and  p2V^m  done  by 
dm.  In  other  words,  in  the  passage  from  ^  to  ^  the  whole  external  work  done 
by  <^  is  {p2Vt  —pwi)  dm,  and  therefore,  since  no  heat  is  lost  or  gained,  we  have 

l^a  —  C^i  +  P2P2  -  pivi  =  0. 
Now     U=iTdip-  ipd9=^S^dip-pv+Svdp,  or  U-\- pv  =  i  Td<l>  +  j vdp. 
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Hence  the  hypothetical  reyersible  transformation  (Art.  335)  must  be  such  that 

Suhsiituting  e,  for  t(^   (Ex.  2,  Art.  334),  and  -  (^  for  (^\    by  (26), 

we  have  ^^CpdT  +  (^v  -  T  ^j^  J  dp^  =  0. 

Hence,  if  we  can  integrate  the  expression  under  the  integral  sign  in  this 
equation,  the  relation  between  Tz  —  Ti  and  P2—P1  is  determined.    If  the 

gas  were  theoretically  perfect  (Art.  324),  we  should  have  T  (•jjA   =  ^f  and  T2 

would  be  equal  to  Ti.  This  is  found  not  to  be  the  case.  We  may  therefore 
conclude  that  no  gas  is  theoretically  perfect,  and  we  cannot  assume  either 

that  a  is  constant  or  that  T=  ^  +  -• 

a 

From  the  equation  vp  =  vopo  (1  +  at),  if  we  consider  a  as  variable,  we  have 

We  may  assume  that  a(T-t)  differs  from  a  constant  by  a  very  small  quanci  cy , 

and  likewise  that  -r-  is  very  small,  and  may  integrate  between  Ti  and  la  neglect- 

at 

ing  these  quantities,  since  Ti  -  T2  is  observed  to  be  small.  For  similar  reasons 
we  may  assume  that  [jtjA  ~  (^)  »  ^^^  *^*^  ^  ^  constant.  Hence,  inte- 
grating, we  have 

-  <^ (Ta  -  Ti)  =i?ofo(I  -\-At-  aT)\!LOZP%  -  \o^p\) ; 

and  therefore 

„     ,     1  CpiTi-'Ti) 


a      apQVo  (log  pi  -  log  pi) ' 


From  this  equation  the  exact  position  on  the  centigrade  scale  of  th^  absolute 
zero  can  be  determined  (Art.  338). 

339.  Cbange  of  State. — There  are  three  states  or  con- 
ditions in  one  of  which  matter  is  usually  found ;  and  which 
are  termed  the  Bolid^  the  liquid^  and  the  gaseous. 

A  solid  body  is  one  which  strongly  resists  any  forces 
tending  to  alter  the  relative  positions  of  its  adjacent  mole- 
cules, and,  so  long  as  its  structure  is  unbroken,  admits  of  only 
slight  changes  in  these  positions. 


502  Thermodynamics. 

A  liquid  offers  scarcely  any  resistance  to  a  change  in  the 
mutual  position  of  its  molecules,  provided  this  change  does 
not  diminish  the  distance  between  those  which  are  adjacent. 
In  other  words,  it  is  indifferent  to  change  of  shape  or  sepa- 
ration of  its  molecules  from  each  other,  but  strongly  resists 
compression. 

A.  gas,  like  a  liquid,  is  indifferent  to  change  of  shape,  but 
jrields  to  compression  with  comparative  facility,  and  tends  to 
mcrease  its  volume  without  limit.  To  prevent  its  escape,  it 
must  therefore  be  restrained  by  an  external  envelope. 

It  is  almost  certain  that  every  substance  in  nature  is 
capable  of  existing  in  any  one  of  the  three  states,  and  passes 
at  a  certain  pressure  and  temperature  from  one  of  these  states 
into  another. 

Thus,  in  general,  there  is  a  certain  pressure  and  tempe- 
rature, at  which,  if  heat  be  imparted  to  a  solid  body  and  the 
pressure  be  maintained  constant,  the  temperature  does  not 
rise,  but  the  body  gradually  passes  into  the  liquid  state.  The 
amount  of  heat  required  to  bring  about  this  change  for  the 
unit  of  mass  is  called  the  latent  heat  of  liquidity.  If  the 
volume  of  the  liquid  exceed  that  of  the  solid,  the  latent  heat 
of  liquidity  is  spent  partly  in  altering  the  internal  energy  and 
partly  in  doing  external  work.  If  (as  is  the  case  with  water) 
the  volume  of  the  liquid  be  less  than  that  of  the  solid,  the 
internal  energy  of  the  liquid  exceeds  that  of  the  solid  by  an 
amount  greater  than  the  equivalent  of  the  latent  heat  of 
liquidity. 

The  vapour  of  a  liquid  may  be  considered  a  gas.  If  the 
temperature  be  sufficiently  high,  and  the  pressure  sufficiently 
low,  a  vapour  obeys  the  same  laws  as  the  gases  which  are 
called  permanent,  and  approaches  closely  to  the  condition  of 
a  perfect  gas  (Art.  324). 

For  each  vapour  there  is,  corresponding  to  any  given 
temperature  Ti,  a  certain  pressure  pi,  such  that  at  higher 
pressures  the  vapour  begins  to  liquify ;  and,  conversely, 
corresponding  to  any  given  pressure  jt?i  there  is  a  temperature 
Tiy  such  that  at  lower  temperatures  the  same  result  takes 
place.  The  pressure  pi  is  called  the  maximum  pressure  of  the 
vapour  for  the  temperature  Ti,  and  Ti  is  called  the  boiling- 
point  of  the  liquid  for  the  pressure  pi. 
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In  fact,  if  heat  be  imparted  to  the  liquid  under  the  con- 
stant pressure  i?i,  the  temperature  of  the  liquid  will  rise  until 
it  reaches  Tx ;  after  this  the  temperature  will  remain  stationary, 
but  the  liquid  will  be  transformed  into  vapour,  and  the  heat 
required  by  the  unit  mass  for  this  transformation  is  called 
the  latent  heat  of  vaporization.  When  a  vapour  is  at  its 
maximum  pressure,  and  therefore  beginning  to  liquify,  it  is 
said  to  be  saturated, 

A  liquid  exposed  to  the  air  evaporates  more  or  less  at  all 
temperatures.  It  is  known  that  if  two  gases  be  enclosed  in 
the  same  envelope,  each,  after  some  time,  is  diffused  through 
the  whole  volume  of  the  envelope  as  if  the  other  were  absent. 
Hence  we  might  anticipate  the  behaviour  of  a  liquid  exposed 
to  the  atmosphere,  and  expect  that  the  air  would  not  act  like 
an  impervious  envelope  exercising  a  constant  pressure,  but 
would  merely  retard  the  formation  of  vapour  by  diminislung 
its  rate  of  diffusion. 

The  statements  of  Article  322  require  some  modification 
when  appUed  to  a  body  while  changing  its  state.  So  long  as 
the  state  remains  unaltered,  TTy  0,  and  v  are  functions  of  p 
and  T]  but  when  the  body  begins  to  change  its  state,  ZT",  0, 
and  V  vary,  even  though  p  and  T  remain  constant.  Whilst 
the  body  is  changing  its  state,  if  p  and  T  be  constant,  IT",  0, 
and  V  are  functions  of  u  single  variable.  If  the  change  of 
state  go  on  continuously,  and  p  at  the  same  time  vary,  then 
T  must  also  vary,  and  be  at  each  instant  a  function  of  p. 
In  this  case,  U  and  ^  are  functions  of  two  independent 
variables,  which  may  be  v  and  jo,  or  v  and  T,  but  cannot  be 
p  and  T. 

The  experiments  of  Andrews,  and  the  investigations  of 
Thomson,  have  thrown  much  light  on  the  phenomena  of 
change  of  state,  and  enable  us  to  explain  their  seeming 
anomalies.  An  account  of  these  researches  would,  however, 
be  outside  the  limits  of  the  present  work. 
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EXAHPLES. 

L.  If  X  be  the  latent  heat  of  change  of  state  expressed  in  work  units,  and  v 
the  increase  in  the  volnme  of  the  unit  ma£fl  of  the  substance  after  passing  from 
one  state  to  the  other,  prove  that 

Let  9  and  cr  be  the  volumes  of  the  unit  mass  of  the  substance  before  and 
after  the  change  of  state,  and  /i  the  fraction  of  the  unit  mass  which  has  undergone 
the  change  at  any  instant  during  the  transformation,  then  v  =  <r  —  «,  and 
r  =  ^0"  +  (1  -  /t)*  =  »  +  w/t.  Again,  if  Q  be  the  quantity  of  heat  requiredjto 
tranisform  /u  times  the  unit  mass  from  one  state  to  the  other,  the  pressure  and 
temperature  remaining  constant,  Q  =  X/i,  and  therefore 

The  student  will  observe  that  i?  is  here  a  function  of  T  alone,  and  that  if  L 
be  the  latent  heat  expressed  in  heat  units,  A.  =  JL, 

2.  The  density  of  ice  being  0*92,  and  the  latent  heat  of  water  79*25,  find  the 
lowering  of  the  temperature  of  freezing  caused  by  an  additional  pressure  of  one 
atmosphere.  Ant,  0*0073'' C. 

3.  If  «<  and  e^  be  the  specifio  heats  expressed  in  work  units  of  saturated 
steam  and  of  boiling  water  at  the  same  pressure,  show  that 

It  is  here  supposed  that  the  variations  of  Tandi^  are  so  related  (Art.  339) 
that  as  T  changes  the  steam  remains  saturated,  and  the  water  remains  boiling. 
Hence,  if  we  suppose  /u  to  remain  constant  (Ex.  1),  we  have 


and  therefore 


«-i— )■(;-?),- '•(g).^ 


'•'''-^ITdil-^lTyT^lT' 


hence,  substituting  and  performing  the  differentiation,  we  have  the  result  required. 
It  may  be  observed  that  Cw  does  not  sensibly  differ  from  the  specific  heat  of  water 
at  constant  pressure. 

4.  Investigate  a  numerical  formula  for  the  specific  heat  of  saturated  steam 
at  any  given  temperature. 


Examples.  505 

According  to  Begnault,  the  whole  quantity  of  heat  required  to  raise  the  tem- 
perature of  the  unit  mass  of  water  from  0**  to  f^C,  and  evaporate  it  at  that 
temperature  is  606*5  +  0*306^.    Hence  we  have  the  empirical  formula 


X+(    Cufdt  =  606-6  +  0'306t, 
Jo 


where  Cv  is  the  specific  heat  of  boiling  water  expressed  in  heat  units.    Diffe- 

dZ 
rentiating,  we  have  — -  +  (7w  =  0*305.      For  high  temperatures  Begnault'» 

empirical  formula  may  be  replaced  by  the  simpler  formula  of  Clausius,  "viz. 

L  =  607  -  0*708^.    If  we  express  ■=,  by  means  of  the  latter  we  have  (Ex.  3), 

^      A  one     607- 0-708 «      ,  ^,„       800*3 
C»  =r  0*305 -—; — : —  =  1*013  - 


273  +  t  273  +  * 


For  temperatures  near  O^C.  we  may  take  Cw  =  1 ;  we  thus  get 

273  +  < 

From  the  expressions  obtained  for  Ct,  we  may  conclude  that,  except  the  tem- 
perature be  enormously  high,  the  specific  heat  of  saturated  steam  is  negatiye. 
Hence  it  follows,  that  if  saturated  steam  be  compressed,  the  temperature  after 
compression  will  be  higher  than  that  correspon(Hng  to  saturation  at  the  new 
pressure ;  or,  in  other  words,  saturated  steam  suffers  no  condensation,  but  becomes 
super-heated  by  adiabatio  compression.  Conversely,  if  saturated  steam  be  con- 
tained in  a  vessel  impervious  to  heat,  a  diminution  of  pressure  will  cause  partial 
condensation.  These  results  were  first  obtained  theoretically  by  Clausius  and 
Rankine,  who,  independently,  arrived  at  them  almost  simultaneously.  They 
have  since  been  confirmed  experimentally  by  Him.  It  seems  not  unlikely  that 
the  connexion  between  rain  and  a  change  of  atmospheric  pressure  depends  partly 
on  the  property  of  steam  mentioned  above. 

5.  If  Ui  be  the  energy  of  the  unit  mass  of  saturated  steam  at  Ti,  and  U(y 
that  of  the  unit  mass  of  boiling  water  at  To,  prove  that 

Ui  =  Uo  +r^  (ew-Pj^jdr+Ki-pivi. 

Let  us  supj>ose  that  the  unit  mass  is  brought  from  the  state  of  boiling  water 
at  To  and  po  to  that  of  saturated  steam  at  Ti  and  je?i,  and  that  this  transformation 
is  effected  by  first  bringing  the  water  without  evaporation,  but  continually 
boiling,  from^O)  Toi  iopj,  Ti ;  and  then  evaporating  at  Ti^pi* 

Take  as  variables  Tand  /a  (Ex.  1) ;  then,  since  dXT=dQ  —pdv,  we  have 

-ia.-'G*).)-M(g),-DL*- 
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Again,  on  the  above  hypothesis,  when  T  varies  fi  is  zero,  and  when  fi  varies 
Tis  constant.    In  general  (Ex.  3), 


( 


j^j    =  (Ci  -  e^)/i  +  e^, 


and  therefore  when  fi  «  0,  ( —  j    =  e^w 
Again, 

Hence,  substituting,  we  have 

6.  Saturated  steam  in  a  vessel  containing  no  water  is  allowed  to  escape  into 
the  air ;  determine  the  quantity  of  heat  which  must  be  imparted  to  the  unit  of 
mass  in  order  that  it  should  remain  saturated. 

Let  W  be  the  external  work  done  by  the  unit  mass  of  the  steam  in  escai>ing, 
Ti  and  T2  its  initial  and  final  temperatures ;  then  H  being  the  heat  required, 
we  have 

JH=  U2-  Ui+  W. 

Now  ?r=  i?2((r2  -  (Tl)  =  jP2(u2  -  Wl)  +  i?2  («2  -  «l),       (Ex.  1), 

where  <f  and  a  are  the  volumes  of  the  unit  mass  of  steam  and  of  water, 
and  Cr2-I7i=|   ^  le^-p  ■^\dT -{-Kz-M- p^v^-V  pwij  (Ex.6). 


J*! 


*  icw  - p  —  \dT ^  M-  M  +  vi(p\  -P2)  +  j»2(«2  -  «i). 

''1 

dt 
Since  («2  -  «i)  and  ~t=  are  small,  we  may  neglect  them,  and  thus  obtain 

(*T 

JS=  T'  (e„-i  j^jdr^  vi{pi  -  P2). 

Now  K''"'"^^)"^*^^^'     (Ex.4); 

hence  ff^  -  0-306  (Ti-  T2)  +  (pi  -j»a)  — TrT-*  (^-  !)• 

1  j^j  is  the  limit  of  the  ratio  of  the  change  of  the  maximum  pressure  of  the 
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vapour  to  the  corresponding  change  of  temperature,  and  is  hence  easily  found 
from  a  table  of  the  temperatures  of  the  boiling-point  at  different  pressures. 
jB*  is  in  general  positive ;  i.  0.  if  no  heat  be  imparted  to  the  expanding  steam, 
some  of  it  will  condense. 

7.  In  the  preceding  example,  if  the  vessel  from  which  the  steam  is  escaping 
contain  boiling  water,  determine  the  quantity  of  heat  which  must  be  imparted 
to  the  unit  mass  of  steam  in  order  that  it  should  remain  saturated. 

In  this  case,  as  in  Ex.  2,  Art.  338,  the  external  work  W  done  by  the  unit 
mass  of  the  steam  is 

P2<r2—pi(ri,  or p2v%  —  P1V1+  P282— pi8i. 

Hence,  as  U2  —  Ui  is  the  same  as  in  the  last  example,  if  we  neglect  the  compa- 
ratively small  terms  involving  «i  and  82,  we  have  approximately 

and  therefore  if  =  -  0*305  (Ti  -  T2) . 

In  this  case,  if  no  heat  be  abstracted,  or  imparted,  the  steam  after  it  escapes 
is  super-heated.  If  Ti  —  Tj  be  large,  or  the  steam  originally  at  high  pressure, 
the  super-heating  is  considerable  and  more  than  sufficient  to  vaporize  any  par- 
ticles of  water  which  the  steam  carries  with  it  mechanically.  Hence  we  can 
explain  the  known  phenomenon  that  high  pressure  steam  after  escaping  into  the 
air  is  dry  and  does  not  scald,  whereas,  by  low  pressure  steam,  severe  scalds  may 
be  inflicted. 

340.  Available  Knergy. — The  work  which  can  be 
aocomplished  by  a  quantity  of  heat  Qi  depends  on  the  tem- 
perature of  the  source  from  which  it  is  derived.  If  this 
temperature  be  Ti,  and  the  lowest  temperature  which  can  be 
obtained  To,  the  work  which  can  be  accomplished  by  means 

Q 

of  Qi  cannot  exceed  {Ti  -  To)  —  (Art.  338),  where  Qi  is  ex- 

pressed  in  work  units. 

If  Qi  pass  from  a  source  at  Ti  to  a  source  at  Tz,  the  avail- 

fT      T\ 
able  energy  is  diminished  by  the  quantity  f  -^  -  V)^^' 

If  Qi  leave  a  source  at  Ti,  and  Q2  in  consequence  enter  a 
source  at  Ti,  the  loss  of  available  energy  is 

(r.-  T.) I  - (r, - T.) I',  or  Qi-««-^o(|-^). 
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341.  DIsslpatioii  of  Knergy. — If  the  transference  of 
heat  from  a  source  at  Ti  to  a  source  at  T2  take  place  through 
the  medium  of  a  reversible  engine  undergoing  a  cyclical 

process,  -=^  -  -^  is  zero,  and  the  loss  of  available  energy  is 
li     I2 

Q\  -  Q29  which  is  the  same  as  the  work  done.  Thus  the  un- 
compensated loss  of  available  energy  is  zero. 

In  the  case  of  an  engine  undergoing  a  non-reversible 
cyclical  process,  Qi  -  Q^  cannot  be  greater,  and  is  usually  less, 

than  (Ti  -  T,)  %  (Art.  337),  ot%-%  has  a  negative  value 

JLi  li  1% 

which  may  be  denoted  by  -  N.  In  this  case  the  uncompen- 
sated loss  of  available  energy  is  To  N. 

By  a  method  similar  to  that  employed  ia  Art.  331  this 
result  can  be  extended  to  every  non-reversible  cyclical  pro- 
cess.     In  this  case,  if  Q  be  the  heat  which   enters  the 

engine  at  the  temperature  Ty  the  quantity  S  -^  is  negative, 

.  Q 

and  the  uncompensated  loss  of  available  energy  is  -  To2  -^. 

To  prove  this,  we  have  only  to  substitute  for  the  actual 
process  A  a  process  B  in  which  the  cycles  corresponding  to 
each  pair  of  temperatures  are  completed  by  reversible  trans- 
formations, each  of  which  is  accomplished  first  in  one  direc- 
tion, then  in  the  opposite.  As  these  transformations  are  passed 

through  in  both  directions,  the  value  of  S  -;=^  and  of  the  im- 

compensated  loss  of  available  energy  is  the  same  for  A  as 

Q  Q 

for  B ;  but  S  •=  f or  B  is  the  sum  of  the  values  of  S  -=v  corre- 
sponding to  the  small  cycles,  since  the  remaining  part  of  B 
forms  one  reversible  cycle.  Hence  we  obtain  the  required 
results. 

The  uncompensated  loss  of  available  energy  is  called  the 
Dissipation  of  Energy, 

From  the  present  and  preceding  Articles  it  appears  that 
this  dissipation  takes  place  whenever  heat  passes  without  the 

{>erf ormance  of  work  irom  a  body  at  a  higher  to  a  body  at  a 
ower  temperature,  and  also,  in  general,  in  non-reversible 
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oyclical  processes.  A  striotly  reversible  process  cannot  be 
realized  in  nature,  since  the  absence  of  friction  and  the  perfect 
equality  of  internal  and  external  pressures  and  temperatures 
cannot  be  attained.  Hence  we  may  conclude,  that  in  natural 
processes  there  is,  in  general,  an  incessant  dissipation  of 
energy. 

There  is  one  class  of  irreversible  transformations  in 
which,  according  to  Mr.  Parker  {Philosophical  Magazine^ 
June,  1888),  there  is  no  dissipation  of  energy.  Mr. 
Parker  in  the  Article  referred  to  defines  an  equilibrium 
path  to  be  one  at  every  point  of  which  the  system  is  in 
equilibriimi.  The  path  corresponding  to  a  reversible  trans- 
formation is  always  an  equilibrium  path,  but  an  equilibrium 
path  is  not  necessarily  reversible.  As  a  result  of  experiments 
on  the  solubility  of  various  substances,  Mr.  Parker  has  been 
led  to  adopt  the  conclusion  that  in  an  irreversible  equilibrium 
cycle  there  is  no  dissipation  of  energy. 

It  is  to  be  observed  that  the  theory  of  dissipation  depends 
on  the  assumption  of  a  certain  temperature  as  the  lowest 
which  is  available.  If  the  lowest  available  temperature 
were  absolute  zero  there  would  be  no  dissipation  of  energy. 

342.  Increase  of  Entropy. — If  an  element  of  heat  dQ 

pass  from  a  body  A^  whose  temperature  is  J\,  to  another 

body  J?  at  a  lower  temperature  T^^  and  if  we  suppose  the 

volumes  of  A  and  B  to  remain  constant,  the  entropy  of  A  is 

dQ  .  dQ 

diminished  by  ^r,  and  that  of  B  increased  by  -=-,  and  as 

Ti  >  Tiy  the  whole  entropy  of  A  and  B  is  increased. 

Again,  in  a  cyclical  process,  if  we  suppose  the  source  A 
and  the  condenser  B  to  remain  at  constant  volume,  in  which 

case  their  temperatures  will  of  course  vary,  S  -^  is  the  loss 

of  entropy  by  -4,  and  S-^  the  gain  of  entropy  by  B. 
Hence  the  entropy  of  the  whole  system  is  increased  by 
the  quantity  S(  ;=^  -  -^^^  ].  In  a  reversible  process  this  quan- 
tity is  zero,  but  in  a  non-reversible  process  it  has  in  general 
a  positive  value  N. 
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We  have  supposed  A  and  B  to  remain  at  constant  volnme ; 
but  if  this  be  not  the  case,  the  results  obtained  still  hold  good, 
provided  the  transformation  applied  to  each  of  these  bocfies  is 
reversible  when  each  body  is  considered  alone.  Under  these 
circumstances  the  uncompensated  loss  of  available  energy  in 
a  non-reversible  cyclical  process  is  equal  to  the  product  of 
the  limiting  temperature  and  the  increase  of  the  entropy  of 
the  system. 

Since,  according  to  Mr.  Parker,  there  is  no  dissipation  of 
energy  in  an  equilibrium  cycle  even  though  it  be  irreversible, 
in  such  a  cycle  the  entropy  of  the  whole  system  is  constant. 
Again,  it  would  appear  that  the  definition  of  entropy  in 
Art.  332  is  unnecessarily  restricted,  and  that  entropy  may 

be  defined  as    -^  along  any  equilibrium  path. 

It  would  seem  that  the  result  of  Mr.  Parker's  experi- 
ments might  have  been  anticipated.  For,  when  a  system  under- 
goes a  transformation  corresponding  to  an  equilibrium  path, 
the  irreversibility  of  the  transformation  for  the  whole  system 
can  result  only  from  the  way  in  which  heat  is  communicated 
to  or  leaves  the  system,  or  on  the  mode  in  which  it  passes 
from  one  part  of  the  system  to  another  part.  We  may 
therefore  suppose  the  system  divided  into  portions  for  each 
of  which  taken  separately  a  reversible  path  may  be  assigned 
coinciding  with  the  actual  equilibrium  path.  If  Qi,  Q2,  &o. 
be  the  quantities  of  heat  which  at  any  stage  of  the  transfor- 
mation have  passed  into  these  portions,  J7i,  iTi,  &c.  their 
energies,  Vi,  «?2,  &o.  their  volumes,  pi,  pi^  &c.  their  pressures, 
Ti,  Ts,  &c.  their  temperatures,  and  0i,  ^2,  &c.  their  entropies, 
we  have  rfQi  =  dJIi-^-  pidvi  =  2\  e/^i,  since  the  path  coincides 
with  a  reversible  path.     In  like  manner 

dQi  =  dUi  +  PidVi  =  T2  d^2i  dQs  -  dU^  +p3  dv^  =  Ta^^s,  &c. 

Now,  since  the  whole  system  is  in  equilibrium, 

r,=  T,  =  Ts  =  &o.  =  r,  pi=p,  =p,  =  &c.  =p. 
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Hence,  if  ^  be  the  entropy  of  the  entire  system,  and  Q  the 
quantity  of  heat  imparted  to  it, 

d<p  =  d^i  +  rf^a  +  &o.  = =^ '■  ==  — , 

and  therefore  so  far  as  the  relation  between  heat  imparted 
and  entropy  is  concerned,  the  whole  transformation  may  be 
treated  as  if  it  were  reversible. 

We  may  conclude  from  what  has  been  said,  that  natural 
processes  have  a  tendency  to  increase  entropy,  or,  as  stated 
by  Clausius,  the  entropy  of  the  universe  tends  to  become  a 
maximum. 

343.  Path  of  iLeast  Heat. — Let  us  suppose  that  a 
body,  whose  entropy  is  0i,  passes  from  the  state  A  to  the 
state  B  in  which  its  entropy  is  0o,  less  than  0i.  If  Q  be 
the  heat  given  out  by  the  body  when  at  the  temperature 

Q 

T,  and  if  8  denote  the  value  of  S  -^^  for  the  whole  process, 

S  cannot  be  less  than  0i  -  ^o.  To  prove  this,  first  suppose 
the  transformation  reversible,  then  8=  (jti-  <po.  Next  suppose 
the  transformation  non-reversible,  and  let  the  cycle  be  com- 
pleted by  a  reversible  process  which  brings  the  body  from 

Q 

B  to  A.    The  value  of  S  -^  for  the  cycle  is  then  S  -  (^i  -  0o)r 

and  this  must  be  positive  (Art.  340) ;  hence  8>  <pi-  ^o- 

Let  us  now  consider  by  what  path  a  body,  whose  tempe- 
rature can  never  be  less  than  To,  should  pass  from  the  state 
A  to  the  state  B  at  Toy  0O9  so  that  the  heat  given  out  in  the 
passage  should  be  a  minimum,  no  heat  being  supplied  to  the 
body  from  any  external  source. 

Let  H  be  the  heat  given  out ;  then  for  a  non-reversible 
transformation,  since  T  >  To,  and  since  any  element  of  heat 
which  enters  the  body  at  T  must  have  previously  passed 
out  of  it  at  a  temperature  higher  than  T,  we  must  have 
H  >  To8  >  To{fjii  -  ^o).     For  a  reversible  transformation 

J3r=      Td^f  which  is  least  when  T=  To.    The  least  value  of 

H  is  therefore  To{<^i  -  0o).  Hence  the  path  consists  of  an 
adiabatic  at  the  entropy  <pi  from  Ti  to  To,  and  an  isothermal 
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at  To  from  <pi  to  ^o.  Sinoe  Ui-Uo^  W+  Hy  where  Wis  the 
work  done  by  the  body  during  the  transformation,  when  H 
is  least  W  is  greatest,  and  the  maximum  work  which  a  body 
can  perform  under  the  circumstances  supposed  is 

Ui  "  Uo  -  Toii^i  -  ^o)' 


Examples. 
1.  FroTO  that  the  ayailable  energy  of  any  system  of  bodies  is 

2mi        ei  — — -  dT, 


where  Ti  is  the  initial  temperature  of  mi,  and  ei  its  specific  heat  at  constant 
volume. 

2.  If  the  system  in  Ex.  1  be  enclosed  in  an  envelope  impermeable  by  heat, 
show  that  To  is  determined  by  the  equation 


f'l      dT     ^ 


2fni 

J  To 

The  actual  work  performed  by  the  system  during  the  transformation  in 
which  all  its  parts  are  brought  to  tiie  temperature  To  is 


2i»i  ' 


f  '  eidT; 

J  To 


but,  if  the  transformation  be  that  in  which  the  greatest  possible  work  is  done, 
this  work  must  be  equal  to  the  available  energy,  and  therefore 


fi      dT    ^ 


:^x      dT 

Sifll 


When  the  limiting  temperature  To  is  determined  from  within,  as  in  this  ex- 
ample, or,  in  other  words,  when  one  part  of  the  system  acts  as  condenser  to 
another  part,  the  available  energy  is  called  by  Thomson  the  Internal  Thermo- 
dynamic  Motivity.  When  To  is  independent  of  the  system,  i,e,  when  heat  can 
pass  out  of  the  system  to  an  external  condenser,  the  available  energy  may  be 
termed  the  External  Thermodynamie  Motivity,  In  this  case  To  must  be  as- 
signed. 

3.  If  a  system  consist  of  two  equal  masses  of  the  same  substance  whose 
specific  heat  is  constant,  show  that  the  limiting  temperature  of  the  internal 

thermodynamic  motivity  is  VTiTa,  where  2i  and  T2  are  the  initial  temperatures 
of  the  two  masses. 

4.  In  the  preceding  example  prove  that  the  thermodynamic  motivity  of  the 
system  is  f»w{^^  -  Vj^)«. 
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5.  If  the  entropy  of  a  substance  be  increased,  its  energy  remaining  constant, 
prove  that  the  work  which  can  be  obtained  by  a  transformation  to  a  given  state 
is  diminished. 

6.  A  unit  mass  of  gas,  whose  volume  is  t^i,  is  allowed  to  expand  into  a  per- 
fectly empty  vessel,  whereby  its  volume  becomes  vz ;  show  that  its  capability 

of  doing  work  is  diminished  by  the  quantity  TqM  log  — . 

7.  Determine  a  transformation  by  which,  without  the  transference  of  any 
heat,  gas  at  pivi  may  be  brought  by  the  application  of  the  smallest  possible 
amount  of  external  work  to  ^2^2 ;  where  p%>p\,  V2>v\, 

Since  V2  >  vi  the  gas  must  expand,  and  since  no  heat  is  given  it  must  ex- 
pand by  its  own  energy.  It  will  do  this  with  the  smallest  possible  expenditure 
of  energy  by  expanding  into  a  vacuum.  If  U2  be  the  energy  corresponding  to 
piV2,  the  smallest  amount  of  external  work  capable  of  changing  the  energy  from 
CTi  to  [Tij  is  Z72  —  I7i,  and  in  order  that  no  more  than  this  should  be  required  the 
compression  must,  by  (25),  be  adiabatic.  Hence  let  the  gas  expand  into  a 
vacuum  till  its  volume  become  v,  and  then  let  it  be  compressed  adiabatically 
till  its  volume  become  V2*  In  order  to  determine  v,  let  T\  and  T2  be  the  tem- 
peratures belonging  to  the  initial  and  final  state ;  then,  by  (16), 

1 
2\t>*-i  =  TtV7^-^y    whence    r  =  t;2  f  —  ] 


2  L 
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MiSCELLANEOXrS   EXAMPLES. 

1.  If  two  points  fixed  in  a  lamina  slide  upon  two  intersecting  straight  lines, 
and  if  one  point  be  made  to  oscillate  backwards  and  forwards  so  as  to  have  always 
the  same  velocity,  the  ellipse  described  by  any  fixed  point  of  the  lamina  will  be 
described  under  acceleration  which  is  fixed  in  direction. 

2.  A  material  poiat  of  given  mass  moves  freely  imder  the  action  of  a  central 
force  of  given  absolute  intensity,  varying  inversely  as  the  square  of  the  distance ; 
given  the  initial  circumstances  of  projection,  determine  the  major  axis,  eccen- 
tricity, and  line  of  apsides  of  the  orbit  it  describes. 

3.  The  extremities  of  a  uniform  rectilinear  bar  move  on  the  circumference 
of  a  smooth  vertical  circle ;  find  its  period  of  oscillation  under  the  action  of 
gravity  consequent  on  a  small  displacement  from  its  position  of  stable  equi- 
ubrium. 

4.  A  circular  plate,  revolving  roimd  its  centre  in  a  vertical  plane,  becomes 
suddenly  attached  at  its  lowest  point  to  a  heavy  particle  prevlou^y  at  rest ;  re- 
quired the  mass  of  the  particle  in  order  that,  at  the  end  of  a  semi-revolution,  the 
system  may  be  brought  to  rest  imder  the  action  of  gravity. 

6.  A  uniform  beam  is  supported  symmetrically  on  two  props ;  find  where 
they  should  be  placed  in  order  that  if  one  of  them  be  removed  the  instantaneous 
pressure  on  the  other  may  be  the  same  as  the  statical  pressure. 

6.  A  circular  board  lies  upon  a  smooth  table ;  in  the  board  is  cut  a  circular 
groove  along  which  a  molecide  is  projected  with  a  given  velocity ;  determine 
the  pressure  against  the  side  of  the  groove. 

7.  A  straight  rod  which  passes  through  a  small  fixed  ring  is  in  motion  in  a 
horizontal  plane ;  determine  the  motion  of  its  centre  of  gravity. 

8.  A  lamina  unacted  on  by  any  force  is  projected  in  its  own  plane ;  prove 
that  its  space  centrode  is  a  straight  line,  and  its  body  centrode  a  circle. 

9.  A  sphere,  rotating  about  a  horizontal  axis  through  its  centre  of  gravity, 
falls  vertically ;  prove  that  its  space  centrode  is  a  parabola,  and  its  body  cen- 
trode a  spiral  of  Archimedes. 

10.  Given  the  motion  of  one  point  in  a  body  and  also  its  space  centrode,  find 
its  body  centrode. 

.11.  A  small  ring  slides  down  a  rough  rod  from  a  given  point  to  a  given 
right  line ;  find  the  direction  of  the  rod  so  that  the  time  of  descent  may  be  a 
minimum. 

^  

(a)  Find  the  limits  of  the  coefficient  of  friction  for  which  the  required  posi- 
tion is  vertical. 
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12.  A  material  particle,  attached  to  a  fixed  point  by  an  inelastic  string,  is 
allowed  to  descend  a  smooth  inclined  inelastic  plane,  starting  without  initial 
velocity  from  the  foot  of  the  perpendicular  from  the  fixed  point  on  the  plane. 
Describe  the  subsequent  motion,  and  show  that  the  total  length  of  the  path 
described  by  the  particle  on  the  plane  before  it  comes  to  rest  is 


Vsin/3 


sinjScos^jSX 

3"    1 +  0082)8  /' 


where  I  is  the  length  of  the  string,  and  $  is  the  angle  which,  when  stretched, 
it  makes  with  the  perpendicular. 

13.  A  homogeneous  sphere  rolls  down  the  concave  surface  of  a  rough  semi* 
circle,  the  axis  of  which  is  vertical ;  find  its  velocity  and  entire  pressure  against 
the  semicircle  in  any  position. 

14.  Two  balls  of  different  masses,  moving  in  the  same  right  line  with  diffe- 
rent velocities,  become  suddenly  connected  by  a  weightless  inextensible  rod; 
given  all  particulars,  required,  in  magnitude  and  direction,  the  initial  strain  on 
tiierod. 

15.  A  material  particle,  constrained  to  oscillate  without  friction  in  a  curve 
tautochronous  with  respect  to  any  point  under  the  action  of  any  force,  being 
supposed  retarded  throughout  its  motion  b^  a  resistance  to  its  velocity  of  con- 
stant intensity  ;  determine  the  law  of  diminution  of  its  several  silccessive  arcs 
of  vibration. 

16.  The  resisting,  in  the  preceding,  being  supposed  small  compared  with  the 
moving  force ;  show  that,  if  the  friction  vary  as  any  function  of  the  velocity, 
its  effect  will  be  ultimately  inappreciable  on  tilie  time  of  description  of  any  com- 
plete arc  of  vibration  of  the  particle. 

17.  A  rigid  body,  revolving  round  a  fixed  axis,  strikes  perpendicularly 
against  a  fixed  obstacle;  required  the  height  through  which  the  same  body 
should  fall  vertically,  without  rotation,  so  as  to  strike  against  the  obstacle 
with  the  same  force  of  percussion. 

18.  A  rigid  body  connected  with  a  fixed  point  by  an  inextensible  cord,  is  in 
constrained  equilibrium  under  the  action  of  a  force  passing  through  its  centre 
of  inertia ;  all  the  other  restraints  being  supposed  suddenly  removed,  required 
the  initial  stress  on  the  cord. 

19.  A  sphere,  rolling  without  sliding  on  a  rough  horizontal  plane,  is  acted 
on  bv  a  central  force,  varying  inversely  as  the  square  of  the  distance,  emanat- 
ing n:om  a  fixed  point  in  the  parallel  plane  passing  through  its  centre.  Show 
that  it  describes  a  focal  conic  round  the  centre  of  force ;  and  determine  ihe 
initial  velocity  for  which  the  motion  is  parabolic. 

20.  A  rigid  body,  being  set  in  motion  by  a  single  impulsive  force,  show  that 
all  axes  of  initial  pure  rotation,  corresponding  to  different  directions  of  the  per- 
cussion, envelope  a  quadric  cone,  diverging  from  the  centre  of  inertia,  and 
touching  the  three  central  principal  planes  of  the  body. 

2L2 
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21.  A  rigid  body,  haying  two  fixed  points,  is  set  in  motion  by  an  impulsive 
force ;  deteimine  in  magnitude  and  direction  Uie  initial  percussions  at  the  points 
perpendicular  to  their  line  of  connexion. 

22.  Two  material  particles,  resting  on  a  rough  inclined  plane,  and  connected 
by  a  slight  flexible  cord,  passing  without  friction  through  a  small  ring  attached 
to  a  fixed  point  on  the  plane,  are  in  equilibrium  under  the  action  of  gravity ; 
the  inclination  of  the  plane  being  supposed  gradually  increased,  or  its  roughness 
ness  gradually  diminished,  determine  the  nature  of  the  initial  motion  of  the 
particles. 

23.  Two  material  particles,  moving  without  friction  in  two  non-intersecting 
rectilinear  tubes  of  indefinite  length,  attract  each  other  with  a  force  varying 
directly  as  their  distance  asunder ;  determine  completely  their  motion. 

24.  In  the  general  displacement  of  a  solid  from  one  given  position  to  another, 
find,  by  geometrical  construction,  the  twist  by  which  tiie  body  can  be  brought 
fronl  the  former  to  the  latter  position. — (Prof.  Crofton,  London  Mathematical 
8oe%etyy  1874.) 

Let  A  be  any  point  of  the  solid  in  its  first  position,  B  the  new  position  of 
the  same  point ;  again,  let  C  be  the  new  position  of  the  point  which  was  origi- 
nally at  Bf  and  2)  the  new  position  of  that  point  originally  at  C\  then,  to  find 
the  required  twist,  bisect  the  angles  ABC  and  BCD  by  the  lines  BSand  CK; 
find  JfJTthe  shortest  distance  between  these  bisectors.  The  body  can  be  brought 
from  the  first  to  the  second  position  by  a  translation  JJiT,  and  a  rotation  round 
HK  through  an  angle  which  is  equal  to  that  between  Bff  and  CK, 

25.  Calculate,  in  C.  G.  S.  units,  the  mutual  attraction  of  two  units  of  mass 
at  the  unit  distance  apart,  according  to  the  law  of  gravitation. 

Let  7  denote  the  quantity  in  question ;  then  the  attraction  of  the  earth  on  a 
imit  of  mass  at  its  surface  is  iirypltf  where  p  is  earth's  mean  density,  and  B  is 
its  radius. 

Hence  we  have  y  =  iirpyB. 

Now,  in  the  system  of  units  adopted,  we  bave  ^  =  981,  and  iriS  s  2  x  10^. 
Thence,  assuming  p  =  6-67,  we  get 

~  "  3  **  m  '^  ^°'  °  109  **  ^*''  °  ^^'*^^>'^>  «PPJ»iiii»ately ; 

•'•    ^=  15,410,000  ^y^- 

26.  A  body  is  rotating  about  a  fixed  point.  Express  the  element  of  the  curve 
described  by  the  instantaneous  axis  on  a  sphere  fixed  in  the  body  in  terms  of  the 
angular  velocities  round  the  body-axes. 

Let  the  instantaneous  axis  at  any  time  make  angles  A,  /x,  v  with  the  body- 
axes  ;  let  the  spherical  surface  be  intersected  by  the  two  consecutive  positions  of 
the  instantaneous  axis  in  /and  I' ;  let  01  said  01"  represent  the  correspond- 
ing magnitudes  w  and  w-^  d<o  oi  the  angular  velocity.  Then  the  projections  of 
II"  on  the  body-axes  are  proportional  to  do»\,  dw2,  dwa,  and  I'l"  is  propor- 
tional to  d«. 
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Now  11"^  =  rr^  +  OP  d^ ; 

hence  dn\^  +  <fo>2*  +  d»^  =  <fo>'  +  ««<i4^2, 

and  di\i^  =  ~  (rf»i*  +  d<02^  +  <?«3*  —  ^«*). 

ft) 

If  a  be  the  radius  of  the  sphere,  and  tr  the  arc  of  the  curve, 
we  have,  therefore, 

27.  A  body  is  moving  round  a  fixed  point.  Being  given  the  axis,  a  rotation 
round  which  brings  the  body  from  one  position  to  another,  and  the  magnitude 
of  the  rotation,  determine  the  angles  which  body-axes  make  in  the  second  posi- 
tion with  the  space-axes  which  in  the  first  position  coincide  with  them. 

Describe  a  sphere  round  the  fixed  point  0.    Let  two  of  the  space-axes  meet 


this  sphere  in  the  points  X,  Y;  and  the  corresponding  body-axes  in  the  points 
Ay  By  when  the  body  is  in  its  second  position ;  let  P  be  the  pole  of  rotation ; 
then  XPA  =  YPB  =  ^,  where  ^  is  the  given  rotation.  Let  /,  m,  n  be  the  direc- 
tion cosines  of  the  angles  that  OP  makes  with  OX,  OT,  OZ, 

Then  cos  XA  =  2^  +  (1  -  P)  cos  ^,  and  it  can  be  reaidily  shovm  that 

cos  YA  =  ^(1  -  cos ^)  +  «  8in0, 
and  cos  XB  =  ^  (1  -  cos  ^)  —  n  sin  ^. 

The  values  of  the  cosines  of  the  remaining  angles  can  now  be  written  down 
from  symmetry. 
If  we  put 

v  =  cosi^,     x  =  /sin^^,    /i  =  msinj^,     ysfisin}^, 

we  have  the  following  table  of  the  values  of  cos  XAy  &c. : — 


X 

Y 

Z 

A 

i;«  +  \2-/i2-v2 

2(/uA  + w) 

2(i'A.-w/i) 

B 

2(X/i- wv) 

w2  +  ;a«  -  yS  -  \a 

2(ir/i  +  vX) 

C 

2(\v¥vti) 

2(/iir-  WX) 

U^+K^-X'-ft* 

The  quantities  /,  m,  n,  ^  are  called  Bodrigues'  coordinates.     (Thomson  and 
Tait,  Natural  Fhilowphy,  §  95.) 
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28.  The  body  is  rotating  round  OA  with  an  angular  velocity  »i ;  determine 
the  differential  coefficients  of  ^,  /,  m,  n  with  respect  to  the  time. 


We  have  to  find  the  magnitude  and  axis  of  the  rotation  which  is  the  resultant 

of  the  rotation  ^  round  the  axis  (/,  m,  »),  and  of  wi  dt  round  OA,    If  this  rotation 

dib  dl 

be  <l>\  and  its  direction  cosines  l^y  m',  n' ;  <i>'^  ip^  -^  dt,    V—l  =  —  dt,  &c. 

dt  dt 

Let  A,  By  C  be  the  points  in  which  OA,  OBy  OC  meet  the  sphere  described 
round  0,  and  F  the  point  in  which  the  sphere  is  met  by  the  line  (I,  m,  m). 
As  in  Ex.  8,  Art.  260,  make  AFR  =  i/fi  and  BAR  =»-\m  dt,  then  R  is  the 
pole  of  the  resultant  rotation ;  the  positive  direction  of  rotation  being  supposed 
to  be  counter-clockwise. 

Draw  RV9,i  right  angles  to  AB.    Then  it  is  easily  seen  that 


C0B-BP^  =  - 


Im 


V{(l-P)(l-w«)}' 


Bin^P^  = 


n 


N/{{l-P)(l-m'')}' 


also 


2  —  =  •!  8m2-4P— r-n 1=  «l(l  -  ^)  COti^, 

dt  sm  J  ^  ^      ^         '       ^ 


^dm  .     ^^  .    ^^cos^Pfi         .        ,       ^,    . 

2— -  =  wism-dPsin^P— 7— 7 —  =  «i(«-  wwcot}^), 
at  sin  ^  ^ 


~  -"'  •      ^  -w  .    >N.-»v  cos  GBR  ,  t     ,  1    \ 

2  -^-  =  «i  sin -4P sin  CB—.—y —  =  -  «i(m  +  w^cot*^). 
at  sm  ^  ^ 


Again 


j4>'=»-^iJP, 


and 


fltfi  dt  0  0 

cos  ARB  =  — ^  cos  -4P  sin  ^  -  cos  -  ; 


hence 


d^ 
cos } ^' =  cos } ^  -  J fc»i  sin ]^ ^^^ ;    .-. ---=/»i. 

at 
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29.  A  body  is  moving  Tound  a  fixed  point  0,  with  angular  velocities  wi,  013,  w^, 
round  three  rectangular  axes  OA,  OB,  0(7  fixed  in  the  body.  Determine  the 
differential  coefficients  of  Eodrigues*  coordinates  with  respect  to  the  time. 

By  means  of  the  last  example  we  can  write  down  the  changes  produced  on 
^,  I,  m,  n  by  each  of  the  rotations  widt,  azdt,  w^dt. 
Adding,  and  dividing  by  dt,  we  get 

2  — -  =  —  »2«  +  »s»»  +  cot  J^{«i  -  l(Uii  +  m»2  +  n»3)}, 
(If 

dm 
2-77  =  —  «s/  +  «i«  +  cot  J^{»2  —  w(^i  +  m»%  +  Mws)}, 

dn 
2  —  =  -  «im  +  «2^+  cot  J^{«tf3  —  n(Ua\  +  m»2  +  ««3)}, 
(»» 

at 

whence,  also,  we  obtain 

dv  ^d\ 

2-7-  =  —  «lA.  —  «2Al  —  Wai'y       2-77  =  WIW  —  «2>'  +  W3fl> 

at  at 

^du  ^dv 

2 —- ^  f02V  —  (az\  ■\- taw,  2—- =  «3V  —  aitt  +  »2A» 

dt  dt 

where  v,  A,  /u,  y  have  the  same  meaning  as  before. 

30.  A  rigid  body  is  moving  in  any  manner ;  one  point  is  suddenly  arrested ; 
determine  the  impulse  exerted  on  the  body. 

Let  u,  V,  to  be  the  components  of  the  velocity  of  the  point  immediately  before 
it  is  arrested,  x,  y,  z  its  coordinates,  and  X,  T,  Zthe  components  of  the  impulse, 
the  axes  being  the  principal  axes  of  the  body  at  the  centre  of  inertia,  then  X  is 
given  by  the  equation 

-  {^^  +  A{B+  C)x^  +  B(C+A)p^  +  C(A  +  B)z^  +  mit^lx 

=  {ABC-\-  miA{B  +  (7)»2  +  BC{y^  +  z^  +  mir^x'^}}u 

+  m{AB  +  mir^)xyv  +  Sfl{AC+  ^llr^)xzw, 

where  /  is  the  moment  of  inertia  of  the  body  round  the  line  joining  the  arrested 
point  to  the  centre  of  inertia,  r  the  distance  between  these  points,  and  A,  B,  C, 
the  principal  moments  of  inertia  of  the  body. 

31.  A  sphere  is  projected  in  any  way  along  an  imperfectly  rough  inclined 
plane.    Investigate  the  motion. 

(This  investigation,  with  some  slight  modifications,  is  taken  from  Bouth, 
Rigid  Dynamics^ 
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Here  the  equations  of  motion  are 

Mx  =  X  +  Mff  sin  »,    3fy  =  T, 

ilfr^wi  =  rT,     iMr^a2  =  -  rX, 

whence,  eliminating  X  and  T,  we  ohtain,  on  integrating, 

X  +  iruz  =  ^*  sin  t  +  a  +  irn2, 

y  -  ir»i  =  i8  -  irfli, 

where  a,  /3,  Hi,  and  A2  are  the  initial  values  of  Xf  y^  »i,  and  m. 

Again,  if  «  he  the  yelocity  at  any  instant  of  that  point  of  the  sphere  which 
is  in  contact  with  the  plane,  and  9  the  angle  which  its  direction  malLes  with  the 
axis  of  Xy 

«  cos  6  =  ic  —  r»2,    w  sin  0  =  y  +  r«i. 

Differentiating,  suhstitating  for  x^  &c.,  from  the  equations  of  motion,  put- 
ting for  X  and  Y  the  values  which  they  take  as  long  as  there  is  slippii^,  viz., 
-  fiMg  cos  i  cos  0  and  -  fiMg  cos  i  sin  9,  and  solving  the  resulting  equations  for 

t!  and  u9,  we  have 

u  =  g  fan.%co&9  —  ifig  cos t ,    u0  =  -  y  sin i  sin 9. 

Hence,  if  ifi  cot  i  =  n,  we  ohtain,  by  integration,  k  sin  0  =  JTi  (tan  }9)**. 
Substituting  the  value  given  by  this  equation  for  u  in  tiie  equation  for  tf9,  and 
integrating,  we  have 

(tan  }  e)»+i  ^  (tan  J  9)^'^      _      2^1^  sin » ^ 
«+ln-l  K2 

K2  is  determined  from  the  initial  value  of  9,  and  K\  from  the  initial  values 
of  9  and  u.    These  latter  are  given  by  the  equations 

«o  cos  00  =  a  —  rQ.2,     «o  sin  tf 0  =  /3  +  rfli ; 

then  u  and  9  being  known,  x,  y,  wi,  and  W2  can  be  determined. 

If  n  or  i/i  cot  i  >  1,  M  and  0  become  continually  less  until  they  vanish 
together.    Pure  rolling  then  begins  at  a  time   to,  which  is  given  by  the 

equation  fo=  5 — :— :•    After  pure  rolling  begins  the  values  of  ic,  y,  «i,  and  fti2, 

at  any  time,  can  be  obtained  from  the  combination  of  the  equations  of  motion 
with  the  equations 

X  -  ra»2  =  0,     y  +  r«i  =  0. 

If  M  <  1,  9;  though  constantly  approaching  zero,  as  appears  £rom  the 
expression  for  m9,  will  not  vanish  in  any  finite  time,  and  u  tends  to  increase 
without  limit. 
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If  Mo  =  0,  the  problem  is  at  startmg  reduced  to  that  of  Ex.  3,  Art.  278. 
The  force  of  fiictioa  requiedte  for  pure  rolling  is  then  f  Jfy  sin  i.    Hence,  if 

^Mff  sin  f  <  fi'Mg  cos  t,    or    J  fi  cot  i  >  I, 

where  fi'  is  the  coefficient  of  statical  friction,  pure  rolling  will  commence  and 
continue.    If  }  /t'  cot  t  <  1,  slipping  will  begin  at  once  and  never  cease. 

32.  A  body  rests  with  a  plane  face  on  an  imperfectly  rough  horizontal  plane. 
The  centre  of  inertia  of  the  body  is  vertically  over  the  centre  of  inertia  of  the 
face  and  very  near  it,  the  connecting  line  being  a  principal  axis  at  the  former 
point.  The  form  of  the  face  is  such,  that  its  radii  of  gyration  about  all  lines 
in  it  passing  through  its  centre  of  inertia  are  equal.  The  body  is  projected 
with  an  initial  velocity  of  translation  IT,  and  an  initial  very  small  angular 
velocity  fi  round  a  vertical  axis  through  its  centre  of  inertia :  determine  the 
motion. 

Take  the  initial  direction  of  translation,  and  a  horizontal  line  at  right  angles 
thereto  for  axes  of  x  and  y.  Let  u  and  v  be  the  components  of  the  velocity  of 
the  centre  of  inertia  of  the  body  at  any  time,  and  »  the  angular  velocity. 
Then,  x  and  i/  being  the  coordinates  of  any  point  of  the  body,  and  (  and  ri  its 
coordinates  referred  to  parallel  axes  through  the  centre  of  inertia, 

dx  dy  ^ 

If  jP  be  the  magnitude  of  the  whole  force  of  friction  at  any  point,  its  com- 
ponents X  and  Y  are  given  by  the  equations 

-^""^V{(,*-,,«)»  +  (t;  +  |«)^~"     '  ^'^' 

V{(f*  +  i,«)»+ (»  +  !«)«}  u    '  ^'^' 

since  v,  |a>,  and  i}«  are  small  compared  with  u. 

Again,  if  iS^  be  the  area  of  the  plane  face,  the  magnitude  of  the  normal  re- 
action of  the  horizontal  plane  on  an  element  of  the  face  is  equal  to  ^  ({,  i})  dS, 
whence  F=  fi<p  (|,  ri)  dS,  and,  since  5  =  constant,  j<p  (f,  ri)  dS  =  mg,  where  m  is 
the  mass  of  tiie  body.  Also  equations  (17),  of  Art.  267,  give  (7«  =  0,  Gy=^  0, 
since    »«  =  0,    »y  =  0,    t  a  0,    j  =  0. 

If  a  be  the  distance  of  the  centre  of  inertia  of  the  body  from  the  plane  face, 
and  4>  ({,  ij)  =  -B, 

Gy=fiaSlid8-SB^dS; 
therefore  /  B^dS  »  /imga. 

Assume  J2  =  Jr+  cA,  where  JTand  «  are  constants,  then 
Hmga^Kj^dS  +  ^SAids,    but    i^d8  =  0; 
therefore  c  must  be  small ;  also 
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Again,  G»  =  j BiidS - /la  {^-^^Ed8 ; 

* 

and,  since  the  second  member  of  Ox  is  zero,  g.p-t  we  havd  J  BridS  =  0.    Hence 
the  resultant  normal  reaction  passes  through  a  point  on  the  axis  of  x. 
To  determine  the  motion  of  the  centre  of  inertia, 

du 
m  —  =  2X  =  -fij  £dS  =  -  fiw^ ; 

therefore  u^U—tugt. 

dv  V  C  C0  f  V 

Again  tn^^^Y^-n  -]^^S-fi  ^\  R^dS  =  -  fimp -,  q.p. 

hence  v  =  eu;  and  since  i;  =  0  when  «  =  U,  e  =  0,  therefore  i;  =  0. 
To  find  the  angular  velocitj, 

mk^^  =  ^pi^[BpdS  =  -iiK'^{^H8;  q.p. 

but  y  being  the  radius  of  gyration  of  the  plane  face,  f  pd8=  Sy^,  and 


therefore 


dt  u 
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Bonnet's  theorem,  208. 
Bordoni,  82. 
Brachystochrone,  435. 


Calculus  of  variations,  433. 
Canonical  form  of  equations  of  mo- 
tion, 431. 
Camot,  S.,  cycle  of,  486. 

extended,  488. 

determination  of  function  of,  487, 
500. 
Central  forces,  90,  147,  164. 

potential  of,  129. 
Centres  of  oscillation  and  percussion, 

276,  277. 
Centre  of  inertia,  76. 

of  oscillation,  142. 

motion  of,  241. 

motion  relative  to,  242. 
Centrifugal  and  centripetal  force,  88. 

acceleration,  89. 

force  at  Earth's  equator,  91. 
Centrifugal  force,  resultant  for  ro- 
tating body,  96. 

in  poidulum,  118. 
Centrifugal  couple,  369. 

axis  of,  370,  374. 
Centrodes,  261. 

Change  of  state  of  a  body,  501. 
Circle  of  inflexions,  268. 
Circular,  motion,  84. 

orbits,  90. 

orbits  approximately,  194. 
Clausius,  on  energy  of  a  gas,  410.  ^ 

on  second  fundamental  principle 
in  thermodynamics,  485. 

on  entropy,  489. 

on  saturated  steam,  505. 
Coaxal  circles,  property  of,  120. 
Coefficient  of  restitution,  67. 
Collision,  of  spheres,  direct,  66. 

effect  on  energy,  235. 

oblique,  70. 

of  smooth  bodies,  379. 

of  rough  bodies,  380. 
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Oompound  pendulum,  141. 
Compression,  force  of,  67. 
Composition  of  yelocities»  7,  257. 

of  rotations,  317,  321. 

of  twists,  334. 
Cone,  employed  graphically  in  rota- 
tion, 328. 
Conical  pendulum,  115,  224. 
Conseryative  system  of  forces,   129, 

233,  397. 
Constrained  motion,  206,  241,  247. 
Coulomb,  on  dpiamical  friction,  63. 
Couple,  of  roUmg  friction,  311,  314. 

of  twisting  friction,  311. 

tending  to  break  moving  rod,  303. 
Curtis,  225. 
Cycle,  Camot's,  486. 
Cycloid,  tautochronism  of,  115. 

is  curve  of  quickest  descent,  433. 
Cylindroid,  338,  339. 

D'Alembert's  principle,  59,  227,  228, 

417. 
applied  to  small  oscillations,  445. 
Darwin,  on  friction  of  tidal  action, 

408. 
Degrees  of  freedom,  254,  269. 
Disturbing  forces  in  focal  orbit,  188. 
Dyne,  64,  126. 

Eai'th,  atttaction  of,  151. 

mean  density  of,  107. 
Efficiency  of  agents,  126. 

of  a  heat  engine,  499. 
Elasticity,  67,  302. 

in  collision,  334,  383. 
Elastic  strings,  155. 
Elasticity  and  expansion  of  a  sub- 
stance, 491. 
Ellipsoid  momental,  348. 

graphical  use  of,  348. 
Ellipsoid,  of  gyration,  349,  360,  371. 

of  equal  energy,  474. 

potential,  474. 

conjugate,  363. 
Energy,  59,  133,  396. 

potential  and  kinetic,  defined,  133. 

measure  of  kinetic,  133. 

equation  of,  136,  396,  402. 

in  thermodynamics,  478,  485. 

conservation  of,  397. 

of  initial  motion,  420. 

of  an  oscillating  system,  470. 


Entropy,  489. 
Erg,  126. 

Elder,    equations    of   rotation,    354, 
368,  425. 
for  impulses,  346. 

Focal  orbit,  173. 

velocity  in,  177. 

constructed,  178. 
Force,  function,  398. 

measure  of,  53. 

absolute  unit  of,  54. 

gravitation  unit  of,  54. 
Forces  of  inertia,  59,  227. 
Fly-wheel,  energy  of,  137. 
Free  motion  of  a  body,  320. 
Freedom,  degrees  of,  254,  269. 
Friction,  laws  of  dynamical,  50,  63, 
296. 

work  expended  on,  in  pivot,  132. 

rolling,  311. 

twisting,  311. 

impulsive,  308. 


Gauss,  absolute  unit  of  force,  54. 
Generalized  coordinates,  415,  452. 

equations  of  motion,  421. 

impulse  components,  418. 
Geometrical  representation    of  rota- 
tion, 321. 
Goodeve,  265. 
Gravitation,  units,  54,  126. 

law  of,  176. 

verified,  93. 
Gravity,  acceleration  due  to,  29. 

variation  of,  30. 

affected  by  Earth's  rotation,  92. 

determined  by  pendulum,    102, 
143. 
Greenhill,  83. 
Gyration,  radius  of,  141. 

ellipsoid  of,  349. 


Hamilton's  equation  of  motion,  431. 

characteristic  function,  439. 
Harmonic  motion,  simple,  85. 

elliptic,  86. 
Harmonic  determinant,  454. 

real  roots  of,  457. 

case  of  equal  roots,  462. 
Haughton,  on  Earth's  density,  108. 
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Heat,  mechanical  equivalent  of,  477. 

specific,  479. 

latent,  of  liquidity,  602. 

of  yaporization,  503. 

of  expansion,  491. 
Height,  due  to  velocity,  30,  40. 
Hehnholtz,  399. 
Herpolhode,  372,  378. 
Herschel,  on  disturbing  forces,  188. 
Him,  505. 
Hodgkinson,  on  laws  of  restitution, 

68. 
Hodograph,  19. 

application  to  focal  orbit,    181, 
182. 
Hooke's  law,  137,  165. 
Huygens,  on  pendulum,  104. 

Ignoration  of  coordinates,  426. 
Impact  and  collision  of  spheres,  66, 
381. 
of  bodies  generally,   280,    288, 
379. 
Impulse,  measure  of,  66. 

in  D'Alembert's  principle,    228, 

287. 
exerted  on  a  fixed  point,  in  rota- 
tion, 367. 
maximum,  281. 
Increase  of  inertia  in  an  oscillating 

system,  469. 
Indicator  diagram,  483. 
Inertia,  law  of,  26,  76. 
forces  of,  69,  227. 
Initial  tensions,  293,  356. 
Instantaneous  centre,  261. 

screw,  334. 
Irreversible  transformations,  496. 
Isentropic  curve,  483. 
Isochronism  of  pendulum,  102. 
Isothermal  curve,  483. 
for  a  perfect  gas,  484. 

Jaoobi,  on  motion  in  vertical  circle, 

121. 
Jellett,  60,  386,  394. 
Joule,    on  mechanical  equivalent  of 

heat,  477. 

Eater,  on  determination  of  force  of 

gravity,  144. 
Kepler's  laws,  91,  176. 

modification  of  third  law,  184. 


Kilogrammetre,  126. 

Kinematics,  6,  264. 

Kinetics,  6,  27,  268. 

Kinetic  energy,  133,  416,  419,  463. 

Lagrange,  210,  462. 

on  spherical  pendulum,  216. 

on  small  oscillations,  463. 

generalized  coordinates,  421,  436. 

generalized    equations    for    im- 
pulses, 417. 
Lambert's  theorem,  183. 
Laplace,  referred  to,  332. 
Latent  heat,  of  liquidity,  502. 

of  vaporization,  603. 

of  expansion,  491. 
Laws  of  motion  :  see  Newton. 
Least  action,  436. 
Line  of  quickst  descent,  36. 

M*Cullagh,  on  rotation,  361,  377. 
Mass,  32. 

of  Sun,  186. 
Mean  value  employed,  87. 
Mean  energy  in  vibration,  411. 
Mechanical  equivalent  of  heat,  477. 
Metric  units,  23. 
Minchin,  referred  to,  50,  107,   163, 

266,  272,  341,  343. 
Moment  of  inertia,  137. 
Momental  ellipsoid,  348,  370. 
Momentum,  63. 

estimated  in  any  direction,  74. 

conservation  of,  75,  248. 

moments  of,  243,  246,  273,  286. 

axis,  360,  373. 
Morin's  apparatus,  46,  309. 

on  impulsive  friction,  309. 
Motion,  first  law,  26. 

second  law,  26. 

third  law,  68. 

on  an  inclined  plane,  34,  46,  61. 

parabolic  39. 

of  a  particle,  general  equations  of, 
67» 

of  a  vaiiable  mass,  67. 

in  a  vertical  circle,  99. 

on  a  fixed  curve,  206. 

on  a  fixed  surface,  211. 

of  body  round  fixed  axis,  266. 

round  a  fixed  point,  353,  367. 

of  solid  of  revolution,  389. 
Moving  axes,  22. 
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